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1 Introduction

Infinite dimensional systems are used to describe many phenomena in the real world. It is well
known that heat conduction, properties of elastic-plastic material, fluid dynamics, diffusion-reaction
processes, etc., all lie within this area. The object we are studying (temperature, displacement, con-
centration, velocity, etc. ) is usually referred to as the state. We are interested in the case where the
state satisfies proper integrodifferential equations that are derived from certain physical problems.
By an infinite dimensional system we mean one whose corresponding state space is infinite dimen-
sional. In particular, we are interested in the case where the state equations are stochastic partial
integrodifferential equations (SPIDE).

Stochastic evolution equations have been used to model systems in control theory, chemistry,
biology, economics and finance. They have been studied in many different aspects: qualitative and
quantitative results. Indeed, there are a lots of results on the existence and uniqueness of solutions
to stochastic differential equations in Hilbert spaces. See the monographs of Prato and Zabczyk [7],
Liu [20] and Gawarecki and Mandrekar [12], the research papers [3, 4, 6, 15, 13, 14, 21, 24, 25, 26,
27, 28] and the references therein for more comments and citations.

Stochastic integrodifferential equations have received much attention because of their applica-
tions in many areas such as population dynamics, electrical engineering, ecology, sociology and
other areas of science and engineering. Also the attention they received, is due to the fact that
SPIDEs generalize several stochastic evolution equations. Qualitative properties such as existence,
uniqueness, controllability and stability for various integrodifferential equations have been exten-
sively studied by many researchers, see for instance [2, 9, 22]. However, the existence and unique-
ness of solution is the only question in this work.

Concretely, we study Picard approximations of the mild solutions to the following SPIDE

dz(t) = [Ax(t) + /Ot T(t—s)z(s)ds+ F(t,x(t))| dt + B (t,z(t)) dw(t), teJ=1[0,T]

z(0) = ¢ :  — H a measurable function,

(1.1)
where A and Y(t) are closed linear operators on a separable Hilbert space H with domain
Dom(A) C Dom(Y) which are independent of t € R, w(t) is a Wiener process on the separable
Hilbert space U with covariance operator @) € £(U). F': [0,T]xH — H, B: [0,T]xH — L(U,H)
are measurable functions such that the involved integrals are well defined.

It is well known that if F' and B are globally Lipschitz and satisfy the linear growth condition,
we have unique strong solutions, using among other methods, the contraction mapping principle.
However, this Lipschitz conditions seemed to be inappropriate when one discusses applications in
real world. The nonlinear terms in equation (1.1) are not necessarily globally Lipschitz neither
locally Lipschitz.

Here we assume the non-Lipschitz condition of Taniguchi type on the nonlinear terms. Thus, we
investigate the existence and uniqueness of mild solution which is not a weak solution in the sense
of general stochastic processes theory. Indeed, the mild solution terminology steps in from the type
constant formula that we will use to define the so called mild solution. The constant formula here is
the theory of resolvent operator in the sense of Grimmer [17]. Sufficient conditions for the existence
are derived with the help of the resolvent operator.

On the other hand, recently in [10], the authors investigated deeply integrodifferential equations
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in Banach spaces with nonlocal and impulsive conditions. In this work by successive approxi-
mations, we consider a sufficient condition for the existence and uniqueness of mild solutions to
the stochastic integrodifferential equation (1.1). The nonlinear terms are measurable, possibly un-
bounded and have linear growth in the sense of Taniguchi. It should be mentioned that this condition
was introduced by Taniguchi [26] and was investigated by Cao, He and Zhang [5], Cao and He [6],
Barbu and Bocsan [3] and others as non-Lipschitz condition of Taniguchi type.

The rest of the work is organized as follows. In Section 2, we recall some necessary prelim-
inaries on stochastic integral and resolvent operator. In Section 3, we study the existence of the
mild solutions of eqn. (1.1). Finally in Section 4, an example is presented which illustrates the main
result for equation (1.1).

2 Preliminaries

This section is a presentation of an estimation and auxiliary results that will be used.

Stochastic integral

Let X and Y be Banach spaces, £(X,Y) denotes the space of bounded linear operator from X to
Y, witch is simply denoted by £(X) when X = Y. We will assume that (2, F, (F;)er+, P) is
a complete filtered probability space. We are given a (J-Wiener process on the probability space
which is having value in U a separable Hilbert space, one can construct w(t) as follows,

+oo
w(t) ==Y (An)?Bult)en teRT,
n=1
where (3,(t)(n = 1,2,3,---) is a sequence of real valued standard Brownian motions mutually

independent on (Q, F, (Ft)ier+,P), A\n € RT  (n = 1,2,3,---) are positive real numbers such
+oo

that Z An < 400, (€)n>1 is a complete orthonormal basis in U, and @ € £(U) is the incremental

n=1
covariance operator of the w which is a symmetric non-negative trace class operator defined by

Qen = Mpen, n=12,3,---

For this analysis we recall the definition of H-valued stochastic integral with respect to the U-valued
Q-Wiener process w. Let £ = Lo(Ug, H) denote the space of all Hilbert-Schmidt operators from
Uo = Q'/2(U) to H which is a separable Hilbert space, endowed with the norm

lell3 = tr(pQe).
Let ¢ : (0,4+00) — LI be a predictable J;-adapted process such
t

/ Ellp(s)|3ds < oo fort>0

0
then we define the H-valued stochastic integral

t
| et auts

which will be a continuous square integrable martingale. For more details on stochastic integral, we
refer to [7].
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Integrodifferential equation

Here we recall some fundamental results needed. Regarding the theory of resolvent operators, we
refer the reader to [17]. Let Y be the Banach space Dom(A) equipped with the graph norm defined
by |yly := |Ay| + |y| for y € Y. The notation C(R*;Y") stands for the space of all continuous
functions from R into Y.

We consider the following Cauchy problem :

V'(t) = Av(t) + /t Y(t—s)v(s)ds forteRT
0
v(0) =vp € H.

2.1)

Definition 2.1 [17] A resolvent operator for eqn. (2.1) is a bounded linear operator-valued function
R(t) € L(H) for t € RT, having the following properties.

1. R(0) = I(the identity map on H) and ||R(t)||zny < Ne* for some constants N > 0 and
v €R.
2. Foreach x € H, R(t)x is strongly continuous for t € RT.

3. R(t) € L(Y) fort e RT. Forz € Y,R(.)x € C/(RT;H)NC(R;Y) and
R(t)x = AR(t)r + /t Y(t—s)R(s)rds
0
= R(t)Az + /t R(t —s)Y(s)zds forteRT.
0

From now on we make the following assumption.

(R) 1. The operator A is the infinitesimal generator of a Cp-semigroup (S(t));er+ on H.
2. Forallt € R, Y(t) is closed linear operator from Dom(A) to H and T(¢) € L(Y,H).
For any y € Y, the map ¢t — Y (t)y is bounded, differentiable and the derivative ¢
Y'(t)y is bounded uniformly continuous on R™.

The resolvent operator plays an important role to study the existence of solutions and to give a
variation of constants formula for nonlinear systems. For more details on resolvent operators, we
refer to [16, 17]. The following theorem gives a satisfactory answer to the problem of existence of
solutions.

Theorem 2.2 [17] Assume that (R) holds. Then there exists a unique resolvent operator of the
Cauchy problem (2.1).

In the following, we give some results for the existence of solutions for the following integrodiffer-
ential equation

v'(t) = Av(t) + /t Y(t—s)v(s)ds+q(t), forteRT
0
v(0) = vp € H,

2.2)

where ¢ : RT™ — H is a continuous function.
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Definition 2.3 [17] A continuous function v : R™ — H is said to be a strict solution of eqn. (2.2) if
v € CHRYT; H)NCRT;Y), v satisfies (2.2), for t > 0.

Theorem 2.4 [17] Assume that (R) holds. If v is a strict solution of eqn. (2.2), then

v(t) = R(t)vo —i—/o R(t —s)q(s)ds, forteRT.

Stochastic convolution
Let ¢ : [0,4+00) — LY be a predictable, F;-adapted process. We define the stochastic convolution
by
t
Rxp(t) = / R(t — s)p(s)dw(t) te€RT,
0

where (R(t));cr+ is the resolvent operator of (2.2).
Incase T = 0, it is well known that the resolvent operator (R(t));cr+ corresponds to the semigroup
(S(t))ser+ for instance see [11]. Moreover, we have the following result.

Lemma 2.5 [9] For arbitrary p > 2 there exists a constant r, > 0 such that the stochastic convo-
lution R x @ satisfies the following inequality

T
E( sup ummu) <y sup RO T">'E ( / |rw<s>||§ds)- (2.3)
0<t<T 0<t<T 0

The process R *  is stochastically continuous and therefore has a predictable version.
We end this section by giving the definition of solutions of (1.1).

Definition 2.6 A mild solution of the integrodifferential equation (1.1) for T' > 0 is a stochastic
process © : [0, T| — H defined on the probability space (?, F,P) such that x is F;-adapted pre-
T

dictable on [0, T, satisfies with probability one / | (t)||*> dt < oo and the following expression
0

8
—

o~
SN—

I

R(t)¢ +/0 R(t — s)F (s,x(s)) ds +/0 R(t — s)B (s,z(s)) dw(s) forte€[0,T],

24
It is of great importance to notice that this definition requires the existence of the resolvent and

naturally, ¢ should be F measurable and square integrable. To prove existence of a such process,
we use Picard iterations in the next Section.

3 Approximations to solutions

From now on, we assume that the resolvent operator of the linear part of (2.2) exists. Let us fix a
real number p > 2 and

L@.FiH) = {20 1 [ atPB(aw) < oo}
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denote the equivalence class of F-measurable Lebesgue-Bochner p-th power summable functions.

Let Qp = [0,T] x €. Let Pr be the space of all H-valued F;-adapted predictable processes
defined on 27 which are continuous in ¢ for a.e. fixed w € 2 and satisfy

lallt, = E (sup Hx(t)ﬂp) < .
teJ

By virtue of Borel-Cantelli lemma, the space Pr is a Banach space (see [1] for p = 2 the case p > 2
is has a similar proof). The following fact is of great importance in the sequel. For z € Pr, note
that x € P, forallt € J and

Ellz(t)|]” < E ( sup ux<s>up) — 2|5, <E (qup Hx(s)\lp> — el G
SE

s€[0,¢]

In order to set our problem, we make the following assumptions (called Taniguchi conditions)
on F' and B, which are:

(A1) The functions F'(t,z) and B(t,x) are jointly measurable and there exists a function L :
J x Rt — R™ such that

E(|F(t,2)[") + E(B(t, 2)l3) < L(t, Ell2|)
forallt € Jand all z € L,(Q2, F, H).

(A2) L(t,u) is integrable in ¢ for each fixed u € R™, it is continuous and nondecreasing in u for
each fixed ¢t € J and for all A > 0,up > 0 the integral equation

u(t) = up + )\/0 L(s,u(s))ds

has a global solution on J.

(A3) There exists a function K : J x RT™ — R™ which is locally integrable in ¢ for each fixed
u € R and continuous, monotone nondecreasing in u for each fixed ¢t € J. Moreover,
K(t,0) =0 and

E(|F(t ) — Ft,y)|") + E(|B(t,2) — B(t,y)l3) < K&E(lz —y["))  (3.2)
forallt € Jandall z,y € L,(2, F,H).

(A4) If z is nonnegative integrable function satisfying

2(t) < )\/U K(s,z(s))ds, teJ, (3.3)
0)=0

z(0)

for some A > 0, then z(t) = 0 forall ¢ € J.
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Now, we construct Picard type approximate sequences to (1.1):

ZTny1(t) = R(t)C —|—/0 R(t — s)F(s,xn(s))ds —i—/o R(t — s)B(s, zn(s))dw(s),
xo(t) = R(t)¢, forteJ,n>0.

(3.4)

Define the following operator G on Pr by

(G(z))(t) = R(t)¢ + /0 R(t — s)F(s,z(s))ds + /0 R(t — s)B(s,z(s)) dw(s)

Obviously, eventual fixed points of G are mild solutions of equation (1.1). The next lemmas exhibit
G fixed points.

Lemma 3.1 Assume that the conditions (A1)—(A4) hold and ¢ € L,(Q2, Fo,H) withp > 2. Then
the operator G : Pr — Pr is well defined and continuous.

Proof. Let My = sup | R(t)||z¢H) which is finite by the uniform boundedness principle . From
t€[0,T]

the strong continuity of the resolvent operator (R(t));cr+ and the assumptions on F' and B, we

obtain that the process Gx is Fi-adapted and its paths are almost surely continuous. Let x € Pr.

Using Holder’s inequality, we have the following estimations

p

t
sup [[(Gz)(8)[[P < 3"sup HR(t)CHp—{—?)psup‘/ R(t — s)F(s,2(s)) ds
teJ teJ teJ 0

¢ P
+3P sup /R(t—s)B(s,x(s))dW(s) ,
teJ ||Jo
T
< M + 3G [P a)P ds
¢ P
+3P sup /R(t—s)B(s,x(s))dW(s) , P—a.s.
teJ [|Jo

Taking the expectation on both sides and applying Lemma 2.5 and Fubini theorem, we get
T
B (swplGa01F) < Bl + 37 [ EIFG ()l ds
teJ 0

T
3715, METP/21 / E||B(s,2(s)) | ds,
0

IN

T
PMPEC? + Crpty [ LsElas)P)ds. 35)
0

IN

T
3P MPE||CIP + Crpoaty /0 L(s, |l2]/%,) ds < oo,

where Crp v = 2 X 3”M§1 max (Tp_l, lipr/z_l). Therefore, Gx belongs to Pr.

To show the continuity of the operator G. Let x € Pr and (x,,),>0 a sequence in Py converging
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to x. Using the above techniques, we have

Gz — Gaallh, = E<§g§|r<gx><t>—(gzn><t>||p)

IA

T
1= [ BIP(s,2(5) ~ B, o) s
0

T
+2pM$/€pr/2_1 / E||B(s,z(s)) — B(s,zn(s)||5ds (3.6)
0

T
< Chypsy [ K(Elals) = a(s)17)ds
T
U
< Chyasy [ Klsillo =) ds.
with C”T,n My = 2p+1M$ max (Tp_l, inp/ 2_1). By Lesbegue convergence theorem, the right

hand side of the above inequality tend to zero as n goes to infinity. Hence G is continuous on Pr.
O

Lemma 3.2 Assume that the conditions (A1)-(A4) hold and { € L, (2, Fo,H) with p > 2. Then
there exists Cr, .. > 0 such that

t
162 — Gyl < Crpnty /0 K(s, |1z — yl5,) ds, 3.7)
forallx,y € Prandt € J.

Proof. Repeating the same arguments used above on [0, t], we have

s€[0,t]

Gz = Gyllp, = E ( sup [|(Gz)(s) — (Qy)(5)||p>

IN

t
2707 [ BIF(syn(s)  Fis, ()P d
0
t
Lo Mg 72 / E||B(s,2(s)) — B(s,y(s)|Eds  (38)
0
t
< o /0 K (s, Ellz(s) — 2a(s)[7) ds

t
< c;,p,Mt/O K (s, ||z — zal/5, ) ds.

The result follows using the fact that C} |, , < O, yp a

Lemma 3.3 Assume that the conditions (A1)—(A4) hold and ¢ € L, (2, Fo,H) withp > 2. Then
the sequence (xy,)n>0 define by (3.4) is bounded sequence in Pr.

Proof. Mimicking the Proof of Lemma 3.1, precisely inequality (3.5), we get that

t
fewalh, < FMEEIC + Copas | Lis.laally)ds

t
<kt kQ/ L(s, |23, ds (3.9)
0
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where k1 = 3P MPE||C||P, ke = Crpmyp and t € J.
Let u(t),t € J, be a global solution of the equation

t
u(t) = k1 + kg/ L(s,u(s))ds,
0
with an initial condition k;. By induction, we have
[Zns1llp, < u(t), ted.
Indeed, for n = 0, we have

o, = sr[?t]E (|IR(s)CIP) < k1 < u(t), ted.
s€|0,

Now, assume that ||z, |p, < u(t), t € J.
Then using (3.9), the induction assumption and the nondecreasing property of H, we have

t t
() sy, > k1+k2/ L(s,u(s))ds—kl—kg/ L(s, |2n%.) ds
0 0

Vv

t
> ko [ (LG (o) — L.l )} ds
> 0, teld.

Hence the sequence (x,,),>0 is bounded in Pr. O

Lemma 3.4 Assume that the conditions (A1)—(A4) hold and ¢ € L, (2, Fo,H) with p > 2. Then
the sequence (xy)n>0 is a Cauchy sequence in the space Pr and the limit is a mild solution for

(1.1).

Proof. Set v, (t) := sup,,>,, (|2m — zallp,), ¢ € J,n > 0. By Lemma 3.3, the functions
Yn, N > 0 are well defined and uniformly bounded. Moreover, v, n > 0 are monotone nondecreas-
ing. Since v,,n > 0 is a monotone nonincreasing sequence for each ¢ € J, there exists a monotone
nondecreasing function «y such that ~,, (t) — ~(t), as n — oo.

Now by inequality (3.7), we have

t
[@m — an%t = [|Gzm—1 — gxn—IH%t < k/o K(s, [|[zm-1 — wn—lll%s)ds
where k = C”Tm’ M- Using the nondecreasing property of K in the above inequality, we get

t
i — allB, < /0 K(5,7m_1(5)) ds,

which implies that
t
n(t) < k:/ K (5,71 (s)) ds.
0

Therefore, by using the Lebesgue convergence theorem, we get that

A1) < k /0 K(s,7(s)) ds.
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By assumption (A4), we get that v = 0. Thus,
0 < [lem — zallp, < W(T) —v(T) =0

as n goes to infinity. Hence (z,,),>0 is a Cauchy sequence in the Banach space Pr. Since G is
continuous, the limit of x,,;1 = Gx,, is a mild solution for (1.1). ]

Lemma 3.5 Assume that the conditions (A1)—(A4) hold and ¢ € L, (2, Fo,H) withp > 2. Then
Equation (1.1) has a unique mild solution in Pr.

Proof. Suppose x,y in Py were two fixed points of G, then by Lemma 3.2, we have

Hx—m@T=mm—gmmT_cmwh/‘K e — i) ds

Once again, by assumption (A4), [l — y|[, = 0 thatis x = y. O

By Lemmas 3.1-3.5, we have the following existence and uniqueness of mild solutions.

Theorem 3.6 Suppose that the conditions (A1)-(A4) hold. Assume that { € L,(Q, Fo,H) and
p > 2. Then the sequence (xy,)n>0 converges in Pr to the unique solution of (1.1) in Pr.

4 Application

Consider the following stochastic partial integrodifferential equation of the form

du(t)(z) = (azuz(t)(z) n <f(t,u(t))(z), /0 T u(t) () du>v> dt

+ [ st—9) (St as @)

+ (f(t,u(t))(2),dW(t)),, te][0,T], z2>0,

u(0)(z) =wup(z) €eR, 2z2>0,

where the family {u(t)(-) };cgr+ is a stochastic process. (V, < -,- >v) is a separable Hilbert space
and W is an cylindrical Wiener process on V, and g : Rt — R* is a bounded and C'-function
such that g’(+) is bounded and uniformly continuous.

Observe that eqn. (4.1) degrades to the bond market’s Heath-Jarrow-Morton-Musiela equation when
g = 0. Then the families {u(t)(-)};cr+ and z are referred to as forward curve process and time
maturity, respectively. The term f(¢,u(¢))(z) has a financial sense and is frequently used to allude
to bond market volatility (for more details see [18, 19, 23]). The forward curve process is defined

by formula P(t,T*) = exp ( fo dz) 0 <t <T* <T where P(t,T*) can be seen

as the bond price at moment ¢ that is now maturmg at ™.
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For each i1 € R, let Lz be the space of all (equivalence classes of) Lebesgue measurable functions
h : R — R such that

/ |h(x)[2e!” dz < oo.
0

It is well know that for each u € R, H is a Hilbert space endowed with the norm

00 1/2
Vilz = ( [ e dx) |
0

From there we set H = Li and define the operator A by
Dom(A) ={h e H:DheH}, Ah= Dh, h e Dom(A),

where Dh is the first weak derivative of h. A generates a strongly continuous semigroup S =
{S(t)}+cr+ on H defined by

S(t)h(z) =h(t+2), heEH, t zecR",
Suppose that function f in equation (4.1) is defined by
f(t,h)(z) =q(t,z,h(t +2)), heH, tzecR",
where q : RT™ x RT x R — V is a given function. Define
B(t,h)[u](z) = (a(t,z,h(t + 2)),u)y, heH, tzeR" wueV, 4.2)

and

F(t,h)(z) = <q(t,z, h(t + z)),/oz q(t,u,h(u))du>v, heH, t zeR". 4.3)

For Volterra kernel, take Y'(t,s) = Y(t — s) = g(t — s)Afort > s > 0. Let u € R such that
oo
/ lug(2)[2e* dx < oo.
0
uniformly on z € R™ and put ¢ = ug. Then eqn. (4.1) take the following form in the space H.

du(t) = [/—\(t)u(t) + /Ot Y(t,r)u(s) ds] dt + F(t,u(t))dt + B(t,u(t))dW(t), te0,T]

u(0) = ¢ wa)

Proposition 4.1 Fix T € R™. Let F and B be as given in (4.3) and (4.2) respectively. Assume that
there exist functions A1, A2 € H with \g bounded such that for all (t, z,x,y) € (RT)? x (R)?,

la(t, z,2)[v < [A(2)],
and
la(t, z,x) —q(t, z,y)lv < [Xae(2)|z — yl.

Then for each uy € Li (Q, Fo,P;H), there exists a unique Li-valued mild solution r to equation
(4.4) with respect to the initial data u(0) = . .

Proof. Since all the assumptions of Theorem 3.6 are fulfilled, the existence and uniqueness follow.
O
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