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1 Introduction

Fractional calculus has been a captivating field of study within functional space theory for a sig-
nificant period, attracting scholars owing to its diverse range of applications across various disci-
plines. This domain of research focuses on employing non-integer derivatives of fractional order to
model and comprehend complex natural phenomena. Some of the noteworthy areas where fractional
calculus has found use include electrochemistry and viscoelasticity. The application of fractional
derivatives has demonstrated efficacy in extending the fundamental laws of nature, facilitating a
more comprehensive and nuanced comprehension of these processes. Moreover, fractional calculus
has been vital in capturing the memory and hereditary effects that emerge in several systems, which
traditional integer-order derivatives fail to explain. To delve further into this subject, we recom-
mend perusing the books [2}|16}|17,[27,[30]] and the papers [[5H7}/11H13L{19,22H25]] and other relevant
literature.

Zulfeqarr et al. introduced a new concept called the “deformable fractional derivative” in their
paper [31]]. This derivative uses a limit technique, similar to the traditional derivative, to continu-
ously transform a function into its derivative. The term “deformable” refers to its unique feature
of allowing for continuous deformation [4]. Additional research on fractional derivatives of the
conformable type can be found in papers such as [[18},20L21},26].

In [20]], the properties of the deformable derivative were further explored by the authors, who
then utilized the findings to examine the Cauchy problem with a non-local condition below:

DL =R(C,8(C)), ¢ €(0,],
£(0) +R(6) = &,
where D] is the deformable derivative of order v € (0, 1), and N : C — R is a continuous function.
In [21]], the authors considered the problem:
DpE(C) = 28(¢) +R(¢,€(C)), ¢V,
£(0) = &o,

where Z : D(Z) C Z — E is an infinitesimal generator of a Cp-semigroup 7°(¢)(¢ > 0) on a
suitable space =, &y € Z, and V = [0, ], k > 0 is a constant.

In [26], the authors studied the existence and uniqueness of solutions for the implicit problem
with nonlinear fractional differential equation involving the deformable fractional derivative in b-
metric spaces:

{ (D3€) (Q) = R(C,£(0), DIE(C)) s C € V := [0, 5],
£(0) = &,

where 0 < v < 1,8 : V x R? — R is a given function and &, € R.

Several research studies have investigated the convergence of successive approximations for
nonlinear functional equations and the global convergence of successive approximations for func-
tional differential equations [[143}28,/29]. Browder [8] established a generalization of the classi-
cal Picard-Banach contraction principle, utilizing the convergence of successive approximations in
1968. Chen [9] employed the method of successive approximations to analyze the existence of
solutions for functional integral equations in 1981. Czlapiinski [[10] investigated the global con-
vergence of successive approximations of the Darboux problem for partial functional differential
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equations with infinite delay, while Faina [14] studied the generic property of global convergence
of successive approximations for functional differential equations with infinite delay.

In this paper, we investigate the following class of deformable fractional differential equation
with boundary conditions:

{ (D36) (O) =R (¢, €(0). DFE(Q)) , € V= [0,), 0
)= o

16(0) + 5¢(w@) =

where D £(() is the deformable fractional derivative starting from the initial time 0 of the function
Eofordery € (0,1),N: V xR x R — R is a continuous function, 0 < w < +oc and 1, 3, o are

-_X
real constants where 1 + g 7 = # 0.

This paper is structured as follows: In Section 2, we introduce the notations and offer an
overview of the (k,)-Hilfer fractional derivative that we will utilize throughout the manuscript.
In Section 3, we present an existence result of the problem based on Schauder’s fixed point
theorem. Additionally, we examine a result on the global convergence of successive approximations.
Finally, in the last section, we provide various examples to reinforce the obtained results.

2 Preliminaries

Let V := [0, w], where 0 < @w < +o00. We denote by C'(V, R) the Banach space of all continuous
functions from V into R, with the following norm

1€lloc = sup{[£(¢)[}-
Cev

Let f := F (V,R) be the Banach space defined by:
F:{¢ € C(V,R) : D} exists and continuous on V},

with the norm
€1l = max {[|€loo; D€} -

Consider the space X} (0,), (b € R, 1 < p < 00) of those complex-valued Lebesgue measurable
functions X on [0, k] for which ||N|| x# < 00, where the norm is given by:

e = ([Ten@rE) L asp<ocber

Definition 2.1 (The deformable fractional derivative [20,31]) Les R : [0, +00) — R be a given
function, the deformable fractional derivative of X of order -y is defined by

e—0 £

where v + x = 1 and y € (0, 1]. If the deformable fractional derivative of R of order ~y exists, then
we simply say that X is v-differentiable.
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Definition 2.2 (The ~y-fractional integral [20]) For ~y € (0, 1] and a continuous function X, let

1;X<

¢y,
(TG R) (€) = ;6 i /0 e "N(s)ds.

Lemma 2.1 ([20]) Ifv,71 € (0,1] such that v+ x = 1, X and R are two ~-differentiable functions
at a point ¢ and m,n are two given numbers, then the deformable fractional derivative satisfies the
following properties:

DJ(N) = XA for any constant \;

D7 (mR + nR) = mDY(R) + DI (R);

DY (RR) = RDY(R) + YRR,

Y ogNN = 7Yt
or Jor®=Jor "R

Lemma 2.2 ([20]) Ifv € (0,1], N is continuous function, then we have:

—X

o (J7. DIM)) (€) = R(C) — e °R(0);
« DF (TR) (©) = X(Q).

Lemma 2.3 Let R € LY(V), 0 < v < 1and1,y, o are real constants where 1 + je%xw # 0. Then
the problem

(D36) (Q) =R(); ¢ € V= [0, ], o
16(0) + 58(w) = o,
has a unique solution defined by
=x¢ —X(¢+w) w R _ ¢ -
Q) = ec — - e — / e%SN(s) ds + 167X</ e%SN(s) ds. (2.2)
1+ ge Y14 yge s @ J0 7 0

Proof. Applying the y-fractional integral of order + to both sides of the equation (D]¢) (¢) = &(C )s
and by using Lemma[2.2]and if ¢ € V, we get

—X —X { X o~
£(Q) = £(0)e™ ¢ = flyevg/ e N(s)ds. 2.3)
0
Hence, we get
=X —X ¢ X o~
(C) = €(0)e™ © + ievC/ e7°R(s) ds. (2.4)
0

Thus,
-_X 1 -_X w XN
(@) = £(0)e 7 + Le WXW/ 3R (s) ds.
0

From the mixed boundary conditions :£(0) + 7¢(w) = o, we get

Fw Lo2w [T xsg _
ng)ﬂ(g(o)w + 1o /0 ¢ N(s)ds) 0
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Thus,
) Xw rw X3
o—Ze e N(s)ds
£(0) = — foxw
1+ je
Hence, we obtain
£(Q) = o —— — A — / e%SN(s) ds + evxc/ e%sN(s) ds.
14977 v+ yger @0 v 0

Conversely, we can easily show by Lemma that if ¢ verifies equation (2.2) then it satisfies
the problem (2.1). O

3 Existence and Uniqueness of Solutions

In this section, we are concerned with the existence results of the problem (1.1]).

Definition 3.1 A solution of problem (1.1)) is a function & € C (V) where

=x¢ X ((+w) w . 1 - ¢ .
€0 =2 - I [T e [ R
7 Jr]eTw v + f}/]eTw 0 Y 0

such that R € C(V,R), with R(¢) = R(¢,£(¢),R(C)) and 1+ 77 = # 0.
The hypothesis:

(H1) There exist constants w; > 0, 0 < wa < 1 such that

IN(C, &1, 81) — N((, 62, F2)| < wi]ér — &o| + w21 — B,

for any &1, &2,51,82 € R, andeach ( € V.

Remark 3.1 We note that for any £, 3 € R, and each ¢ € ¥V, hypothesis (H1) implies that
|N(C> 57 S)‘ < W1|§‘ + w?’%| + N*)

where X* = sup R((,0,0).
¢elo,m]

Now, we will give our existence result that is based on Schauder’s fixed point theorem [15]].

Theorem 3.1 If (H,) holds, and

X5 X
(ew — 1) lo 4 9(e 7 ™ 4+ 1)|w;

- <1, 3.1)
xle 4 e (1 — wa)

then problem (1.1)) has at least one solution on [0, w].



112 Abdellatif Benchaib er al., J. Nonl. Evol. Equ. Appl. 2024 (2024) 107121

Proof. Consider the operator H : C(V,R) — C(V,R), such that

(HE(Q) = = V,X - — / ev*R(s) ds + evxc/ e7*R(s) ds,
142677 it yger ©J0 v 0

where X € C(V,R), with R(¢) = R(¢, £(¢), R(()).

Let 6 > 0 such that

X =X
ol (ew‘l>|z+ﬂ(e T TN
o

—-X —-X
§> e’ “ xlrtge 7 T (1—ws)

X =X
(e”w—l) lotg(e™ “41)|wr

1—

e
xletge ¥ T [(1-ws)
Consider the ball
=5 = {5 € C([O,w},R), ||§HOO < 5}

Claim 1. 7 is continuous.
Let {&,, },, be a sequence such that &, — £ on Z5. For each ( € V, we have

|‘7|6%X(<+W) “ Xe 3
[(H&n)(C) — (HE)(Q)| < = / e Ry (s) — N(s)|ds
|ye +vyge 7| /0
—x ¢ 5 N
+ ievé“/o e3[R0 (s) — R(s)| s,

where R,,, R € C(V,R) such that

Ra(Q) = R(C, (), Ra(Q)) and R(C) = R(C, (), R(Q)).-

Since
1€n — €lloo — 0 as n — o0

and N, N and E\l\n are continuous, we deduce that
[H(&n) = H(E) oo = 0 as n — oc.

Hence, H is continuous.

Claim 2. 7—[(55) C Zs.
Let £ € E5. From Remark 3.1} for each ¢ € V, we have

IR()] < IR, E(C), R(Q))]
< w1 [/€]loo + w2l R0 + N*
< w16 + wa||R|eo + N*.

Then
dwq + N*

Rl <
1R o0 < T

(3.2)

(3.3)
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Thus,

=x¢ =X (¢+w) w R 1 - ¢ N
ec ix e — / e%sN(s) ds + evxc/ e%SN(s) ds
7+ ]eTw Y1 + 7]e7w 0 7 0

T xga 1 =x¢ ¢ xoa

< ld W / e3*[R(s)|ds + —e ch/ e3*[R(s)|ds
o™ 7] It ge™ T J0 7 0

o (T2 e £ Dl +0)

[(HE)(O)] <

<
< = —

o+ e X+ e (1 — wa)
<.

Hence,

[H(E)][oe < 0.
Consequently, H(Z5) C Es.

Claim 3. H (=) is equicontinuous.
For 0 < (1 < (o < w,and £ € =5, we get

H(£)(G2) = H(E)(C)]

- QG%X@ je%x((b—&-W)

—X -

1+ T i+ ’yje%xw

=G =X (¢ +w) w N 1 - G -
- W,X + 220 — / e%sN(s) ds — e“lxgl/ €%SN(S) ds
14377 e @ 0

X =X 0 ]e%w w Xy
(e 752 e ) — — — e "N(s)ds
14+ 7 yidyges ©J0
=x¢ 2 xia G =x¢ =X Xeq
+—len 2/ e N(s)ds—/ [ev t—en 2}6“/ N(s)ds
v 1 0

—-X
1—e @) (d N*
< (€%<2_6%<1> 0 j( e )(W1+ )

g
)
2
V)
)
—
=
(oW
»
+
| —
)
=
Y
N
\J\r
N
o
2%
z
&
o,
)

0 Y

<

1

2 —|—je_TXw X (2 —i—je_TXw) (1 —wy)

. &(Ull + N*) ‘E%Cz (8%@ . e%(l) . (e%xCl . e%‘@) (€§C1 _ 1)’
XL —w2

—X
1— *w) w4 N*
< (6%42_6%@) ¢ _‘7( A
- Xz Xz
] X(Z—i-j(i” )(1—w2)
dwy + N* ‘e%ca e
X(1 —w2)

As (o — (; then |H(§)(C1) — H(E)(¢2)| — 0. We deduce that H(Zs) is equicontinuous. Con-
sequently, Arzeld-Ascoli theorem implies that H is continuous and compact. Thus, by Schauder’s
fixed point theorem [15]], we deduce that # has at least a fixed point which is a solution of (I.1). [J
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4 Successive Approximations and Uniqueness Results

This section is devoted to giving the main result of the global convergence of successive approxi-
mations of our problem (I.T). We will study the solution in /-~ of our problem.

Set V) := [0, Aww] for any A € [0, 1]. In what follows, we need the following hypotheses:

(H2) There exist a constant > > 0 and a continuous function h : V X [0, 5] x [0, 3] — R, such
that 4 (C, -, -) is nondecreasing for all ¢ € V and the inequality

IR(C, &1, €1) = R(C, €2, &) < h (161 — &al |61 — &) 4.1
holds for ¢ € V and &1, &2, &1, & € R, with |[€ — &| < s and € — & < s

(H3) R = 0is the only function in f (Vg, [0, »]) which satisfies the integral inequality

R(O) < /0 1G(¢9)[ (s, R(s), (DFR) (s)) d,

with A < 0 <1,
X(s—¢-w)
3677_)(—6%(5_07 if 0<s<(<w,
14+ @
G(C?‘S):*
X(s—(~w)
S if 0<¢(<s<w
14+ge 7 @

Here G((, s) is called the Green function of the boundary value problem (|1.1J).
(Hy) Foreach ¢ € V, the set

{¢ > R((,€1,61) : &,& € R} is equicontinuous.

For ¢ € V, we define the successive approximations of the problem (|1.1]) as follows:

=x¢
50(() = %7
1+ je
(O = 2 [ Gt s)R(s.Eals), (9360) () d
? +je gl

Theorem 4.1 Assume that the hypotheses (Hz)-(Hy) hold. Then, the successive approximations
&ns n € N are well defined and converge to the unique solution of the problem (1.1)) uniformly in
F.

Proof. Since the function N is continuous, then the successive approximations are well defined.
Differentiating the two sides of the successive approximations &,,; n € N by using the improved
deformable fractional derivative of order vy, by Lemma[2.2]and Lemma[2.1] we have

(Dgéo) () =0, (€V,
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And since &, € [, then there exist two constants &1, do > 0 such that

[€nllco < 01 and ||®3§n||oo < d2.

Let (1,(2 € V, (1 < (2. Then,

60(C2) — 6n(C1)] < / G(Gor 5N (5, 61 (), DYEnr(5)) ds

7 +je 5
=g
e / GG, 9N (5, §n1(5), D () ds
? —1—]6 7
S 6%42 _ €%C1 Q_ ] ‘
( ) ? +je7xw
/ GlCar )R (5, €n1(5). DJnmr (5)) ds
- [ GG s (5). D31 (5) s
S eTCQ _ C%XCI Q] '
< ) 7 +je7xw

+ sup N(C,E,9)| / G (Gar ) — G(G,5)| ds.
(¢,¢,3)eV x[0,61]x[0,02] 0

As (; — (5 the right hand side of the above inequality tends to zero. On the other hand, we have

< IR (C2,€n-1(C2), D€n—1(C2)) = R (€15 6n-1(C1), Dgén—1(C1))]

— 0, as (1 —> (o.

Thus,

| (D4&n) (C2) — (Dgén) (C1)] — 0, as ¢t — Ca.

As aresult, the sequences {&,(¢); n € N} and {(D]&,) (¢); n € N} are equicontinuous on V.

Let
¥ :={A€0,1] : {£.(€); n € N} converges uniformly on V,} .

If ¥ = 1, then we have the global convergence of successive approximations. Suppose that s < 1,
then the sequence {&,,((); n € N} converges uniformly on V. As this sequence is equicontinuous,
it converges uniformly to a continuous function & (¢). In the case that we prove that there exists
0 € (v,1] that {£,(¢); n € N} converges uniformly on Vy, this will yield a contradiction.

Put £(¢) = £(C) for ¢ € V. From (Hy), there exist a constant 3¢ > 0 and a continuous function
h:V x [0, ] x [0, ] — Ry ensuring inequality (4.1). Also, there exist § € [¢},1] and ng € N,
such that for all ( € Vg and n, m > ng, we have

‘gn(C) - gm(C)‘ <,



116 Abdellatif Benchaib er al., J. Nonl. Evol. Equ. Appl. 2024 (2024) 107121

and

[(D58n) (€) = (Dg&m) ()] < 5.

For all ¢ € Vg, put

R)(¢) = sup R™™)((),

n,m=j

(D3R™™) Q) = (936) (O) — (DFem) ()]

and
(DYR,) () = sup (DFR™) (0).

n,m=j

Since the sequence R,({) is non-increasing, it is convergent to a function R(() for each ( € V.
From the equi-continuity of {R,(¢)}, it follows that lim R,(¢{) = R({) uniformly on Vy. Further-
1—00

more, for ( € Vg and n, m > 3, we have

R™™)(¢) = 1€4(C) — &m(Q)]
< sup \§n(C) _gm(<)|

s€[0,(]
< [T IG(E IR G160, (971) () = R G151, (0n1) ()] .

Then, by inequality (4.1, we have

w

R™m)(¢) < /0 G, 8) |1 (8, [én-1(5) = Em—-1(5), (DF&n-1) () = (DF&m-1) (s)]) ds
< / “lG(@C 9)lh <3,R(”_1’m_1)(s), (@gRW—Lm—l)) (5)> ds.
0

Thus,

R < [ 1G9 (5. Byi(5), (D Ry1) (5)) ds.
0

By the Lebesgue dominated convergence theorem we have

R(O) < /0 C1G(¢.9) [ (s, R(s), (DYR) (s)) d.

Then, by (H3) we get R = 0 on Vy, which yields that lim RJ(C ) = 0 uniformly on Vy. Thus,

oo

521 1s uniformly convergent on Vg,

{€,(Q)}52, is a Cauchy sequence on V. Therefore, {ﬁj( )
which ylelds the contradiction.

Also, {£,(¢)}72, converges uniformly on V to a continuous function &.(¢). We get

J—0

lim 250 /Gc, (5,6,(5), (D]E,) (5)) ds
1+ e

et / G(C,8)h (5, £.(5), (DYE) (5)) ds,
Z—l—j€”
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for all ¢ € V. This means that &, is a solution of the problem ([L.1]).

Let us now prove the uniqueness result of the problem (1.1)). Let & and &3 be two solutions of

(1.1)). As above, put R
V= {A€[0,1]: £&1(C) = &2(C) for ( € Va1,

and suppose that ¥ < 1. There exist a constant 5 > 0 and a comparison function / : V5 X [0, 5] x
[0, 5] — Ry verifying inequality (4.1). We take 6 € (), 1) such that

1§1(€) = &(Q)] < =,

and
[(D0&1) () = (Dgé2) (O] < 7,
for { € Vy. Then, for all { € Vy, we have

£1(0) — &) < /0 [G(C,8) (s, €1(5), (Dpér) (5)) — (s, &2(5), (Dgé2) (5))] ds
< /0 1G(C, )[R (s, [€1(s) — &2(5)], (D) (5) — (Dg&2) (s)]) ds.
Again, by (H: 3)Awe get &1 —&9 = 0on Vy. This gives us £ = & on Vy, which gives a contradiction.

Consequently, ¥ = 1 and the solution of the problem 1' is unique on V. O

5 Some Examples

We give now some examples that illustrate our obtained results throughout the paper.

Example 5.1 Consider the following problem:

ey L 1
@39 = goarieon "

; ; ¢ €10,1],
30 (1 T3 5)(0\) 5.1)
€(0) +£(1) = 0.

Set
1

1
= +
90 (1+ &) 30(1+|S))
Forany £,6,3,3 €R, and € [0, 1], we have

R((,€,9) . Cel0,1], £, S eR.

RCES) ~RGE D) < ol — &+ 5519~ 3.
Hence hypothesis (Hy) is satisfied with
wlz% and WZZ%'
Next, the condition is verified with x = 1 and v = % Indeed,
(ze%w + 27wy _ (62 +2)gs 1
X(ze%w + 7)(1 —wo) (e2+1)(1 - 55) .

Some calculations indicate that all of the requirements of Theorem 3. 1| are verified. Thus, has
at least a solution.
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Example 5.2 We consider the following problem involving the improved Caputo-type conformable
fractional derivative:

1 ¢ 3
(DFE)(O) = BT eqonl,
83¢S+1(1 4 [£(C)] + (D3 )(C)] 52)

£(0) + £(m) = 0.
Set : 5

R(C,E(C), (DE)(C)) = s+l

83cCH (1 4+ [€(0)] + (D3 )(C)]

where v = %

For each &1,£1,&9,& € Rand ¢ € [0, 7], we have

o 8e¢ +3¢3 +1 _ _
NG & 8) — R 6,8 < L g - &1+ e - &)

Therefore, (Hs) is verified for all ¢ € [0, 7], ¢ > 0 and the comparison function h : V x [0, 3] X
[0, 5] — Ry is defined by:

8eS +3¢3 +1

h(¢,61,62) = ]3eC+1

(&1 + &2).
Moreover, we have

clh—H>1C2 (N (C2,61,82) — N (¢1,61,82)) =0.

Thus, the hypothesis (Hy) is verified. Consequently, Theoremmeans that the successive appro-
ximations &,; n € N, defined by

(¢) =0, ¢el0,x],

g [ S )
n+ - - 1 ’
0 83estL(1 + [€,(5)] + |(DFEn)(5)]

converges uniformly on [0, 7] to the unique solution of the problem .
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