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1 Introduction

Recently, some authors have studied problems of the type
Atu(t —2) + nA2u(t — 1) — Cult)
u(a) = A%u(a—1) =0, u(b+2)=A%ub+1)=0,
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where A denotes the forward difference operator, defined by

Au(t) = u(t+1) — u(t),
Amu(t) = AA u(t)),

a,b are two fixed integers, [a + 1,b + 1]z is the discrete interval {a + 1,a + 2,- - -,b + 1},
fyg:[a+ 1,0+ 1]z x R — R are two functions which are continuous in their second variable, and
h: R — R is a strictly monotone Lipschitz continuous function with a Lipschitz constant L > 0
satisfying h(0) = 0. Moreover, the four real parameters 7, ¢, A and p are such that A > 0, p > 0,
n?+4¢ >0,

™

m and C + 477 SiHQ L < 16 Sin4 il

8 sin? S —
< osm 2(b—a+2) 2(b—a+2)

In the last decades, much attention has been concentrated on fourth-order difference equations
which are derived from various discrete elastic beam problems. Some of the significant results
on the existence and multiplicity of solutions for discrete fourth-order boundary value problems
have been obtained using classical methods, such as fixed point theory and fixed point index theory
[1,2,3,9,11, 12, 22], critical point theory [8, 13, 19], and the Krein—Rutman theorem and bifurcation
theory [16, 17, 18].

In [3], Anderson et al., using the Guo—Krasnosel’skii fixed point theorem and the Leggett—
Williams theorem, studied the existence, multiplicity and non-existence of non-trivial solutions to the
following problem

(1.1

A*u(t —2) +nA%u(t — 1) = Af(t,u(t)), t€la+1,b+1]z,
u(a) = A%u(a—1) =0, u(b) = A%u(b—1)=0.

In [12], applying variational methods and critical point theory, some multiplicity results for discrete
fourth-order boundary value problems with four parameters were established. Some closely related
problems have been also recently studied in the papers [14, 15].

Let us consider the following condition.

(1) Let h: R — R be a strictly monotone function such that 2(0) = 0, which is Lipschitz
continuous with constant I, > 0; that is, for all 1, x2 € R we have

[h(21) — h(z2)| < Llzy — o).

We further assume that 0 < L < %51, where €1 will be introduced later.

Here, we deal with the problem (D{:Z’h) when the continuous functions f and g have the subcritical
growth and, via variational methods, we obtain the existence of at least one, two and three solutions
whenever the parameters A and p belong to certain positive intervals. The main tools are critical
point theorems established in [5, 6, 7]. Here, as an example, we present a special case of our results.
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Theorem 1.1 Let f: R — R be a continuous function satisfying

lim M

0+ 2

= 400. (1.2)

Then, for each A € (0, \*), where

6261

\* =
2(b — a) max, <. [y f(s)ds

for ¢ > 0, the problem (Df 9 0) admits at least one non-trivial solution. (The constant €1 will be
specified later.)

2 Preliminaries

We first introduce some basic notations. Let

E = {u={u(t)}*L,, : u(t) € R}.

Then, F is a (b — a + 1)-dimensional Hilbert space under the following inner product and norm

b1 b1 3
(w,0) = Y u(t)o(t), ull = ( > Jul) ) , w,veE.

t=a+1 t=a+1

Clearly, the following inequality is true

DI < llwl. 2.1
te[ggﬂ]lfﬁ()\_\\ull 2.1

Fort € [a+1,b+ 1|z and x € R set

F(t,x) /fts G(t,:n):/oxg(ts) /h

We define the operators K, T, Ay: E — E, respectively, by

b+1

Kut)= 37 G ku(k),  Tult) = f(t,ut) + Sot,ut) + {h(u(r),

k=a+1
Ay=AKT, uwek, te Pl-% 1,b-+-1]z.

Since E' is a (b — a + 1)-dimensional Hilbert space and f, g are continuous in their second variable
and h: R — R is a strictly monotone Lipschitz continuous function, the operators K and 7" are
continuous. Consequently, Ay: £ — F is completely continuous.

Lemma 2.1 ([10, Lemma 2.1]) Let v € E and i € {1,2} be fixed. Also, let 1,13 be the roots of
the polynomial P(r) = r2 +nr — (. By the assumption on 1 and (, it follows that 1 > ry >
—4sin? Then, the problem

2(b— a—F2)

{ —A%u(t — 1) + ru(t) = v(t), tela+1,b+ 1]z,
u(a) =0, wu(b+2)=0,
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has a unique solution

b+1
ut) = Y Git,k)u(k), t€[ab+2]z
k=a+1
where G;(t, k) is given by
1 t b+ 2,k <t<k<b+1
p(1,0)p(b+2,a) | p(k,a)p(b+2,t), a+1<k<t<b+2
with
() plt, k) = sin ot — k) and o = arctan Yo FD o gz T g
p(t, k) =sinep and ¢ = arcta 5o , whe S 20b—at2) T ,

(i) p(t,k) =t —k, whenr; =0,

49 A
(iii) p(t, k) = % — it F and o = ARLs \/er

, when r; > 0.

Lemma 2.2 ([10, Lemma 2.2]) Letw € E be fixed. Then, the following linear discrete fourth-order
boundary value problem

Atu(t —2) +nA2u(t — 1) — Cu(t) = w(t), tecfa+1,b+1]z,

uw(a) = A%u(a—1) =0, u(b+2)=A%ub+1)=0,

has a unique solution v = {u(t)}°=3 | with

b+1 b+1
u(t): Z <Z Gl(t,S)GQ(S,k)>w(k>

k=a+1 \s=a+1

b+1 b+1
= Z (Z GQ(t,s)Gl(s,k)>w(k), t€la+1,b+1]z.

k=a+1 \s=a+1

Lemma 2.3 ([10, Lemma 2.3]) The linear continuous operator K: E — FE is symmetric, i.e.,
(Ku,v) = (u, Kv) for all u,v € E.

Lemma 2.4 ([10, Lemma 2.4]) The linear continuous operator K : E — E has (b — a + 1) eigen-
values

1 1 1
7’ 7’ ooy
€1 €2 €b—a+1
with the corresponding orthonormal eigenfunctions ey, eq, . .., ep_q11, where e, = {e(t) i’i; 41

and

2 t—a
= i 1 1
er(t) "b—a+2$lnb—a+2lm’ tela+1,b+1]z,

fork=1,2,...,b—a+ 1. In addition, the algebraic multiplicity of each eigenvalue is 1.
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By Lemmas 2.1 and 2.2, we have G;(¢, k) > 0and G;(t, k) = G;(k,t) forallt, k € [a+1,b+1]z
and? =1, 2. Let

b+1
G(t,k) = Y Gi(t,s)Ga(s,k), tkea+1,b+1]z
s=a+1

Clearly, G(t, k) = G(k,t) forall t,k € [a+ 1,b+ 1]7.

Remark 2.5 From Lemma 2.2, it can easily be seen that the fixed point u = {u(t) fialﬂ € Eof
Ay, is exactly the solution u = {u(t)}?*3 | of (Df\c’lgt’h), where u(a — 1) = —u(a + 1), u(a) =
0,u(b+2)=0,ub+3)=—-ub+1).

Again from Lemmas 2.3 and 2.4, we obtain that Ku(t) = 1u(t) foru € E,t € [a+1,b+ 1]z,
where % = é From [10] we also know that

2k
ep = 2cos — 4 (2n — 8) cos

6 —2n— kell,b— 1
b—a+2 + n 57 6[7 a+ ]Za

km
b—a+2
and
0<er <...<é€pgy1- 2.3)

Moreover, the operator K has a unique inverse defined by K ~'u = cu for u € E, where € = ¢,
ke [l,b—a-i-l]z.

For u € E we define the functionals ¢, ¥: £ — R by

b+1

B(u) = %(K*luju)— S Hu), 2.4)
t=a+1
and
b+1
) =3 [F(t,u(t))+§G(t,u(t))}. 2.5)
t=a+1

For every A > 0 put Iy (u) = ®(u) — AV (u). Then, I is continuously Fréchet differentiable and its
derivative at the point u € F'is

I (u) = @' (u) — AV (u)

b+1 b+1
= K~'u— 7 hu®) =2 Y [ u(®) + Lot u) 2.6)
t=a+1 t=a+1

= K Yy — \Tu.
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Definition 2.6 Let ® and U be two continuously differentiable functionals defined on a real Banach
space E, and fix r € R. The functional I = ® — W is said to satisfy the Palais—Smale condition cut
off above at r (in short (P.S.)") if any sequence {uy, }nen in E such that

(@) {I(uyn)} is bounded,
(c) ®(uyn) < rforeachn €N,

has a convergent subsequence.

Remark 2.7 Since the operator equation w = Ayu is equivalent to the operator equation K ~'u =
AXTu, we know that every critical point of the functional Iy in E is a solution of (D{’Z’h). Therefore,
it will be enough only to find the critical points of the functional Iy in E.

The following theorem is a particular case of [4, Theorem 5.1], and it is the main tool we are
going to use in the next section.

Theorem 2.8 (see [5, Theorem 2.3]) Let E be a real Banach space, and let &,V : E — R be two
continuously differentiable functionals such that inf,c g ®(z) = ®(0) = ¥(0) = 0. Assume that
there existr > 0 and & € E with 0 < ®(Z) < r such that

SUP® (z)<r \I’(QZ) \Ij(i')

(a1)

(ag) for each

Ae @Exi S w))

the functional I := ® — \V satisfies (P.S.)" condition.

Then, for each

A€ <$g§’ SUP@(z)rgr ‘I’($)>

there is xg , € ®~1((0,1)) such that I\ (xo ») = 0 and I(z¢ ) < I\(z) for all x € ®~1((0,7)).
Other next tool is the following abstract result.

Theorem 2.9 ([5, Theorem 3.2]) Let E be a real Banach space, and let ®,V: E — R be two
continuously differentiable functionals such that ® is bounded from below and ®(z) = ®(0) =
U(0) = 0. Fix r > 0 and assume that for each

AE <O, ! >
SUPyedp—1 ((—oo,r)) (W)
the functional I = ® — AV satisfies (P.S.) condition and is unbounded from below. Then, for each

,
A€ (0, )
SUPued—1 ((—oo,r)) (W)

the functional I, admits two distinct critical points.
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Finally, we recall the following result of Bonanno and Marano (see [7]), stated here in a convenient
form.

Theorem 2.10 ([7, Theorem 3.6 1) Let E be a reflexive real Banach space. Moreover, let : E —
R be a coercive, continuously differentiable and sequentially weakly lower semi-continuous func-
tional whose continuous derivative admits a continuous inverse on E*. Also, let V: E — R be a
continuously differentiable functional with compact derivative such that

inf ®(x) = ®(0) = ¥(0).
inf &() = B(0) = (0)
Assume that there exist v > 0 and T € E withr < ®(Z) such that

W —
by 2Pz M) D

(bo) for each

—~
8l
S~—

d r
AEAN = < — )
\II(:U) SUP® (z)<r \Il(u)

the function ® — AW is coercive.

Then, for each A € A the functional ® — \V has at least three distinct critical points in E.

Remark 2.11 Throughout the abstract results, E denotes a real Banach space. In the present work,
however, E specifically represents a finite-dimensional Hilbert space. This distinction causes no
difficulty, since every finite-dimensional Hilbert space is naturally a Banach space under its induced
norm. Consequently, all cited theoretical results remain valid in our framework.

3 Main results

In this section, we deal with the existence of one solution for the problem (D{’i’h ). For a real
parameter ¢ > 0 set

b+1
Frax = max F'(t, x),
|lz|<c
t=a+1
b+1
Gmax = max G(t,x),
|z|<c
t=a+1
c2(e1 — L) — 2\ Frnax
o1 = ,
2Gmax
o — (5b+a+1 + L)(b —a -+ 1)d2 — 2)\Fmax
2 2min{0, Gmax } ’
€1
03 = G ;
. max
max {0, 41im sup|| 4 o0 ?}

o =min{oy,09,03}.

Now, we have the following theorem.
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Theorem 3.1 Let f: [a+ 1,b+ 1]z X R — R be a continuous function. Moreover, assume that

. infte[a—l—l b+1]z F(t7 x)
(2) limsup : = +o00.
z—0t x?

Then, setting
(1 — L)c?
2Fmax ’
where c is a positive constant and €1 is given in Lemma 2.4, for each parameter \ € (0, \*) and for
each continuous function g: [a + 1,b + 1] x R — R satisfying

A=

b+1
t=a+1 G(t, JZ)

lim sup 3 < 400, 3.1)

|z| =400 Z

and any p € [0, o), the problem (D{’Z’h) admits at least one non-trivial solution.

Proof. Our aim is to apply Theorem 2.8 to the space F/, endowed with its standard norm, and to
the functionals ¢, ¥: £ — R defined in (2.4) and (2.5), respectively. We prove that the functionals
® and VU satisfy the assumptions of Theorem 2.8. By the definitions of ® and U, it is clear that
both functionals continuously differentiable. Moreover, since £ is strictly monotone, we get that the
continuous derivative of ® admits a continuous inverse on E£*. Now, we claim that the continuous
derivative of U is compact. Assume that there is a constant M; > 0 such that ||u|| < M;. Combining
this with the continuity of f and g, and arguing as in [21], we conclude that ¥/(u) is uniformly
bounded. Since f and g are continuous, they are uniformly continuous on [a+1, b+ 1]z x [— M7, My].
In addition, since ¥ is continuous, it is also sequentially upper semi-continuous. We observe that
® is sequentially lower semi-continuous. Moreover, since Zfi 41 H (u(t)) is continuous, putting

M(u) = ?;{H H(u(t)) for u € E will lead to M (u,,) — M (u) as u,, — u in E. On the other
hand, since F is a finite-dimensional Hilbert space and the inner product is continuous with respect

to norm convergence in both variables, it follows that

K_l n n
lim inf ®(u,) = lim inf E ) lim M (up) > (K g, uy) — Mu = ®(u).

n—00 n—00 2 n—o00

Also, as shown in [21], the functional ® is coercive and

e1—L €p—at1 + L

ol < Bw) < T2 2
Set I

_&a—-Lo
T

From (2.1), arguing as in [21], we have

b+-1 b+1

sup ¥(u) < max F(t,z) + L max G(t,x) = Fpax + HGmax, (3.2)
o(u)<1 1o lel<e AL lel<e A
which implies that
SUPg(u)<1 V(1) 2 ( K
Foax + 26 )
r 62(81 _ L) max + )\ max
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If Gax < 0, by the fact that

(61 — L)62

A< ,
2Fmax

we obtain

Sup@(u)<1 \Il(u) 2F‘max 1
= < < —. 33
r “(e1—L)c2 A (3-3)
If Gax > 0, since A € A, we get

(61 — L)c? — 2\ Finax
SUP(u)<1 \I](u) < 2 Finax + 2G max . 2G'max
r ~ (e1—=L)c?2  (e1—L)c? A

1
=1 (3.4)

By choosing % = d and using (j;), together with the condition ¢? < (b — a + 1)d?, we obtain

- L
2

_ €1
P >
(@) > =

=r.
Furthermore, we have
_ b
U(a) > 2 Zg—%ﬂ F(t,d) 2 Zt+clz+1 G(t,d)
(u) ~ (p—at1 + L)(b—a+1)d> = Aep—at1 + L)(b—a+1)d*
If Gipax > 0, from [21] we get
V) 25 F(td)
®(u) ~ (ep—ge1 + L)(b—a+ 1)d2
If Grax < 0, since A € A, we obtain

]

1
X (3.5)

>
d(u) — )\

Therefore, from (3.3)—(3.6), condition (a;) of Theorem 2.8 holds. Also, from (2.1), (2.6) and the

results in [21], we can see that for every u € I there exists a positive constant J,, such that

(3.6)

b+1

3 Gltu(t) < iHuIIQMH- 37

t=a+1

Moreover, from condition (j2), we have Zfiiﬂ F(t,u(t)) < zfor (t,z) € [a+ 1,b+ 1] x R, and

hence
b+1

A F(tu() < (e —L)ets (3.8)

t:a+1 2Fmax
‘We also obtain

e1—2L, (61 — L)z
) — AU (1) > 222 y)2 = o, — L EE

which means that condition (as) of Theorem 2.8 holds. Hence, for each

re (ig;7 SUP@(I)1<1 ‘1’(56)>

Theorem 2.8 guarantees that « is a non-trivial solution of the problem (Df 9 h). ]
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Remark 3.2 Theorem 1.1 in the introduction immediately follows from Theorem 3.1.

Example 3.3 Letn = £ = 0, a = 0 and b = 4. Consider the following discrete fourth-order
problem

{ Atu(t —2) = Mf(t, ut) + pg(t,u(t)) + hu(t)), t€[1,5]z, (3.9)
u(0) = A%u(—1) =0, u(6) = A%u(5) =0, '

where
f(t,x) =tVat, g(t,z) =2z, h(z)=arctan0.5z, te[l,5]z, = €R.

Taking into account that 1 = 0.8, e5 = 1.2, L = 0.3 and ¢ = 2, it is obvious that f, g are two
continuous functions and h is a monotone Lipschitz continuous function. Moreover, we have

3 7
. 7X3
lim sup - = +o0,
z—0t L
and
A= !
45 a
728
Also, since

9 9 .95 )\ 0.8 _
[ S d — = —0.01
120 ' and 03 = oo 0.0133,

o |

it follows that
o =min{oy,03}.

Finally, we have
a1 Gt )

t=a+1
2

lim sup =15 < +o0. (3.10)

|z|—+o0 Z

So, condition (j2) of Theorem 3.1 holds. Therefore, for each A € (0,0.048) and pu € [0,0) the
problem (3.9) admits at least one non-trivial solution.

4 Existence of two solutions

In this section, our goal is to obtain the existence of two distinct solutions for the problem (D{’Z’h).
The following result is obtained by applying Theorem 2.9.

Theorem 4.1 Let f: [a+ 1,b+ 1]z X R — R be a continuous function. Assume that

(j3) there exist constants x > 2 and r > 0 such that 0 < xF(t,z) < zf(t,x) forall t €
[a+ 1,0+ 1]z and |z| > 7.

Then, for each X € (0, \*) and for any continuous function g: [a + 1,b + 1] x R — R satisfying

b+1
1 Gt
lim sup tha-i-l ( )

5 < oo, @.1)
|z| =400 Zz

and for any ji € [0, 0), where \* and o are as in Theorem 3.1, the problem (D{’Z’h) admits at least
two distinct solutions.
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Proof. 'We apply Theorem 2.9 to the space E, endowed with its standard norm, and to the functionals
®,U: F — R defined in (2.4) and (2.5). Integrating condition (j3), there exist constants «, 51 > 0
such that

B(t, ) = enla* =
forall (t,x) € [a+1,b+ 1]z x R. Forafixedu € E'\ {#} and any = > 1, we have

b+1

2 [[a(®)|* = AanaX Y Jalt)¥ + (b—a+ 1AG.

t=a+1

I\(zu) <

l\DM—A

Since x > 2, this shows that [ is unbounded from below. By standard arguments, the functional
I, = ® — \V satisfies (P.S.) condition (see, for instance, [20]). Therefore, all assumptions of
Theorem 2.9 are satisfied. In conclusion, for each A € (0, A*) the functional I admits two distinct
critical points, which are the solutions of the problem (Df 9 h). (|

Remark 4.2 We observe that, if f(t,0) # 0, then Theorem 4.1 ensures the existence of two non-
trivial solutions for the problem (D{’Z’h) Moreover, we point out that in most works concerning the

Df7gh

existence of solutions for the problem ( ), the following condition is assumed

. infte[a—f—l,b—l—l]z F(t,z)
lim sup =

2
z—0t z

It is easily seen that this condition is incompatible with the assumption f(t,0) # 0.

Example 4.3 Consider the following discrete fourth-order problem

{ Atu(t —2) = Mf(t,ut) + pg(t,u(t) + h(u(t), t€ 2,7z,

4.2)
u(l) = A%u(0) =0, u(8) = A%u(7) =0,

where

flt,z)=a+ b/ 6, g(t,z) = %, h(z) = arctan 0.5z, t € [2,7]z,

x| >

Clearly, f and g are two continuous functions and h is a monotone Lipschitz continuous function.
11
We see that F(t,z) = ax + %225 and G(t,x) = 7. Then, for a fixed r and x < —r we have

5 b
zf(t,x) — xF(t,z) = ax + ba Vb — <a:1: + f1$151>

)
= ax(l — 1- =2
ax( )+bm5( 11)()
6( 5
= |z|(a(x — 1) + b|x|5 X~ 1) >0.

In addition, if x > r for
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we have

Then, condition (j3) is satisfied. Hence, the problem (4.2) admits at least two distinct solutions.

5 Existence of three solutions
In this section, we deal with the existence of at least three solutions for the problem (D{’Z’h).

Theorem 5.1 Let f: [a+ 1,0+ 1]z x R — R be a continuous function. Assume that

(ja) there exist ¢; € [0,4+00) and 1 < a < 2 such that F(t,z) < c1(1 + |z|*) for all (t,z) €
[a+1,b+1]z xR,

(5) F(t,z) > 0foreach (t,x) € [a+1,b+ 1]z x RT,

(o) there existr > 0 and . > O withr < 1(e1 — L)(b — a + 1).? such that

2Fmax inftE[a-i—Lb-‘rl]Z F(t, L)

YT r(e1—L)c? ~ 3(e1—L)(b—a+1)2

Also, let g: [a+ 1,b+ 1]z x R — R. Then, for every

e <;<51 —L)(b—a+1).2 1)

)

infte[a+1,b+1]z F(t,0) w

and for any u € [0,0), where o is as in Theorem 3.1, the problem (D{’Z’h) admits at least three
solutions.

Proof.  Our aim is to apply Theorem 2.10 to the space E/, endowed with its standard norm, and to the
functionals ¢, V: ¥ — R defined in (2.4) and (2.5), respectively. As shown before, the functionals
® and W satisfy the regularity assumptions required by Theorem 2.10. Now, let v € E be defined by

v(t) = 5.1)
We have I I
S b—a+ 1) < @) < %(b —a+1)2
By (j5).
b+1 " "
> — > i =
() > [F(t,u(t)) v AG(t,y(t))} > ot [P0+ 560 L)],
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so that " ’
5 > Tt o s 52)
Asr < %(e1 — L)(b—a+1):2, we have r < ®(v). Also, from (2.1) it follows that
bt1 b1
t;l ol = t;lte[arffiiuz [ < Jlul® (5.3)

for every u € E. So, (5.3) implies that for each u € ®~!((—00,7)) we have

b+1
U(w)= Y [Fltu®) + 56 u(t))]
t=a+1
b-‘r—: b+1
< Y al+u®)+ Y et uw)
t=a+1 t=a+1
b+1
<ealul®+®-a+r2)+ S %G(t,u(t)).
t=a+1

From (jg) and (5.2) we obtain
SUPp(uy<r Y(u)  U(v)
< .
r O(v)
Hence, condition (b1) of Theorem 2.10 is satisfied. Define I := ® — A\W. Then,

Jul> o AR
Iw) > 5 = da(lu*+ 6 - at+2)+ Y uG(tu(b),
t=a+1

which shows that 7 is coercive. By above calculation, we have

Ac <$EZ;7 Supcp(u)ir ‘I’(u)>'

Theorem 2.10 ensures that for each A € A, the functional I admits at least three critical points in £

that are the solutions of the problem (D{“Z’h). O

Remark 5.2 We observe that, if f(t,0) # 0, then by Theorem 5.1, we obtain the existence of at least
three non-zero solutions.

Example 5.3 We seta =1, b= 05, c =4, and ¢y = 6. Since

F(t,z) =

% >0 for(t,z) € [2,6] x [0, +00),

condition (js) of Theorem 5.1 is satisfied. Moreover, the inequality

< 6(1+|z|%)

| 8
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ensures that condition (j4) holds. Next, we take L = 0.2, r = 10, . = 4, ¢1 = 0.5, and G(t,z) =
x2 + 3t. Then, simple calculations give

wim < =
360 12
Also, since
1.2 — %)\
o1 = ol and o3 = 0.5,
we obtain

o =min{oy,03}.

Hence, for A € (6,360) and p1 € [0, 0), the problem (D{’Z’h) admits at least three non-zero solutions.
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