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1 Introduction

The concept of (w, ¢)—periodic functions was introduced by E. Alvaraz er al. [3], as a variant of
Bloch periodicity [9], which contains among others the class of periodic and antiperiodic functions.
This type of functions was motivated by the Mathieu’s equation

y"(t) + [a — 2q cos(2t)]y(t) = 0

arising in seasonally forced population dynamics modeling. In recent years, several authors have
been interested in periodic functions and their applications. In 2019, J. R. Wang, L. Ren and
Y. Zhou [17] studied (w, ¢)—periodic solutions for time varying impulsive differential equations.
In 2020 G. Mophou and G. M. N’Guérékata [15] studied an existence result of (w, ¢)—periodic
mild solutions to some fractional differential equations. In 2021 M. Kéré, G. M. N’Guérékata and
E. R. Oueama [11] studied an existence result of (w, ¢)—almost periodic mild solutions to some frac-
tional differential equations. For more results of periodic functions, see [3, 10, 13, 1, 2, 14, 12, 6].

Recently in 2019, E. Alvarez, S. Castillo and M. Pinto [4] extended the concept to the one of
(w, c)—asymptotically periodic functions, see also [9]. A continuous function f is said to be (w, ¢)—
asymptotically periodic if it can be written as f = g + h where g is a (w, ¢)—periodic function and
h is c—asymptotic. This new concept attracted authors like J. Larrouy and G. M. N’ Guérékata [13].
They did an excellent work on (w, ¢)—periodic and asymptotically (w, c)—periodic mild solutions
to fractional Cauchy problems. In their paper, they established some new properties of (w,c)—
periodic and asymptotically (w, ¢)—periodic functions and studied the existence and uniqueness of
mild solutions of these types to semilinear fractional differential equations.

In 2013, J. Q. Zhao, Y. K. Chang and G. M. N’Guérékata studied the asymptotic behavior of
mild solutions to semilinear fractional differential equations (3.1)—(3.2) in Banach space [18].
In our paper, we consider the following equations:

D&u(t) = Au(t) + DO f(tu(t), 1<a<?2,t>0,
u(0) =y,

where A : D(A) € X — X is a linear densely defined operator of sectorial type on a complex
Banach space X, ug € X, f : Ry x X, X is asymptotically (w, c)—periodic in ¢t € Ry and D{(-)
(1 < @ < 2) stands for the Riemann—Liouville fractional derivative.

The main purpose is to study the existence and uniqueness of (w, ¢)—asymptotically periodic
mild solution. For this, we use two tools, namely the Banach fixed point principle and the well-
known alternative theorem of Leray—Schauder. Theorems 3.2 and 3.3 are our main results.

2 Preliminaries

In what follows, we assume that (X ||.||) and (Y,]|.||) are two complex Banach spaces, and we
will denote by C'(R, X) the collection of all continuous functions from R into X, and BC(R, X)
the collection of all bounded continuous functions from R into X. The space BC (R, X) equipped
with the sup norm defined by || f||cc := sup;cg || f(¢)] is a Banach space. The notation B(X,Y)
stands for the space of bounded linear operators from X into Y endowed with the uniform operator
topology and we abbreviate to B(X) whenever X = Y.
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Now we recall some definitions, properties about sectorial linear operators and their associated
solution operators and some notions of (w, ¢c)—asymptotically periodic functions.

2.1 Sectorial linear operators and their associated solution operator

A closed and linear operator A is said to be sectorial if there exist0 < 6 < 5, M > O0andw € R
such that its resolvent exists outside the sector w + Sp := {w+ A : A € C,|arg(—\)| < w} and
M

(A= A)7Y < L Ao+ S

Definition 2.1 ([18]): Let 1 < a < 2 and A be a closed and linear operator with domain D(A)
defined on a Banach space X. The operator A is called a generator of a solution operator if there
exist w € R and a strongly continuous function E, : Ry — B(X) such that {\* : ReA > W} C
p(A) and X*~H (AT — A)te = [P e MEL(t)xdt, ReX > @, x € X. In this case, Eq4(t) is
called the solution operator generated by A.

We note that, if A is sectorial of type w € R with 0 < 0 < w(1 — §), then A is the generator of a

solution operator given by
1
Eq(t) = /eﬂ(xa —A)7AhdA
¢

2

where ¢ is a suitable path lying outside the sector W + Sg.

Lemma 2.2 ([5, 18]): Let A : D(A) C X — X be a sectorial operator in a complex Banach space
X satisfying w + Sp :={w + A : A € C,|arg(—\)| < 0} and

A=A < —, A¢D+S
H( ) ||—’)\_w‘ ¢LU+ 6
for some M > 0,0 <0and0 <0 <7(l-75)<3F.
Then, there exists C > 0 such that
CM
E.(t < ———, t>0.

Definition 2.3 ([16]): The derivative of order o of a function v : Ry — R in the sense of Riemann—
Liouville is defined as

N dm t (t _ S)n—a—l
Dtu(t):dtn/or(na)u(s)ds, n—1l<a<n,neN.

If1 <n <2, then

d2 [t (t — g)2—o-1
Dfu(t) = dt2/0 <tI‘(2)—oc)u(s) ds.

Definition 2.4 ([16]): The integral of order « of a function v : Ry — R in the sense of Riemann-

Liouville is defined as

ou(t) = F(la) /O (t — 5)°Lu(s) ds.
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Remark 2.5 ([16]): If a € R, then the integral of order o of u is also considered as the derivative
of order — v in the sense of Riemann-Liouville :

IPu(t) = Dy “u(t).

2.2 (w,c)-asymptotically periodic functions

Definition 2.6 (/3]): A function f € C(R,X) is said to be (w, ¢)—-periodic if there exist c € C\ {0}
and w > 0 such that

Ft+w) = cf(t), vt € R.

w is called the cperiod of f.

We denote by P, .(X) the collection of all functions f € C(R,X) which are (w, c)-periodic.

When ¢ = 1, we write P,,(X) instead P,, 1 (X) and we say that f is w—periodic.

We define c'/* = exp ((t/w)log(c)) and we will use the notation ¢"\(t) := c'/* and |c|\(t) :=
| C’t/“’.

The following proposition provides a characterization of (w, ¢)—periodic functions.

Proposition 2.7 ([3]): Let c € C\ {0} and w > 0. A function f € C(R,X) is said to be (w, c)—
periodic if and only if:

f(#) =" (ult), u(t) € Py(X).
Lemma 2.8 ([13]): Letu € P, (R, X). Thenu € P_, .-1(R,X).
We will prove the following

Theorem 2.9 Letu € P, .(R,X). Then D{u(t) € P, (R, X) if

dn—l

T / (t+w—71)"*ly(r)dr eR,
0

where D (-) is the Riemann—Liouville fractional derivative.

Proof. We have

N dn t(t__s)n—a—l
Dtu(t):dtn/o mu(s) ds, n—1<a<n,

therefore

1 dr

Diut+w) = 5=y qm

t+w
/ (t+w—5)""lu(s) ds.
0
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Let us use £ = s — w. With this notation,
DRult+e) = potaa [ e ) ae
Y “I= I(n—a)dt™ J_, “ v
c qr t 1
e =t ae
c dn t 1
— - = t . n—o— d
oy, O e e
c d» 0 )
= t _ n—oa— d
= eDpul) + o [t ag
N t I'(n—a)dt™ J_, ’
After a change of variable 7 = £ 4 w, we obtain
«a @ ¢ d" v n—oa—1
Dtu(t—i-w):thu(t)—i—m@ ; (t+w-—r) u(r — w) dr.
Using Lemma 2.8, we have
o' a 1 d" v n—oa—1
Dfu(t +w) = ¢ Dy u(t)—i—m@ ; (t+w—r1) u(7) dr.
Since
dn—l w S
% o (t+w—7) U(T)dTER,
then . e
el ¢ _ \n—a—1 dr =0
I‘(n—a)dt”/o (t+w—r1) u(t) dr
therefore
Diu(t + w) = ¢ Dffu(t).
Finally, Df*u(t) € P, (R, X). O

Lemma 2.10 Let u € P, (R, X). Then I{'u(t) € P, (R,X) if

dn—l

e R OLUES
0

where I{*(-) is the Riemann—Liouville fractional integral.

Proof. 'We know that IP*u(t) = D, “u(t), therefore

IPut+w) = Dy %u(t+w)
1 dn w
= D¢ - = _ \nta-—1 :
c D, u(t>+I‘(n+a)dt"/o (t+w—1) u(r)dr
Since
dnfl

FT / (t+w—7)"" ly(r)dr e R,
0
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we have 0w
a (t4+w — )" y(r)dr = 0.
Therefore
IPu(t+w) = c¢D;ul(t)
= cliu(t).
Consequently, If'u(t) € P, (R, X). O

We define the following spaces of functions vanishing at infinity:

Co(X) = {h € C(Ry,X) : lim h(t) = o} and
Co(,X) = {h € C(Ry x 2,X) : tlggo h(t,z) = 0 for all = in any compact subset of Q} .

Definition 2.11 (/4]): A function h € C(R,X) is called c-asymptotic if ¢ (—t)h(t) € Cy(X), i.e.,

lim ¢"(—t)h(t) = 0.

t—o00

The collection of these functions will be denoted by Cy .(X).

Definition 2.12 (/4]): A function f € C(R,X) is said to be (w, c)—asymptotically periodic if f =
g+ h where g € P, (R,X) and h € Cy(X). The collection of these functions (with the same
c—period w for the first component) will be denoted by AP, .(X).

The following proposition provides a characterization of asymptotically (w, ¢)—periodic func-
tions.

Proposition 2.13 ([4]): Let f € C(R,X). Then f is (w, c)—asymptotically periodic if and only if:

where u € AP, (X).
Lemma 2.14 ([4]): Let o € C. Then

1. (f+9) € AP, «(X) and ah € AP, .(X) whenever f,g,h € AP, .(X)

2. If T > 0 is constant, then f.(t) = f(t + 1) € AP, (X) whenever f € AP, .(X)

3. Let g € P, (X) and h € Cp(X) such that g,h € C*(R,X). Then the derivative of (f =
g+ h) € AP, (X) belongs to AP, .(X).

Theorem 2.15 ([4]): Let f(t,x) := g(t,x) + h(t,x) where g(t + w,cx) = cg(t,x) and h €
Co.«(X,X). Let us assume the following conditions:
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(1) hi(z) = N(—t)h(c"(t)z) is uniformly continuous for z in any bounded subset of X uniformly
fort > dand hy(z) — 0 as t — oo uniformly in z.

(2) There exists v € BC(R4,Ry) such that

1F (s un) = F(tu2)l| < v(t)|lur = wsll, ¥ ur, ug € X, € Ry

Ifu e AP, (X), then f(.,u(.)) € AP, (X).

Theorem 2.16 [4]): AP, .([d,c0) x X, X) is a Banach space with the norm

[ fllaw,e := sup [[|e]* (=) F ().
t>d

In the sequel, we will consider ¢ € R. Hence we will use || f||qw,c as

1/ llaw,e == sup [lle]* (=) F(D)]].
t>0

Proposition 2.17 ([13]): Let A : D(A) C X — X be a sectorial operator of type w < 0 and 0 in
a complex Banach space X. If |c| > 1, then there exists C > 0 depending solely on o and 0 such

that:
CM
E,(t <—— _¢t>0.
IEo(t) e < T t =

Theorem 2.18 ([13, 7]): Assume that A is sectorial of type w < 0. If f : Ry — Xis an (w, c)—
asymptotically periodic function, then the function

F(t) = /0 Ealt — €)£(€) d¢

belongs to AP, .(X).

In what follows, we will need the following results which you can refer to [13]:
Let h : Ry — [1;00) be a continuous function such that ih(t) > 1 forall ¢ € Ry and h(t) — oo
as t — oo. Initially we set C, (R, X) for the space consisting of continuous function v : Ry — X

llull aco.c l[ullac.c

such that ||ul|p, = sup n(iy"» endowed with the norm |lull, = sup Ry 1t turns out to be a
teR tER

Banach space. We also denote

: U|law,c
Ch(R4,X) = {u € Ch(Ry,X) : Jim ! hH(t) N O}‘

Lemma 2.19 ([18]): A subset R C C,g(R+, X) is a relatively compact set if it verifies the following
conditions:

(1) The set Ry = {ujoy : u € R} is relatively compact in C([0,b],X),Vb € R, .

(2) lim % = 0, uniformly for u € R.

t—+00
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3 Main results

In this section, we mainly deal with the existence of (w, ¢)—asymptotically periodic mild solutions
to the following semilinear fractional differential equations:

Dfu(t) = Au(t)+ D f(tu(t), 1<a<?2, t>0, (3.1)

w(0) = wug, (3.2)

where A : D(A) € X — X is a linear densely defined operator of sectorial type w < 0 on a

complex Banach space X, up € X, f € AP, .(Ry x X,X) such that f(t,z) := g(t,z) + h(t, )

where g € P, (R4 xX,X)and h € Cp(X). Df*(-) (1 < a < 2) stands for the Riemann-Liouville
fractional derivative.

Definition 3.1 ([18]): Assume that A generates an integral solution operator E,. A continuous
Sfunction u : Ry — X satisfying the integral equation:

u(t) = Eqo(t)uo +/0 E.(t—s)f(s,u(s)) ds, t>0,

is called a mild solution on R to equations (3.1)—(3.2)
In the sequel, we assume that:

(H1) hr(2) = ¢ (=t)h(c"(t)z) is uniformly continuous for z in any bounded subset of X uni-
formly for ¢t > d and h.(z) — 0 as ¢t — oo uniformly in z.

(H2) f e AP, .(Ry x X, X) and there exists a constant Ly > 0 such that:

1f(tz) = f(E )l < Lylle —yll, forallt € Ry, z,y € X

(H3) (E4(t))t>0 C B(X) is a strongly continuous family of linear operators.

Theorem 3.2 Under assumptions (H1)—(H3), if we assume that |c| > 1, then there exists a unique
(w, ¢)— asymptotically periodic mild solution to equations (3.1)—(3.2), provided that there is a con-

stant y 1= —
|l sin(Z)

Proof. Consider the operator A : AP, (Rt x X,X) — AP, (R4 x X, X) such that

(Au)(t) := Eu(t)uo + /Ot Eu(t—s)f(s,u(s)) ds, t>0. (3.3)

According to Theorem 2.15, we clearly have that f(¢,u(t)) € AP, (R4 x X, X). Moreover, by
Theorem 2.18, we have fg E.(t —s)f(s,u(s)) ds € AP, (X). Now, from Lemma 2.2 we note
that

CM|c|~tw

M—t)Ey(t < —
el () Ba(tuoll < T e

[[wol|- (3.4)
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Since

CM|c|~H«

AT e vl =0

then E,(t)ug € Co(X) C AP, (X) and hence E,(t)ug € AP, (X). Therefore, by Lemma

2.14, we have E, (t)ug + fot E.(t—s)f(s,u(s))ds € AP, +(X). Finally A is well defined.
Let u,v € AP, .(X). Then

(t) — A0(t) s = smp {1~ /0 *Ba(t = ) F(s,u(s)) = (s, 0(5))] as]}
= sl / el (¢ — s)lel /= s u(s)) = Fs. ()] dsl}
< Lysup{ / el Bt = ) el =/(us) = () ds )
< CMLfigg{/0t|c|_(t_S)/wm ds}||u—v||aw,c.

On the one hand, if |¢| > 1and 0 < s < ¢t, then |¢|~¢=9)/@ < 1.
On the other hand, according to [7], we get

t 1 m
/ — —ds=—5*¢ .
o L+]w[(t—s) &= sin(T)
Hence
C’M(g)
— L .
|| = sm(g)

M =vllaw,e

[Au(t) — Av(t)Haw,c fHu - UHaw,c

IN

Therefore when v < 1, we deduce by the Banach contraction principle that A has a unique mild
solution v € AP, .(X). Finally, Problem (3.1)—(3.2) has a unique (w, c)—asymptotically periodic
mild solution. U

Let us formulate the following assumptions:

(H4) f(t,u) is uniformly continuous on any bounded subset 2 € X uniformly in ¢ € R, and for
every bounded subset 2 € X, {f(.,u) : u € Q} is bounded in AP, .(Q2, X).

(HS) There exists a continuous nondecreasing function ¢ : Ry — R such that for all ¢ € R and
we X fE W) lawe < P(llullow,e)-

(H6) f is satisfying Theorem 2.15.

Now we establish an existence theorem of (w, ¢)—asymptotically periodic mild solution to equa-
tions (3.1)—(3.2) without a Lipschitz condition.

Theorem 3.3 Assume that f € AP, .(R; x X,X) with |c| > 1, satisfying (H3)-(H6), and the
following additional conditions:
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(1) Foreachr > 0,

[[uoll L P(rh(s))
ree - e <

.1 [[woll Lg(rh(s)) _
tﬂ%m(umw +i‘§‘3{/0 T+ 15]( — 9)° ds}) =0,

where h is the function given in lemma 2.19 and we set

t
olr) = CMHlLSJ':taJrigg{/o1+w\fv|t—8 }H

(2) Foreache > 0, there is § > 0 such that for every u,v € CP(X), ||lu — v <&
implies that for all t € R,

1/ (s, f(s,v(8)) llaw,e 2
ol [ ) <

that is

(3) Foreach o, 8 € Ry and r > 0, the set {f(s,h(s)u) ra<s< B ueClX), |ully < r}
is relatively compact in X.
(4) hm (5) > 1.
Then, equations (3.1)—(3.2) admit one mild solution in AP,, .(X).
Proof.  We define the nonlinear operator I' : C})(X) — CP(X) by
t
(Pu)(t) = Ea(t)ug +/ Eult — $)f(s,u(s)) ds ¢ > 0.
0
We will show that I has a fixed point in AP, (€2, X) by the following steps:
(1) Foru € C}(X), we have ||ul|, < oo and
1Tt qw,e _ 1 t/w t/w
e = s e Eau + el E (t = 5)f(s,u(s)) ds| }
< o [1Ea() /HE (t — )50 x 1/ (s, u(s))] ds}]
0 )
1 [CM]|ugl| /t CM
< —|— — aw.c d
= h(t) [1 ¥ @)t +§‘§€{ L T = sy ¥ lullawe) SH
Since
July = sup o
>0 h(t)
then

[Tullaw,e _ 1 [[uol b d(llulln-h(s))
e = h(t)CM[lJr\Uu]ta +sup | LT+ ol —s) ds} |

It follows from condition 1. that I" is well defined.
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(2) For eache > 0, there is § > 0 such that for every u, v € CP(X), |[u — v]|, < 6,
we have

[Tu(t) = To(t)law,e = II/0 Ea(t = 5)(f(s,u(s)) = f(s,0(s))) dsllaw,c
< sup / el =% Ba(t = )| - e~/ (£ (s, uls)) —f(Sw(S))HdS}

t>0
< s / 1Bt = )l 15, 1(5)) = £(5,0(5)) e s
£ (s, () = (5, 0() e
= Cia / e o)

Using condition 2., we get
[Tu(t) = To(t)law,e <&,

which shows that I" is continuous.

(3) Next we show that I" is completely continuous. We set B, (X) for the closed unit ball with
centre at 0 and radius 7 in the space X. ¥ = I'(B,(CP(R4,X))) and ¢ = I'(u) for u €
(Br(CY(R4,X))). First, we will prove that 9, (¢) is a relatively compact subset of X for each
t € [0,0]. In fact, by the continuity of E,(.) and condition 3. of f, we infer that the set
Z ={Ey(s)f(r,h(T)u) : 0 < 8,7 < t,u € CP(R4, X)), ||lullp, < r}is relatively compact.
On the other hand, we can get ¥y(t) € Eq(t)ug + t.co(Z), where cy(Z) denotes the convex
hull of Z, which establishes our assertion.

Second, we show that the set ¥y, is equicontinuous. In fact, we can decompose

t+s
((t+5)=¢(t) = [Balt+s)- E()]w | Bt s - e ac
- [ Eatt- 1t u(e
t+s
- [Ea<t+s>—Ea<t>]uO+ | Batt+s—ort ue) e

b [ [Ealt s -0~ Ealt - ] 16 ut€)) o

t+s

Bt +5) = Ba(]uo+ | Ealt+s—€)f(&u(€))dg

t

v [Bale )~ Bal©)] 12 - &outt - ) de.

Then from (H5) and above decomposition of (¢ + s) — ((t), it follows that the set ¥, is
equicontinuous. Finally, applying condition 1, we have

€ law,e CM[ [[uol| {/t P(rh(s))
0

< = + su
h(t) h(t) L1+ @l " ah

mdS}} — O0ast — oo.

and this convergence is independent of u € B,(C?(R+,X)). Hence, by Lemma 2.19, ¥ is a
relatively compact set in CP (R4, X).
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(4) Let u*(.) be a solution of equation u* = AI'(u*) for some A € (0, 1). we have,

||U)\Haw,c = H)‘F(UA)Ha%C
<) [l aw,e
t A
< ont (g f [ HIRIAE) 1y
1L+ @[t >0 UJg 14 |w|(t—s)
Since
A [[uoll L ap([lut[nh(s))
U :C’MH7~—|—su { N—ds}‘ ,
Q(H ”h) 1+|W‘ta tzlg 0 1+’L«J‘(t—8)a h
then
A A
[u™ law,e < o(llw™[|n)h(t).
Therefore
[t < o(fu?n)
hence
A
Wl
o([[u[n)

and by condition 4, we see that the set {u” : u* = A\I'(u*), A € (0,1)} is bounded.

(5) It follows from(H4) and Theorem 2.15 that ¢t — f(t,u(t)) belong to AF, .(£2,X)
when v € AP, .(2,X). Moreover, from Theorem 2.18 and Theorem 3.2, we can deduce
that I'(AP, .(Q,X)) C AP, .(2,X). We note that AP, .(2,X) is a closed subspace of
C?(R4, X), consequently, we can consider

I': AP, (0,X) - AP, (0, X).

By assumptions (1)—(3) of Theorem 3.3, we deduce that this map is completely continuous.
Applying the well-know Leray—Schauder alternative theorem (see [8]), we infer that I" has
a fixed point v € AP, .(X) which is the (w, c)—asymptotically periodic mild solution to
equations. (3.1)—(3.2).

From Theorem 3.3, we can obtain the following interesting corollary.

Corollary 3.4 Let f : Ry x X — X be a function satisfying assumption (H4) and the following
Holder—type condition:

1 (8 1) = F (0 lawe < pllu—v]ge, 0<0 <1

forallt € Ry and u,v € X where p > 0 is a constant. Moreover, assume the following conditions
are satisfied:

9
(@) sup CM (el 4t _(hED™_ qq) = ) < o0,
b= <1+|w|t Jo TEIES ) n
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(b) For each o, € Ry and r > 0, the set {f(s,h(s)u) ca<s< B uce C}?(R+,X),

|lulln < r} is relatively compact in X,

(c) hm (6) > 1.

Then equations (3.1)—(3.2) admit at least one (w, c)—asymptotically periodic mild solution.

Proof. Letn; = pand we take 1(&) = 1:£”. Then, condition(H5) is satisfied. It follows from (a),
that the function f satisfies (1) in Theorem 3.3. Note that for each £ > 0 there is 0 < 6V < —=—

nXn1
such that for every u, v € C}) (R4, X),

£ (s, f(s,0(8))[law,e €
aw { [ g o) < oy

for all t € R4. The assumption (3) in Theorem 3.3 can be easily verified by the definition of
1. So, from Theorem 3.3 we can conclude that equations (3.1)—(3.2) admit at least one (w, c)-
asymptotically periodic mild solution. [l
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