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1 Introduction

Fractional calculus has been a captivating field of study within functional space theory for a sig-
nificant period, attracting scholars owing to its diverse range of applications across various disci-
plines. This domain of research focuses on employing non-integer derivatives of fractional order to
model and comprehend complex natural phenomena. Some of the noteworthy areas where fractional
calculus has found use include electrochemistry and viscoelasticity. The application of fractional
derivatives has demonstrated efficacy in extending the fundamental laws of nature, facilitating a
more comprehensive and nuanced comprehension of these processes. Moreover, fractional calculus
has been vital in capturing the memory and hereditary effects that emerge in several systems, which
traditional integer-order derivatives fail to explain. To delve further into this subject, we recom-
mend perusing the books [2,16,17,27,30] and the papers [5–7,11–13,19,22–25] and other relevant
literature.

Zulfeqarr et al. introduced a new concept called the “deformable fractional derivative” in their
paper [31]. This derivative uses a limit technique, similar to the traditional derivative, to continu-
ously transform a function into its derivative. The term “deformable” refers to its unique feature
of allowing for continuous deformation [4]. Additional research on fractional derivatives of the
conformable type can be found in papers such as [18, 20, 21, 26].

In [20], the properties of the deformable derivative were further explored by the authors, who
then utilized the findings to examine the Cauchy problem with a non-local condition below:

Dγ
0ξ(ζ) = ℵ(ζ, ξ(ζ)), ζ ∈ (0, κ],

ξ(0) + ℵ̂(ξ) = ξ0,

where Dγ
0 is the deformable derivative of order γ ∈ (0, 1), and ℵ̂ : C → R is a continuous function.

In [21], the authors considered the problem:

Dγ
0ξ(ζ) = Zξ(ζ) + ℵ(ζ, ξ(ζ)), ζ ∈ ∇,
ξ(0) = ξ0,

where Z : D(Z) ⊂ Ξ → Ξ is an infinitesimal generator of a C0-semigroup T (ζ)(ζ ⩾ 0) on a
suitable space Ξ, ξ0 ∈ Ξ, and ∇ = [0, κ], κ > 0 is a constant.

In [26], the authors studied the existence and uniqueness of solutions for the implicit problem
with nonlinear fractional differential equation involving the deformable fractional derivative in b-
metric spaces: {

(Dγ
0ξ) (ζ) = ℵ (ζ, ξ(ζ),Dγ

0ξ(ζ)) ; ζ ∈ ∇ := [0, κ],

ξ(0) = ξ0,

where 0 < γ < 1, ℵ : ∇× R2 → R is a given function and ξ0 ∈ R.

Several research studies have investigated the convergence of successive approximations for
nonlinear functional equations and the global convergence of successive approximations for func-
tional differential equations [1–3, 28, 29]. Browder [8] established a generalization of the classi-
cal Picard-Banach contraction principle, utilizing the convergence of successive approximations in
1968. Chen [9] employed the method of successive approximations to analyze the existence of
solutions for functional integral equations in 1981. Czlapiiǹski [10] investigated the global con-
vergence of successive approximations of the Darboux problem for partial functional differential
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equations with infinite delay, while Faina [14] studied the generic property of global convergence
of successive approximations for functional differential equations with infinite delay.

In this paper, we investigate the following class of deformable fractional differential equation
with boundary conditions:{

(Dγ
0ξ) (ζ) = ℵ (ζ, ξ(ζ),Dγ

0ξ(ζ)) , ζ ∈ ∇ := [0, ϖ],

ıξ(0) + ȷξ(ϖ) = ϱ,
(1.1)

where Dγ
0ξ(ζ) is the deformable fractional derivative starting from the initial time 0 of the function

ξ of order γ ∈ (0, 1), ℵ : ∇× R × R → R is a continuous function, 0 < ϖ < +∞ and ı, ȷ, ϱ are

real constants where ı+ ȷe
−χ
γ

ϖ ̸= 0.

This paper is structured as follows: In Section 2, we introduce the notations and offer an
overview of the (k, ψ)-Hilfer fractional derivative that we will utilize throughout the manuscript.
In Section 3, we present an existence result of the problem (1.1) based on Schauder’s fixed point
theorem. Additionally, we examine a result on the global convergence of successive approximations.
Finally, in the last section, we provide various examples to reinforce the obtained results.

2 Preliminaries

Let ∇ := [0, ϖ], where 0 < ϖ < +∞. We denote by C(∇,R) the Banach space of all continuous
functions from ∇ into R, with the following norm

∥ξ∥∞ = sup
ζ∈∇

{|ξ(ζ)|}.

Let 𭟋 := 𭟋(∇,R) be the Banach space defined by:

𭟋 : {ξ ∈ C(∇,R) : Dγ
0ξ exists and continuous on ∇},

with the norm
∥ξ∥𭟋 = max {∥ξ∥∞; ∥Dγ

0ξ∥∞} .

Consider the space Xp
b (0, ϖ), (b ∈ R, 1 ≤ p ≤ ∞) of those complex-valued Lebesgue measurable

functions ℵ on [0, κ] for which ∥ℵ∥Xp
b
<∞, where the norm is given by:

∥ℵ∥Xp
b
=

(∫ ϖ

0
|ζbℵ(ζ)|pd ζ

ζ

) 1
p

, (1 ≤ p <∞, b ∈ R).

Definition 2.1 (The deformable fractional derivative [20, 31]) Let ℵ : [0,+∞) −→ R be a given
function, the deformable fractional derivative of ℵ of order γ is defined by

(Dγ
0ℵ) (ζ) = lim

ε→0

(1 + εχ)ℵ (ζ + εγ)− ℵ(ζ)
ε

,

where γ + χ = 1 and γ ∈ (0, 1]. If the deformable fractional derivative of ℵ of order γ exists, then
we simply say that ℵ is γ-differentiable.
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Definition 2.2 (The γ-fractional integral [20]) For γ ∈ (0, 1] and a continuous function ℵ, let

(
J γ
0+
ℵ
)
(ζ) =

1

γ
e

−χ
γ

ζ
∫ ζ

0
e

χ
γ
sℵ(s) ds.

Lemma 2.1 ( [20]) If γ, γ1 ∈ (0, 1] such that γ+χ = 1, ℵ and ℵ̂ are two γ-differentiable functions
at a point ζ and m,n are two given numbers, then the deformable fractional derivative satisfies the
following properties:

• Dγ
0(λ) = χλ, for any constant λ;

• Dγ
0(mℵ+ nℵ̂) = mDγ

0(ℵ) + nDγ
0(ℵ̂);

• Dγ
0(ℵℵ̂) = ℵ̂Dγ

0(ℵ) + γℵℵ̂′;

• J γ
0+

J γ1
0+

ℵ = J γ+γ1
0+

ℵ.

Lemma 2.2 ( [20]) If γ ∈ (0, 1], ℵ is continuous function, then we have:

•
(
J γ
0+

Dγ
0(ℵ)

)
(ζ) = ℵ(ζ)− e

−χ
γ

ζℵ(0);

• Dγ
0

(
J γ
0+
ℵ
)
(ζ) = ℵ(ζ).

Lemma 2.3 Let ℵ̂ ∈ L1(∇), 0 < γ ≤ 1 and ı, ȷ, ϱ are real constants where ı+ ȷe
−χ
γ

ϖ ̸= 0. Then
the problem {

(Dγ
0ξ) (ζ) = ℵ̂(ζ); ζ ∈ ∇ := [0, ϖ],

ıξ(0) + ȷξ(ϖ) = ϱ,
(2.1)

has a unique solution defined by

ξ(ζ) =
ϱe

−χ
γ

ζ

ı+ ȷe
−χ
γ

ϖ
− ȷe

−χ
γ

(ζ+ϖ)

γı+ γȷe
−χ
γ

ϖ

∫ ϖ

0
e

χ
γ
sℵ̂(s) ds+ 1

γ
e

−χ
γ

ζ
∫ ζ

0
e

χ
γ
sℵ̂(s) ds. (2.2)

Proof. Applying the γ-fractional integral of order γ to both sides of the equation (Dγ
0ξ) (ζ) = ℵ̂(ζ),

and by using Lemma 2.2 and if ζ ∈ ∇, we get

ξ(ζ)− ξ(0)e
−χ
γ

ζ
=

1

γ
e

−χ
γ

ζ
∫ ζ

0
e

χ
γ
sℵ̂(s) ds. (2.3)

Hence, we get

ξ(ζ) = ξ(0)e
−χ
γ

ζ
+

1

γ
e

−χ
γ

ζ
∫ ζ

0
e

χ
γ
sℵ̂(s) ds. (2.4)

Thus,

ξ(ϖ) = ξ(0)e
−χ
γ

ϖ
+

1

γ
e

−χ
γ

ϖ
∫ ϖ

0
e

χ
γ
sℵ̂(s) ds.

From the mixed boundary conditions ıξ(0) + ȷξ(ϖ) = ϱ, we get

ıξ(0) + ȷ

(
ξ(0)e

−χ
γ

ϖ
+

1

γ
e

−χ
γ

ϖ
∫ ϖ

0
e

χ
γ
sℵ̂(s) ds

)
= ϱ.
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Thus,

ξ(0) =
ϱ− ȷ

γ e
−χ
γ

ϖ ∫ ϖ
0 e

χ
γ
sℵ̂(s) ds

ı+ ȷe
−χ
γ

ϖ
.

Hence, we obtain

ξ(ζ) =
ϱe

−χ
γ

ζ

ı+ ȷe
−χ
γ

ϖ
− ȷe

−χ
γ

(ζ+ϖ)

γı+ γȷe
−χ
γ

ϖ

∫ ϖ

0
e

χ
γ
sℵ̂(s) ds+ 1

γ
e

−χ
γ

ζ
∫ ζ

0
e

χ
γ
sℵ̂(s) ds.

Conversely, we can easily show by Lemma 2.2 that if ξ verifies equation (2.2) then it satisfies
the problem (2.1). □

3 Existence and Uniqueness of Solutions

In this section, we are concerned with the existence results of the problem (1.1).

Definition 3.1 A solution of problem (1.1) is a function ξ ∈ C(∇) where

ξ(ζ) =
ϱe

−χ
γ

ζ

ı+ ȷe
−χ
γ

ϖ
− ȷe

−χ
γ

(ζ+ϖ)

γı+ γȷe
−χ
γ

ϖ

∫ ϖ

0
e

χ
γ
sℵ̂(s) ds+ 1

γ
e

−χ
γ

ζ
∫ ζ

0
e

χ
γ
sℵ̂(s) ds,

such that ℵ̂ ∈ C(∇,R), with ℵ̂(ζ) = ℵ(ζ, ξ(ζ), ℵ̂(ζ)) and ı+ ȷe
−χ
γ

ϖ ̸= 0.

The hypothesis:

(H1) There exist constants ω1 > 0, 0 < ω2 < 1 such that

|ℵ(ζ, ξ1,ℑ1)− ℵ(ζ, ξ2,ℑ2)| ≤ ω1|ξ1 − ξ2|+ ω2|ℑ1 −ℑ2|,

for any ξ1, ξ2,ℑ1,ℑ2 ∈ R, and each ζ ∈ ∇.

Remark 3.1 We note that for any ξ,ℑ ∈ R, and each ζ ∈ ∇, hypothesis (H1) implies that

|ℵ(ζ, ξ,ℑ)| ≤ ω1|ξ|+ ω2|ℑ|+ ℵ∗,

where ℵ∗ = sup
ζ∈[0,ϖ]

ℵ(ζ, 0, 0).

Now, we will give our existence result that is based on Schauder’s fixed point theorem [15].

Theorem 3.1 If (H1) holds, and(
e

χ
γ
ϖ − 1

)
|ı+ ȷ(e

−χ
γ

ϖ
+ 1)|ω1

χ|ı+ ȷe
−χ
γ

ϖ|(1− ω2)
< 1, (3.1)

then problem (1.1) has at least one solution on [0, ϖ].
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Proof. Consider the operator H : C(∇,R) → C(∇,R), such that

(Hξ)(ζ) = ϱe
−χ
γ

ζ

ı+ ȷe
−χ
γ

ϖ
− ȷe

−χ
γ

(ζ+ϖ)

γı+ γȷe
−χ
γ

ϖ

∫ ϖ

0
e

χ
γ
sℵ̂(s) ds+ 1

γ
e

−χ
γ

ζ
∫ ζ

0
e

χ
γ
sℵ̂(s) ds, (3.2)

where ℵ̂ ∈ C(∇,R), with ℵ̂(ζ) = ℵ(ζ, ξ(ζ), ℵ̂(ζ)).

Let δ > 0 such that

δ ≥

|ϱ|

|ı+ȷe
−χ
γ ϖ|

+

(
e
χ
γ ϖ−1

)
|ı+ȷ(e

−χ
γ ϖ

+1)|ℵ∗

χ|ı+ȷe
−χ
γ ϖ|(1−ω2)

1−

(
e
χ
γ ϖ−1

)
|ı+ȷ(e

−χ
γ ϖ

+1)|ω1

χ|ı+ȷe
−χ
γ ϖ|(1−ω2)

. (3.3)

Consider the ball
Ξδ = {ξ ∈ C([0, ϖ],R), ∥ξ∥∞ ≤ δ}.

Claim 1. H is continuous.
Let {ξn}n be a sequence such that ξn → ξ on Ξδ. For each ζ ∈ ∇, we have

|(Hξn)(ζ)− (Hξ)(ζ)| ≤ |ȷ|e
−χ
γ

(ζ+ϖ)

|γı+ γȷe
−χ
γ

ϖ|

∫ ϖ

0
e

χ
γ
s|ℵ̂n(s)− ℵ̂(s)|ds

+
1

γ
e

−χ
γ

ζ
∫ ζ

0
e

χ
γ
s|ℵ̂n(s)− ℵ̂(s)|ds,

where ℵ̂n, ℵ̂ ∈ C(∇,R) such that

ℵ̂n(ζ) = ℵ(ζ, ξn(ζ), ℵ̂n(ζ)) and ℵ̂(ζ) = ℵ(ζ, ξ(ζ), ℵ̂(ζ)).

Since
∥ξn − ξ∥∞ → 0 as n→ ∞

and ℵ, ℵ̂ and ℵ̂n are continuous, we deduce that

∥H(ξn)−H(ξ)∥∞ → 0 as n→ ∞.

Hence, H is continuous.

Claim 2. H(Ξδ) ⊂ Ξδ.
Let ξ ∈ Ξδ. From Remark 3.1, for each ζ ∈ ∇, we have

|ℵ̂(ζ)| ≤ |ℵ(ζ, ξ(ζ), ℵ̂(ζ))|

≤ ω1∥ξ∥∞ + ω2∥ℵ̂∥∞ + ℵ∗

≤ ω1δ + ω2∥ℵ̂∥∞ + ℵ∗.

Then

∥ℵ̂∥∞ ≤ δω1 + ℵ∗

1− ω2
.
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Thus,

|(Hξ)(ζ)| ≤

∣∣∣∣∣ ϱe
−χ
γ

ζ

ı+ ȷe
−χ
γ

ϖ
− ȷe

−χ
γ

(ζ+ϖ)

γı+ γȷe
−χ
γ

ϖ

∫ ϖ

0
e

χ
γ
sℵ̂(s) ds+ 1

γ
e

−χ
γ

ζ
∫ ζ

0
e

χ
γ
sℵ̂(s) ds

∣∣∣∣∣
≤ |ϱ|

|ı+ ȷe
−χ
γ

ϖ|
+

|ȷ|

|γı+ γȷe
−χ
γ

ϖ|

∫ ϖ

0
e

χ
γ
s|ℵ̂(s)| ds+ 1

γ
e

−χ
γ

ζ
∫ ζ

0
e

χ
γ
s|ℵ̂(s)| ds

≤ |ϱ|

|ı+ ȷe
−χ
γ

ϖ|
+

(
e

χ
γ
ϖ − 1

)
|ı+ ȷ(e

−χ
γ

ϖ
+ 1)|(δω1 + ℵ∗)

χ|ı+ ȷe
−χ
γ

ϖ|(1− ω2)

≤ δ.

Hence,

∥H(ξ)∥∞ ≤ δ.

Consequently, H(Ξδ) ⊂ Ξδ.

Claim 3. H(Ξδ) is equicontinuous.
For 0 ≤ ζ1 ≤ ζ2 ≤ ϖ, and ξ ∈ Ξδ, we get

|H(ξ)(ζ2)−H(ξ)(ζ1)|

≤

∣∣∣∣∣ ϱe
−χ
γ

ζ2

ı+ ȷe
−χ
γ

ϖ
− ȷe

−χ
γ

(ζ2+ϖ)

γı+ γȷe
−χ
γ

ϖ

∫ ϖ

0
e

χ
γ
sℵ̂(s) ds+ 1

γ
e

−χ
γ

ζ2

∫ ζ2

0
e

χ
γ
sℵ̂(s) ds

− ϱe
−χ
γ

ζ1

ı+ ȷe
−χ
γ

ϖ
+

ȷe
−χ
γ

(ζ1+ϖ)

γı+ γȷe
−χ
γ

ϖ

∫ ϖ

0
e

χ
γ
sℵ̂(s) ds− 1

γ
e

−χ
γ

ζ1

∫ ζ1

0
e

χ
γ
sℵ̂(s) ds

∣∣∣∣∣
≤

∣∣∣∣∣(e−χ
γ

ζ2 − e
−χ
γ

ζ1
)[

ϱ

ı+ ȷe
−χ
γ

ϖ
− ȷe

−χ
γ

ϖ

γı+ γȷe
−χ
γ

ϖ

∫ ϖ

0
e

χ
γ
sℵ̂(s) ds

]∣∣∣∣∣
+

1

γ

∣∣∣∣e−χ
γ

ζ2

∫ ζ2

ζ1

e
χ
γ
sℵ̂(s) ds−

∫ ζ1

0

[
e

−χ
γ

ζ1 − e
−χ
γ

ζ2
]
e

χ
γ
sℵ̂(s) ds

∣∣∣∣
≤

∣∣∣∣∣∣
(
e

−χ
γ

ζ2 − e
−χ
γ

ζ1
) ϱ

ı+ ȷe
−χ
γ

ϖ
−
ȷ
(
1− e

−χ
γ

ϖ
)
(δω1 + ℵ∗)

χ
(
ı+ ȷe

−χ
γ

ϖ
)
(1− ω2)

∣∣∣∣∣∣
+
δω1 + ℵ∗

χ(1− ω2)

∣∣∣e−χ
γ

ζ2
(
e

χ
γ
ζ2 − e

χ
γ
ζ1
)
−
(
e

−χ
γ

ζ1 − e
−χ
γ

ζ2
)(

e
χ
γ
ζ1 − 1

)∣∣∣
≤

∣∣∣∣∣∣
(
e

−χ
γ

ζ2 − e
−χ
γ

ζ1
) ϱ

ı+ ȷe
−χ
γ

ϖ
−
ȷ
(
1− e

−χ
γ

ϖ
)
(δω1 + ℵ∗)

χ
(
ı+ ȷe

−χ
γ

ϖ
)
(1− ω2)

∣∣∣∣∣∣
+
δω1 + ℵ∗

χ(1− ω2)

∣∣∣e−χ
γ

ζ2 − e
−χ
γ

ζ1
∣∣∣ .

As ζ2 → ζ1 then |H(ξ)(ζ1) − H(ξ)(ζ2)| → 0. We deduce that H(Ξδ) is equicontinuous. Con-
sequently, Arzelá-Ascoli theorem implies that H is continuous and compact. Thus, by Schauder’s
fixed point theorem [15], we deduce that H has at least a fixed point which is a solution of (1.1). □
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4 Successive Approximations and Uniqueness Results

This section is devoted to giving the main result of the global convergence of successive approxi-
mations of our problem (1.1). We will study the solution in 𭟋 of our problem.

Set ∇λ := [0, λϖ] for any λ ∈ [0, 1]. In what follows, we need the following hypotheses:

(H2) There exist a constant κ > 0 and a continuous function h : ∇× [0,κ]× [0,κ] −→ R+, such
that h(ζ, ·, ·) is nondecreasing for all ζ ∈ ∇ and the inequality

|ℵ(ζ, ξ1, ξ̄1)− ℵ(ζ, ξ2, ξ̄2)| ≤ h
(
ζ, |ξ1 − ξ2|, |ξ̄1 − ξ̄2|

)
(4.1)

holds for ζ ∈ ∇ and ξ1, ξ2, ξ̄1, ξ̄2 ∈ R, with |ξ1 − ξ2| ≤ κ and |ξ̄1 − ξ̄2| ≤ κ.

(H3) R ≡ 0 is the only function in 𭟋(∇θ, [0,κ]) which satisfies the integral inequality

R(ζ) ≤
∫ ϖ

0
|G(ζ, s)|h (s,R(s), (Dγ

0R) (s)) ds,

with λ ≤ θ ≤ 1,

G(ζ, s) =
1

γ



ȷe
χ
γ
(s−ζ−ϖ)

ı+ ȷe
−χ
γ

ϖ
− e

χ
γ
(s−ζ)

, if 0 ≤ s ≤ ζ ≤ ϖ,

ȷe
χ
γ
(s−ζ−ϖ)

ı+ ȷe
−χ
γ

ϖ
, if 0 ≤ ζ ≤ s ≤ ϖ.

Here G(ζ, s) is called the Green function of the boundary value problem (1.1).

(H4) For each ζ ∈ ∇, the set

{ζ 7−→ ℵ(ζ, ξ1, ξ̄1) : ξ1, ξ̄1 ∈ R} is equicontinuous.

For ζ ∈ ∇, we define the successive approximations of the problem (1.1) as follows:

ξ0(ζ) =
ϱe

−χ
γ

ζ

ı+ ȷe
−χ
γ

ϖ
,

ξn+1(ζ) =
ϱe

−χ
γ

ζ

ı+ ȷe
−χ
γ

ϖ
−
∫ ϖ

0
G(t, s)ℵ(s, ξn(s), (Dγ

0ξn) (s)) ds.

Theorem 4.1 Assume that the hypotheses (H2)-(H4) hold. Then, the successive approximations
ξn; n ∈ N are well defined and converge to the unique solution of the problem (1.1) uniformly in
𭟋.

Proof. Since the function ℵ is continuous, then the successive approximations are well defined.
Differentiating the two sides of the successive approximations ξn; n ∈ N by using the improved
deformable fractional derivative of order γ, by Lemma 2.2 and Lemma 2.1, we have

(Dγ
0ξ0) (ζ) = 0, ζ ∈ ∇,

(Dγ
0ξn+1) (ζ) = ℵ (ζ, ξn(ζ),D

γ
0ξn(ζ)) , ζ ∈ ∇.
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And since ξn ∈ 𭟋, then there exist two constants δ1, δ2 > 0 such that

∥ξn∥∞ ≤ δ1 and ∥Dγ
0ξn∥∞ ≤ δ2.

Let ζ1, ζ2 ∈ ∇, ζ1 < ζ2. Then,

|ξn(ζ2)− ξn(ζ1)| ≤

∣∣∣∣∣ ϱe
−χ
γ

ζ2

ı+ ȷe
−χ
γ

ϖ
−
∫ ϖ

0
G(ζ2, s)ℵ (s, ξn−1(s),D

γ
0ξn−1(s)) ds

− ϱe
−χ
γ

ζ1

ı+ ȷe
−χ
γ

ϖ
+

∫ ϖ

0
G(ζ1, s)ℵ (s, ξn−1(s),D

γ
0ξn−1(s)) ds

∣∣∣∣∣
≤

∣∣∣∣∣ (e−χ
γ

ζ2 − e
−χ
γ

ζ1
)[

ϱ

ı+ ȷe
−χ
γ

ϖ

]∣∣∣∣∣
+

∣∣∣∣∫ ϖ

0
G(ζ2, s)ℵ (s, ξn−1(s),D

γ
0ξn−1(s)) ds

−
∫ ϖ

0
G(ζ1, s)ℵ (s, ξn−1(s),D

γ
0ξn−1(s)) ds

∣∣∣∣
≤

∣∣∣∣∣(e−χ
γ

ζ2 − e
−χ
γ

ζ1
)[

ϱ

ı+ ȷe
−χ
γ

ϖ

]∣∣∣∣∣
+ sup

(ζ,ξ,ℑ)∈∇×[0,δ1]×[0,δ2]
|ℵ(ζ, ξ,ℑ)|

∫ ϖ

0
|G(ζ2, s)−G(ζ1, s)| ds.

As ζ1 −→ ζ2 the right hand side of the above inequality tends to zero. On the other hand, we have

| (Dγ
0ξn) (ζ2)− (Dγ

0ξn) (ζ1)|
≤ |ℵ (ζ2, ξn−1(ζ2),D

γ
0ξn−1(ζ2))− ℵ (ζ1, ξn−1(ζ1),D

γ
0ξn−1(ζ1))|

−→ 0, as ζ1 −→ ζ2.

Thus,

| (Dγ
0ξn) (ζ2)− (Dγ

0ξn) (ζ1)| −→ 0, as ζ1 −→ ζ2.

As a result, the sequences {ξn(ζ); n ∈ N} and {(Dγ
0ξn) (ζ); n ∈ N} are equicontinuous on ∇.

Let
ϑ := {λ ∈ [0, 1] : {ξn(ζ); n ∈ N} converges uniformly on ∇λ} .

If ϑ = 1, then we have the global convergence of successive approximations. Suppose that s < 1,
then the sequence {ξn(ζ); n ∈ N} converges uniformly on ∇ϑ. As this sequence is equicontinuous,
it converges uniformly to a continuous function ξ̃(ζ). In the case that we prove that there exists
θ ∈ (ϑ, 1] that {ξn(ζ); n ∈ N} converges uniformly on ∇θ, this will yield a contradiction.

Put ξ(ζ) = ξ̃(ζ) for ζ ∈ ∇ϑ. From (H2), there exist a constant κ > 0 and a continuous function
h : ∇× [0,κ] × [0,κ] −→ R+ ensuring inequality (4.1). Also, there exist θ ∈ [ϑ, 1] and n0 ∈ N,
such that for all ζ ∈ ∇θ and n,m > n0, we have

|ξn(ζ)− ξm(ζ)| ≤ κ,
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and
|(Dγ

0ξn) (ζ)− (Dγ
0ξm) (ζ)| ≤ κ.

For all ζ ∈ ∇θ, put
R(n,m)(ζ) = |ξn(ζ)− ξm(ζ)|,

Rȷ(ζ) = sup
n,m≥ȷ

R(n,m)(ζ),(
Dγ

0R
(n,m)

)
(ζ) = |(Dγ

0ξn) (ζ)− (Dγ
0ξm) (ζ)| ,

and
(Dγ

0Rȷ) (ζ) = sup
n,m≥ȷ

(
Dγ

0R
(n,m)

)
(ζ).

Since the sequence Rȷ(ζ) is non-increasing, it is convergent to a function R(ζ) for each ζ ∈ ∇θ.
From the equi-continuity of {Rȷ(ζ)}, it follows that lim

ȷ→∞
Rȷ(ζ) = R(ζ) uniformly on ∇θ. Further-

more, for ζ ∈ ∇θ and n,m ≥ ȷ, we have

R(n,m)(ζ) = |ξn(ζ)− ξm(ζ)|
≤ sup

s∈[0,ζ]
|ξn(ζ)− ξm(ζ)|

≤
∫ ϖ

0
|G(ζ, s)|

∣∣∣ℵ(s, ξn−1(s), (D
γ
0ξn−1) (s))− ℵ(s, ξm−1(s), (D

γ
0ξm−1) (s))

∣∣∣ ds.
Then, by inequality (4.1), we have

R(n,m)(ζ) ≤
∫ ϖ

0
|G(ζ, s)|h (s, |ξn−1(s)− ξm−1(s)|, |(Dγ

0ξn−1) (s)− (Dγ
0ξm−1) (s)|) ds

≤
∫ ϖ

0
|G(ζ, s)|h

(
s,R(n−1,m−1)(s),

(
Dγ

0R
(n−1,m−1)

)
(s)

)
ds.

Thus,

Rȷ(ζ) ≤
∫ ϖ

0
|G(ζ, s)|h (s,Rȷ−1(s), (D

γ
0Rȷ−1) (s)) ds.

By the Lebesgue dominated convergence theorem we have

R(ζ) ≤
∫ ϖ

0
|G(ζ, s)|h (s,R(s), (Dγ

0R) (s)) ds.

Then, by (H3) we get R ≡ 0 on ∇θ, which yields that lim
ȷ→∞

Rȷ(ζ) = 0 uniformly on ∇θ. Thus,

{ξȷ(ζ)}∞ȷ=1 is a Cauchy sequence on ∇θ. Therefore, {ξȷ(ζ)}∞ȷ=1 is uniformly convergent on ∇θ,
which yields the contradiction.

Also, {ξȷ(ζ)}∞ȷ=1 converges uniformly on ∇ to a continuous function ξ∗(ζ). We get

lim
ȷ→∞

ϱe
−χ
γ

ζ

ı+ ȷe
−χ
γ

ϖ
−
∫ ϖ

0
G(ζ, s)h (s, ξȷ(s), (D

γ
0ξȷ) (s)) ds

=
ϱe

−χ
γ

ζ

ı+ ȷe
−χ
γ

ϖ
−
∫ ϖ

0
G(ζ, s)h (s, ξ∗(s), (D

γ
0ξ∗) (s)) ds,
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for all ζ ∈ ∇. This means that ξ∗ is a solution of the problem (1.1).

Let us now prove the uniqueness result of the problem (1.1). Let ξ1 and ξ2 be two solutions of
(1.1). As above, put

ϑ̂ := {λ ∈ [0, 1] : ξ1(ζ) = ξ2(ζ) for ζ ∈ ∇λ} ,
and suppose that ϑ̂ < 1. There exist a constant κ > 0 and a comparison function h : ∇

ϑ̂
× [0,κ]×

[0,κ] −→ R+ verifying inequality (4.1). We take θ ∈ (λ, 1) such that

|ξ1(ζ)− ξ2(ζ)| ≤ κ,

and
|(Dγ

0ξ1) (ζ)− (Dγ
0ξ2) (ζ)| ≤ κ,

for ζ ∈ ∇θ. Then, for all ζ ∈ ∇θ, we have

|ξ1(ζ)− ξ2(ζ)| ≤
∫ ϖ

0
|G(ζ, s)| |ℵ(s, ξ1(s), (Dγ

0ξ1) (s))− ℵ(s, ξ2(s), (Dγ
0ξ2) (s))| ds

≤
∫ ϖ

0
|G(ζ, s)|h (s, |ξ1(s)− ξ2(s)|, |(Dγ

0ξ1) (s)− (Dγ
0ξ2) (s)|) ds.

Again, by (H3) we get ξ1−ξ2 ≡ 0 on ∇θ. This gives us ξ1 = ξ2 on ∇θ, which gives a contradiction.
Consequently, ϑ̂ = 1 and the solution of the problem (1.1) is unique on ∇. □

5 Some Examples

We give now some examples that illustrate our obtained results throughout the paper.

Example 5.1 Consider the following problem:
(D

1
2
0 ξ)(ζ) =

1

90 (1 + |ξ(ζ)|)
+

1

30

(
1 + |(D

1
2
0 ξ)(ζ)|

) ; ζ ∈ [0, 1],

ξ(0) + ξ(1) = 0.

(5.1)

Set
ℵ(ζ, ξ,ℑ) = 1

90 (1 + |ξ|)
+

1

30 (1 + |ℑ|)
; ζ ∈ [0, 1], ξ,ℑ ∈ R.

For any ξ, ξ̃,ℑ, ℑ̃ ∈ R, and ζ ∈ [0, 1], we have

|ℵ(ζ, ξ,ℑ)− ℵ(ζ, ξ̃, ℑ̃)| ≤ 1

90
|ξ − ξ̃|+ 1

30
|ℑ − ℑ̃|.

Hence hypothesis (H1) is satisfied with

ω1 =
1

90
and ω2 =

1

30
.

Next, the condition (3.1) is verified with χ = 1 and γ = 1
2 . Indeed,

(ıe
χ
γ
ϖ
+ 2ȷ)ω1

χ(ıe
χ
γ
ϖ
+ ȷ)(1− ω2)

=
(e2 + 2) 1

90

(e2 + 1)(1− 1
30)

< 1.

Some calculations indicate that all of the requirements of Theorem 3.1 are verified. Thus, (5.1) has
at least a solution.
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Example 5.2 We consider the following problem involving the improved Caputo-type conformable
fractional derivative:

(D
1
3
0 ξ)(ζ) =

8eζ + 3ζ3 + 1

83eζ+1(1 + |ξ(ζ)|+ |(D
1
3
0 ξ)(ζ)|

, ζ ∈ [0, π],

ξ(0) + ξ(π) = 0.

(5.2)

Set

ℵ(ζ, ξ(ζ), (D
1
3
0 ξ)(ζ)) =

8eζ + 3ζ3 + 1

83eζ+1(1 + |ξ(ζ)|+ |(D
1
3
0 ξ)(ζ)|

,

where γ = 1
3 .

For each ξ1, ξ̄1, ξ2, ξ̄2 ∈ R and ζ ∈ [0, π], we have

|ℵ(ζ, ξ1, ξ2)− ℵ(ζ, ξ̄1, ξ̄2)| ≤
8eζ + 3ζ3 + 1

83eζ+1

[
|ξ1 − ξ̄1|+ |ξ2 − ξ̄2|

]
.

Therefore, (H2) is verified for all ζ ∈ [0, π], κ > 0 and the comparison function h : ∇× [0,κ] ×
[0,κ] −→ R+ is defined by:

h(ζ, ξ1, ξ2) =
8eζ + 3ζ3 + 1

83eζ+1
(ξ1 + ξ2).

Moreover, we have

lim
ζ1−→ζ2

(ℵ (ζ2, ξ1, ξ2)− ℵ (ζ1, ξ1, ξ2)) = 0.

Thus, the hypothesis (H4) is verified. Consequently, Theorem 4.1 means that the successive appro-
ximations ξn; n ∈ N, defined by

ξ0(ζ) = 0, ζ ∈ [0, π],

ξn+1(ζ) = −
∫ π

0

G(ζ, s)(8es + 3s3 + 1)

83es+1(1 + |ξn(s)|+ |(D
1
3
0 ξn)(s)|

ds,

converges uniformly on [0, π] to the unique solution of the problem (5.2).
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