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Abstract. In the present work, we consider a new class of impulsive semi-linear differential equations
in an arbitrary Banach space X with non-instantaneous impulses. We prove the existence of a mild
solution to the impulsive differential equation with non-instantaneous impulses by virtue of the theory
of semigroups via techniques of a new fixed point theorem for convex-power condensing operators.
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1 Introduction

In the last few decades, impulsive differential equations have received much attention of researchers
mainly due to their demonstrated applications in various fields of science and engineering. Impulsive
differential equations play an important role in real world problems and are used to describe processes
which are characterized by the development of a sudden change in the system’s state. Such processes
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have been investigated in various fields such as biology, physics, control theory, population dynamics,
medicine and many others. Impulsive differential equations are an appropriate model to hereditary
phenomena for which a delay argument arises in the modelling equations. For more details concerning
impulsive differential equations, we refer to the monographs [3, 10] and the papers [4, 7, 8, 9, 12, 14,
20] and the references given therein.

In this paper, our purpose is to study the existence of solutions for a class of abstract differential
equations with non-instantaneous impulses of the form

2 (t) = —Ax(t) + f<t,x(t), /Ot h(t,7)x(T)dr, /Otp(t, T)x(T) d7->,

(1.1)

t € (sitiv1], 1=0,1,---,0,0 € N,
z(t) = gi(t,z(t), te (tisil, i=1,--,4, (1.2)
z(0) = o + K (z), (1.3)

where —A: D(A) C X — X is a closed and bounded operator which is densely defined in the
Banach space X. We assume that — A generates a semigroup of strongly continuous linear operators
{T'(t)}+>0 defined in the Banach space (X, || - ||), z0 € X, 0 =1ty = so < t1 < s1 < ta <

<ty < s5 < tsp1 = band g; € C((t,si] x X;X) foralli = 1,---,46. The function
f € C([0,b] x X3; X) is an appropriate function and K is a mapping from some space of functions
to be specified later.

For convenience, we set

(H:U)(t):/o h(t,T)z(T)dT,
(Px)(t) = /0 p(t, 7)e(r) dr,

forh € C(Dg,RT)andp € C(D',R"), where Dy = {(t,s) : 0<s<t<T}and D' = {(t,s) :
0<ts<T}

In [7], a new class of abstract impulsive differential equations was introduced in which f =
f(t,z(t)) without nonlocal conditions; it was also assumed that impulses are non-instantaneous.
Under the assumptions that the operator A generates a Cy-semigroup of bounded linear operators
and f, g; are appropriate functions, the existence of a mild solution to the impulsive system was
established. In this impulsive system, the impulses begin all of a sudden at the points ¢; and continue
their proceeding on a finite interval [¢;, s;]. According to the authors of [7], there are many different
inspirations for consideration of such an impulsive system. The hemodynamical equilibrium of a
person is an example of such systems. One can prescribe some intravenous drugs (insulin) in the
case of a decompensation (for example, low or high level of glucose). Since the introduction of the
drugs in the bloodstream and the consequent absorbtion of the body are successive and continuous
processes, we can describe this situation as an impulsive action which start suddenly and stays active
on a finite time interval.

In [17], the generalization of the condensing operators as convex-power condensing operators
was introduced by Sun and Zhang and a new fixed point theorem for convex-power condensing
operator was established. The new fixed point theorem for convex-power condensing operators,
defined by Sun and Zhang, is the generalization of the famous Sadovskii’s fixed point theorem and
Schauder’s fixed point theorem. For more details about the measure of noncompactness we refer to
[1,2,5,6,9,11, 13,16, 17, 18, 19, 22] and the references given therein.
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We divide this paper into three sections as follows. Section 2 gives some basic definition, lemmas
and theorems. Section 3 provides the existence results. The existence of the mild solution and the
positive mild solution by utilizing a fixed point theorem for convex-power condensing operators is
obtained in Section 3. In Section 4, an example is presented.

2 Preliminaries

Let (X, - ||) be a real Banach space. By C([0,b]; X) we denote the Banach space of all X-
valued continuous functions defined on [0, b], endowed with the norm [|z| = sup,¢joy [[2(s)]],
where b € R*. Moreover, L' ([0, b]; X) denotes the Banach space of X -valued Bochner integrable
functions defined on [0, b] endowed with the norm ||g|| ;1 = fé’ llg(t)|| dt.

The operator —A is the infinitesimal generator of a uniformly continuous semigroup {7'(¢) :
t > 0} and D(A) denotes the domain of A, which is dense in X. It is clear that D(A) is a Banach
space endowed with the graph norm. The semigroup 7'(¢) is called equicontinuous if the set
{T'(t)x : = € K} is equicontinuous at ¢, 0 < ¢ < oo, for any bounded subset X C X. Throughout
the paper, we assume that

(HT) the operator —A generates the equicontinuous semigroup {7'(¢) : ¢ > 0} and there exists
a positive number M such that ||T'(¢)|| < M forall t € [0, d].

To define mild solutions for the impulsive differential equation (1.1)—(1.3), we consider the following
space PC([0, b]; X') which contains all the piecewise continuous functions z: [0, b] — X such that
z(t;) and z(t]) exist forall i = 1,2, , 5. We can verify that the space PC([0, b]; X) is a Banach
space endowed with norm ||z[|p¢c = supycjo ) |[#(¢)|]. For a function z € PC([0, b]; X ), define the
function z; € C([t;, tix1]; X), 9 =1,---,9, such that

t fort € (ti,tir1],
.in(t) _ $( l ort € ( +1]
z(t) fort = t;.

For aset F C PC([0,b]; X) and i € {0,1,---,8}, we have F; = {; : u € F'} and we have the
following Arzela—Ascoli-type result.

Lemma 1 ([7]) A set ' C PC([0,b]; X) is relatively compact in PC([0,b]; X) if and only if each
set F; is relatively compact in C([t;, tit1]; X).

Now, we present the following definition of a mild solution.

Definition 1 A piece-wise continuous function x: [0,b] — X is said to be a mild solution for the
system (1.1)~(1.3) if x(0) = o + K (x), z(t) = gi(t,z(t)) forall t € (t;,s;), i =1,---,0, and

o) = T(Olao + K@)l + [ (¢ = ) f(¢.a(0), ()@ (PN fort € o] @D
and .
2(t) = T(t = s)g(sia(s)) + [ Tl = OF(Ga(O: (H)(O: (PO 22

forallt € (s;,tiy1) and everyi=1,--- 4.
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Now, we give the definition of the Hausdorff measure of noncompactness (MNC).

Definition 2 ([2]) The Hausdorff measure of noncompactness 3 of a bounded set I' in a Banach

space X is the greatest lower bound of those € > 0 for which the set F' has a finite e-net in the space
X, ie.,
B(F) = inf{e > 0 : F has a finite e-net in X }.

Definition 3 ([2]) The Kuratowski measure of noncompactness o of a bounded subset F' of a Banach
space X is given by
a(F) = inf{e > 0 : F is covered by a finite number of sets with diameter < €}.

The relation between the Kuratowski measure of noncompactness e and the Hausdorff measure
of noncompactness 3 is given as

BF) < a(F) < 2B(F)
for any bounded subset F' C X.

Next, we discuss some basic properties of measure of noncompactness satisfied by both the
Kuratowski « and the Hausdorff measure of noncompactness f3.

Lemma 2 Let X be a real Banach space and let F, F' be bounded subset of X. Then, we have the
following results:

(1) B(E) = 0ifand only if E is relatively compact;

(2) B(E) = B(conv E) = B(E), where conv(E) and E denotes the convex hull and the closure
of E, respectively;

(3) if E C F, then B(E) < B(F);
4) B(E+F)<B(E)+B(F),where E+F ={x+y: z€E, yc F};

(5) B(EUF) < max{B(E), B(F)}:

(6) B(KE) < |K|B(E) for any k € R;

(7) if the map Q: D(Q) C X — Y is Lipschitz continuous with a Lipschitz constant p, then

By (QF) < uB(E) for every bounded set E C D(Q); here Y is a Banach space.

Definition 4 Let Y be a Banach space. A continuous and bounded map Q: D C Y — Y is called
B-condensing if 3(QF) < S(F) for any nonprecompact bounded subset F' C D.

It should not cause any confusion if by () we denote the Hausdorff measure of noncompactness
in X, C(]0,b]; X) and PC([0,d]; X).

Lemma 3 ([2], Darbo-Sadovskii) Let D C X be a closed, bounded and convex set. If a continuous
map Q: D — D is B-condensing, then there exists a fixed point of the map Q.
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Lemma 4 ([2, 9]) If F is a bounded subset of C(]0, b]; X), then we have 3(F(t)) < B(F) for every
t € [0,b], where F(t) = {xz(t) : x € F} C X. Furthermore, if F is equicontinuous on [0,b], then
B(F(t)) is continuous on [0,b] and B(F') = supc(g 5 B(F (1))

Lemma 5 ([9]) If F is a bounded subset of PC([0, b]; X), then we have 5(F'(t)) < B(F') for every
t € [0,0]. Furthermore, if

(1) F is equicontinuous on [0,t1] and each (t;, s;], (sj,tj+1], j=1,---,6;

(2) F is equicontinuous at the pointst =t1, j=1,--- |6,
then B(F") = supyc(o 5 B(F(1)).

Lemma 6 ([2]) Suppose F' C C([0,b]; X) is a bounded and equicontinuous set. Then 3(F(t)) is

continuous and
| 5([ Fear) < [(srenas

forallt € [0,b], where fg F(r)dr = {fot z(r)dr:x € F}.

Lemma7 Let {r,}°°, be a sequence of functions in L*([0,b];R,). Assume that there exists
v(t) € LY([0,b); Ry) satisfying ||z, (t)|| < v(t) for almost all t € [0,b] and every n > 1. Then we
have

ﬁ({/ot Tp(T)dT i m > 1}) < 2/(;5({1:”(7-)}30:1) dr  foreveryt € [0,b].

Lemma 8 ([21, 23]) Assume that0 < e < 1and h > 0. Let

h)? h)™
Szem—i-CTlnem_lh—l—C,Qnem_Qi() +---+—() , meN.
2! m!

Then S = o(:%;)(m — +00), where s > 1 is an arbitrary real number.

In [17], the authors introduced the generalization of the definition of a condensing operator and a
new fixed point theorem for that kind of operators. Firstly, we introduce some notation. Let D C X
be a bounded, closed and convex set and let Q be a continuous map from D into itself and ug € D.
For every F' C D, we set

QU)(F) = O(F),  QU)(F) = Qeonv{ Q") (F),uo}), =23, .

Definition 5 ([17]) Let D C X be a closed, bounded and convex set. The continuous map Q: D —
D is called convex-power condensing operator, if there exist ug € D and an integer ng > 0 such that

B(QUo ) (F)) < B(F)

for any bounded nonprecompact subset F' C D.
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Lemma 9 ([17]) Let D C X be a bounded, closed and convex set. If the continuous map Q: D —
D is B-convex-power condensing, then there exists at least one fixed point of the map Q in D.

Lemma 10 If (HT) holds, then the set

{/OtT(t —s)x(s)ds : ||z(s)]| < <(s) for almost every s € [0, b]}
is equicontinuous for every t € [0, b].
Proof. For0 <t <t+e <b we get

t+e t
/0 T(t+e— r)a(r)dr —/0 T(t — )a(r) dr

2.3)

¢ t+e
/0 (T(t +e—71)=T(t— T)):U(T) dr| + /t |T(t+e—7)x(r)] dr.

S ‘

When ¢ = 0, we get that the right-hand side of (2.3) can be made small when ¢ is small independent
of z. Fort > 0 and ¢ > 0, we have

/Ot T(t+ e — r)a(r)dr — /Ot T(t — 7)a(r) dr

< HT(s +o) /0 T = o - Pa(r) dr - T(0) /0 o mamyar @4
¢ t
+ ‘ /tUT(t +e—T1)x(r)dr|| + ’ /tUT(t —7)z(r)dr ‘
Since T'(¢) is strongly continuous and equicontinuous, we deduce that
H[T(s +0)— T(0) /O Tt — o = ra(r) ar]| > 0, 2.5)

as € — 0, uniformly for x. Since o is arbitrarily small, the second and the third term of (2.4) tend to
zero when o — 0.

Then, from (2.3), (2.4), (2.5), we see that { [[ T(t — 7)z(r)dr : ||lz()]| < <(r) for ae.
T €0, b]} is equicontinuous for all 0 < ¢ < b. ]

3 Existence results

Here, we establish the existence of a solution to the system (1.1)—(1.3) under some specified condi-
tions on g; by using a noncompact semigroup and a fixed point theorem for convex-power condensing
operators.

Now, we list the following assumptions.

(Hg) The functions g; are compact and continuous and there are positive constants K; and K7 such
that ||g;(t, z)|| < K1||z|| + Kz forall z € X and ¢t € [0, b].
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(Hf) f:[0,7] x X x X x X — X is a nonlinear function satisfying the Carathéodory conditions,
ie.:

i) f(t,+-,): X x X x X = X is continuous for a.e. t € [0, b];
() f(-,z, Hz(t), Pz(t)): [0,b] — X is measurable for all z € X;

(iii) there exist a constant function my € L([0,b], R), k > 0, and an increasing continuous
function €2: Ry — R, such that

Hf(t,x,Ha:,P:c)H < mk(t)Q(HxH)

forae. t € [0,b] and all z € X;

(iv) there exist nonnegative Lebesgue integrable functions L; € L'([0,b]; R, ), i =1,2,3,
such that

B(f(t, Bi(t), Ba(t), Bs(t))) < L1(t)B(B1(t)) 4 La(t)B(Ba(t)) + L3B(Bs(t))
for any bounded and equicontinuous B; C X, i = 1,2, 3, and for almost every ¢ € [0, ].

(HK) The nonlocal function K : C(]0,b]; X) — X is continuous and compact, and there exists an
increasing continuous function W: R, — R, such that

1K ()| < W([l]).

(HK) M[MW(k) + Q(k)[lmal L1 (o)) + kK1 + Ko + [|l2o]]] < &

Theorem 1 Assume that (HT), (Hg), (Hf), (HK), (HK) hold. Then the problem (1.1)—(1.3) has at
least one mild solution on [0, b].

Proof. Define the operator Q: PC([0,b]; X) — PC([0,b]; X) such that (0) = z¢ + K(x),
Qux(t) = gi(t,x(t)) fort € (t;,s;] (i =1,---,0) and

Qw(t)ZT(t)[onrK(x)H/o T(t =) f(¢x(C), Ha(C), Px(¢))d¢,  te[0,t], (B

and

Qu(t) = T(t = s)gi(ssals)) + [ Tt = Of(€.a(0), Ha(Q), PO AC (3

fort € (s;,ti+1], where i = 1,--- | §. To prove the result, we show that there exists a fixed point
of the map Q. At first, we prove the continuity of the map Q on PC([0,b]; X). Let {z,}°2, be
a sequence in PC([0, b]; X ) such that lim z,, = x in PC([0, b]; X). By the continuity of g;, it is
n—o0
clear that Q is continuous on (;, s;]. Thus, we have
1(Qun)(t) — (Qu)(1)]]
< M| \gi(si, xn(si)) — gi(si x(s3)) | 3.3)

3 [ (G 00Q), HnlO): Poa(O) = F(6,(0). Ha(0). Pa(O)] de.
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for t € (s;,ti1+1]. By the continuity of f and g;, we have

nh—>n<;o gi(ti,xn(ti)) = gi(tia .T(ti)), t e (ti, Si], (34)
lim f(C,:En(C),HSUn(C),PFL‘n(C)) = f(C,x(C),HI‘(C),PCE(()), C € (SiatiJrl]' (35)

n— o0

Therefore, using the Lebesgue dominated convergence theorem and (3.3), (3.4), (3.5), we get
| Qxyn(t) — Qx(t)|| — O, asn — 0o,
which implies that Q is continuous on (s;, t;+1]. For t € [0, ¢1], we get
1(Qun)(t) — (Q) (1)
< M|[K(2n) — K(2)]|
#01[15Ca0) Hanl€) Pral6) = 1(6,2(0) Ha(O), POV .
By the continuity of K and (3.5), we get
| Qxyn(t) — Qu(t)|| — 0, asn — oo,
thus Q is continuous on [0, ¢;]. Hence Q is continuous on [0, b].
Secondly, we claim that Q(By) C By, where
Bi(PC) = By, = {x € PC([0,b]; X) : ||z]| < k} € PC([0,b]; X)
is the closed and convex ball with the center at the origin and radius k. For any x € By C
PC([0,b]; X) and t € [0, t1], we get
1Qz(®)[l < IT(#)[xo + K ()] + /Ot 1Tt = Ol - 11£(¢ 2(C), Ha(C), Px(C))] dS
< M ]+ 900 + 212) [

< M ([|lzol| + W(E) + Q&) lmpllLijo,))-

Fort € (s;,ti+1], we have

t
< M(Klk + Ko + Q(k)”mk”Ll[si,ti+1])
= M (K 1k + Ko+ Q(k)[mll 10,4

which implies that || Qz|lpc < M (K1k+ Ko + Q(k)||ma||11j0y) foralli =1,--- 4. On the other
hand, by the properties of g;(-), we get

1Qz(B)I| < llgi(t, ()| < K1k + Ko

for t € (t;,si]. Since M [Q(k)||mgl 1105 + K1k + Ka + [[zo]| + W(k)] < k, we conclude that
|Qz||pc < k, i.e., Q has values in By.

Now, we show the equicontinuity of Q(By) on [0,b]. Since g;(-) are compact, it is obvious
that Q(By) is equicontinuous on (¢;, s;]. Assume that ¢ € [0,¢;]. Forx € By, 0 < h < t and
0<t<t+ h<b,we obtain
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1(Q)(t + h) = (Qu) ()| < (¢t + ) = T(®)](zo + K(z))

t+h
+ ’ /0 T(t +h — O f (¢ a(Q), Ha(Q), Pa(()) d¢

) /Otm — (¢, (C), Ha(C), Pa(Q)) d¢ H

Using the semigroup property, we have

T+ h) = T (o + K(2)[| = I T[Tt +h —t) = T(0)](zo + K(z))]
< M([T(h) = TO)l < llzo + K (2)].-

By the uniform continuity of the operator 7'(-) and Lemma 10, we conclude that Q(By,) is equicon-
tinuous on [0, ¢1].

For t € (s;,ti+1], we get
1Qu(t + h) — Qu(t)|| < |[T(t+ h — si) = T(t — s5)]gi(si; x(s3)) |

t+h
+ /0 T(t+h— Q) f(C,x(C), Hx(C), Px(C)) d¢

B /0 T(t — ) f(C,2(C), Hx(C), Px(¢)) d¢ H

By the semigroup property and the strong continuity of 7'(¢), we get
T+ h = si) = T(t = 5i)lgi(si usi)) || < MI[T(h) = T(0)]gi(si, ulsi))l-

Since g;(-) are compact and 7°(+) is strongly continuous, we infer that Q(By,) is equicontinuous on
(84, ti+1]. Hence Q(By) is equicontinuous on each [0, b].

Set W = convQ(By), where conv and conv denotes the convex hull and the closure of the
convex hull, respectively. It is easy to verify that Q maps W into itself and that WW is equicontinuous
on the intervals [0, ¢1], (¢;, si], (si,tiy1], 7 =1,2,--- ,J. Next, we want to show that Q: W — W
is a convex-power condensing operator. We take ug € W and show that there exists a positive integer
ng such that for every nonprecompact bounded subset F' C W

BQU ) (F)) < B(F).

Also, by the fact that
b
/ 2(s)ds € beonv{a(s) : s € [0,8]}, @ € PC([0,b]; X),
0

we get that
ﬁ({/o h(t,s)z(s)ds:z € F, t € [0, b}}) < bHoB({z(t) : € F,t €[0,0]}),

ﬁ({/otp(t, Sa(s)ds:az e F, te o, b}}) < bPoB({alt) : x € Fyt € [0,0]}),

where Hy = max(; 5)ep, |h(t, s)| and Py = max; oepr [p(t, 5)]-



28 Alka Chadha and Dwijendra N. Pandey, J. Nonl. Evol. Equ. Appl. 2024 (2024) 19-36

Fort € (s;,tit1], wherei = 1,--- , 0, from Lemmas 2 and 7 we have that for € > 0, there exists
a sequence {z, }7> ; C F such that

BQUMIF(t)) = B((QF)(t))
< 2B(T(t — s:)gi(si, {wn oy )dr)

128 ( [ T O ki i, Plankis) d<> L.
gMw/ﬁLﬂomF@»+Lﬂ05«HFxoy+Lw«PFx0ﬂdc+e

<4AMB(F) /t [L1(C) + bHoLa(C) + bPyL3(¢)] A + €

Si

</ LB e

where L(t) = 4M[Ly(t) + bHoLa(t) + bPyLs(t)]. Similarly, using the compactness of K, for
t € [0,t1], we get
t

BQU F (1)) < / L(Q)B(F) dC +e.

0

Therefore, we have that there exists a continuous function ¢: [0, b] — R4 such that

/|L $)lds < 7,

for any v € (0, 1). Then, we obtain

BQU) (1)) < B(F [/\L <<>\d<+/sjso<s>rds]+e

<Shy+ot—s)IBF) +e,  te (sitip]
and
BQUIF(1)) < [y +UB(F) +e, te[0,t],
where ¢ = max{|p(t)| : t € [0,b]}.

Since € > 0 is arbitrary, therefore it follows that

BQIMIF(1)) < (c+d(t — 5;))B(F), t€ (si,tis1),
BQUMIE(t)) < (c+dt)B(F), te[0,t],

where c = v, d = @.

For t € (t;,s;], we get B(QUUF (1)) = B((QF)(t)) = B(gi(t, F(t))) = 0 by the fact that g;
are compact.

Furthermore, in view of Lemmas 2 and 7, for ¢ € (s;,t;11] we have that there exists a sequence
{yn}o2, C conv{ Q"0 F, ug} such that
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BQE0) B (1)) = B((QW{Q(I’UO)F, uo})(t))
< 2B(T(t — $i)9i(Si, {Un}tne1))

+283 </ T(t— ) f (¢ {yn )}y, H{yn 12, P{yn}2) dC) Le
<M [ B I Hlon) i PLun i) 4G +

< / L(Q)B(eomv{ QU F, ug} (¢)) dC + ¢

8i

< [l d(¢ - s))B(FYC +¢
< [ 1HO - p(Olle+ di¢ - s)aE)C

+ [ IO+ dC )8+

< <02 + 2cd(t — s;) + W)ﬁ(F) +e

Thus, by the mathematical induction, we deduce that for any positive integer n,

B((Qmu) F)(t)) < (a” + Cpa"td(t — s;) + C2a™ 2 (d(t ;Sz’))2 +...

fort € (s;,ti+1]. Similarly, for ¢ € [0, ¢1], we obtain

B((Q ) F)(¢)) < <a” + Cra" Y (dt) 4+ C2a™ 2 (d2t!)2 e (CZ!)TZ)B(F)‘

+oee ot

Therefore, by Lemma 5, we conclude that

2 n
IB((Q(H,UO)F)) < <an+c'r1Lan—1(db) +Cfban—2@ Foeeed (db)

B ] )B(F) forall t € [0,0].

From Lemma 8, we get that there exists a positive integer ng such that

db)? db)™
<a"0 + Cp a0 (db) + cgoa"0—2( 2,> - n), > =q<1l
: 0

Since S((QM0:%0) F)) < ¢B(F) and q < 1, we infer that there exists at least one fixed point of the
map Q in W which is just a mild solution of the system (1.1)—(1.3). This completes the proof of the
theorem. 0

In the next result, we show the existence of a mild solution to the system (1.1)—(1.3) under
Lipschitz conditions imposed on g; and K. We prove the required result with the help of Darbo—
Sadovskii’s fixed point theorem.
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Here, we replace the condition (Hg) by (Hg'), and (HK) by (HK'):

(Hg') g; are Lipschitz continuous functions for all i = 1, --- , §, i.e., there exist positive constants
L, such that

lgi(t, u) — gi(t, )| < Lg,[lu — v
for all u,v € X;

(HK') the nonlocal function K : C([0,b]; X) — X is Lipschitz continuous, i.e., there exists a constant
Ly > 0 such that

K (z) = K@)l < Lrlz -yl forallz,y € X;

(HB) maxi_,.. ;[MLy + MLy, +4Mb(Ly + bHoLy + bPyL3)] < 1

Theorem 2 Suppose that the assumptions (HT), (Hf), (Hg'), (HK'), (HB) are fulfilled. Then, the
impulsive system (1.1)—(1.3) has a mild solution on the interval [0, b].

X) — PC(]|0,b]; X) defined as z(0) = zo + K(z),

Proof. Consider the map Q: PC([0, b]
i=1,---,0,and

Qu(t) = gi(t, 2(t)) for t € (L, sil,

Qu(t) ZT(t)(ﬂ?o+K($))+/0 T(t = Q) f(Cx(C), Ha(C), Px(C)) ¢, te[0,4],

and
Qu(t) =Tt ~ s)gi(sisx(s) + | Tt = OF(¢.(0). Ha(0). Pa(c) de

fort € (s;,ti+1], where i = 1,--- , 0. By the proof of Theorem 1, we infer that the map Q: By —
By is continuous. Now, we prove that Q is a -condensing operator on By.

For x,y € By, we have

l9i(t,2) = gi(t, y)|| < Ly llz = yll, € i tipa], =0,---,0. (3.6)

Thus, using Lemma 2 (7), we conclude that
B(gi(t, By)) < Lg,B(Br).

Let fot T(t—¢)f(¢x(¢), Hx(C), Px(¢)) d¢ = Q'z(t). By Lemmas 4 and 6, for ¢ € (s;,t;+1], we
get

B(Q'Br) = sup B((QB)(t))

tE(SZ, H—l

S bup 2 ﬁ (t =) f (¢ Be(), (HBk)(C), (PB)(C))) d¢

517t1+1 S

< sup 4M (L1 +bHoLs + bPoL3)B(Bx(¢)) d¢

te(si tit1] s

< 4AMb[Ly + bHoLy + bPyL3] 3(By).
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Therefore, for t € (s;,t;1+1], we have
BQB(1)) = ﬁ(T(t — 50)g(si, Bu(s1)

+ [ 1= Q6B B (PRI o)

[MLg,B(Bi) +AMb(Ly + bHoLs + bPyLs)| B(By)
maxé{ [Mng + 4Mb(L1 + bHyLo + bPOL3>]5(Bk)}

2'217'"7

IN

IN

Fort € [0, 1], we get

B(Q(Bk(t))) = 6<T(t)($o + K(z)) + /0 T(t =€) f(¢; Bi(C), (HBk)(C), (PB)(C)) dC)

< [MLg + 4Mb(L1 4+ bHoLy 4+ bPyL3)| B(Bx)
and for ¢t € (;, s;|, we have

B(QBy)) < max B(gi(t, Bi(t))) < max Ly, 5(By).

[

By the assumption (HB), we have that max;—1 ... 5 [M L +M Lg, +4Mb(L1+bHoLy+bPyL3)| <
1. Therefore, we conclude that 3(QBy) < 5(By) for t € [0,b]. This shows that the solution map
@ is #-condensing in By. Thus, by Darbo-Sadovskii’s fixed point theorem, Q has a fixed point
in Bj. The fixed point of the map Q is a mild solution for the impulsive system (1.1)—(1.3) with
non-instantaneous impulses. O

Next, we will show the existence of a positive mild solution to the system (1.1)—(1.3).

Let X be a real Banach space partially ordered by a cone P of X, i.e., for any x1,x2 € X,
x1 < xg if and only if x5 — 21 € P.

We assume that the operator 7'(¢)(t > 0) is a Cy-semigroup on X, and T'(¢)(¢t > 0) is called a
positive Cy-semigroup on X if 7'(t)x > 0 for any > 0. Now we make the following assumptions:

(Hf'1) The function f: [0,b] x P x P x P — P satisfies Carathéodory-type conditions:

(v) f is uniformly continuous on [0, b] x P x P x P and there exist nonnegative continuous
functions N,,(t), n = 1,2, and j(¢): [0,b] — P such that

ft,u,v,w) < Ny(t)u + No(t)v + j(t)

forany ¢ € [0, b] and u, v, w € P;
(vi) there exist constants L; > 0,7 = 1, 2, 3, such that

B(f (¢ D1(t), Da(t), D3(t))) < L1B(D1(t) + Laf(Da(t)) + L3S (Ds(t))
for any equicontinuous and bounded sets D,, C C(]0,b]; P), n =1,2,3,and ¢t € [0, b].

(HK1) The nonlocal function K : C([0,b];P) — P is continuous and compact, and there exists
a constant Lk > 0 such that || K (y)|| < Lk for any y € C([0, b]; P).



32 Alka Chadha and Dwijendra N. Pandey, J. Nonl. Evol. Equ. Appl. 2024 (2024) 19-36

(Hg2) The functions g; are compact and continuous and there are positive constants IL,, such that
lgi(t,z)|| <Ly, forallz € Pandt € [0,b].

Theorem 3 Let X be a real Banach space and let P be a normal cone in X. Assume that — A is the
generator of an equicontinuous positive Cy-semigroup, o > 0 and the conditions (Hf'1), (HK1),
(Hg2) are satisfied. Then there exists a mild solution in PC([0, b]; P) of the system (1.1)—(1.3).

Proof. We consider the operators Q as in (3.1)—(3.2) and @ defined by

(Qx)(t) = /0 T(t = QIN1(O)z(C) + Na(€) (H)(€)] dC,

where Hz(t fo 7)dr and t € [0,t1]. Fort € (s;,ti41],i=1,---,0, we set

(@o)(t) = / T(t - O)[Ni2(¢) + Na(O)(Ha) ()] dC.

i

Now, we show that r(@) = 0, where r(-) denotes the spectral radius of a bounded linear operator.
By the definition of @, for any ¢ € [0, ¢;], we have

(G ||—H/ (1= QN (0(6) + NalO) (Ho) O] |

< MN*(1 + bHy)t||z| pc,

where N* = max{max ¢y N1(¢), maxcefo p) N2(¢) }. Similarly, for t € (si, tiy1].i =1, 4,
we have

|(Ga)(t)] = \

[ - i) + N <) af

< MN*(1+ bHo)(t — 51) || pec.

Further,

@l <mv [ 1+ [ s uc) ac as

t
< w2 [+ bttyslelive + Ho [0+ b)Glane dc] as

2

. t t2
< (MN*)(1+ bHy) elpe | 5 + Hob' }

< (V" (1 + b e,

Similarly, for ¢ € (s;,t;+1], we have

@)1 < 1N (14 50)2 2 e

By the mathematical induction, for any positive integer n, we get

1@ ) ()| < (MN*(1 + bHo))”gllepc, t € [0, 4],
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and fort € (s;,ti11],i=1,---,0, we have
1@ )0l < QN+ b)) 5 e
Hence, we obtain .
(@) lme < (MN*(1+ bHo))" e
Thus, [|Q"|| < (MN*(1 + bHo))"%. Therefore, we get r(Q) = lim, 0 [|Q™||Y/" = 0.

Let 0 < MN*(1+bHy) < G, where G is the normal constant of G. Hence, we get that there
is an equivalent norm || - [|* in X such that ||Q|* < 7(Q) + MN*(1 + bHo) = MN*(1 + bHy),
where ||Q||* means the operator norm of ) with respect to the norm || - ||*.

Consider M™* = sup,c(o 5 {[|7(t)[I"},

r* > max {GM[[lzoll” + Lac +bli(2) '] (1 = GOUN*(1+bH))) ™,

) )

GM* [Lg, +b3(0)[] (1 — GOMN*(1+bHo))) ™'},
where [|z|* = max,cpoy [|[2(?)[*, and By« (P) = {x € PC([0,b];P) : |lz|[pe < r*}. Since f
is uniformly continuous, from the definition of the map Q, it follows that for any u € B,-(P),
(Qx)(t) > 0 and
(Qa)(t) < T(t)(xo + K(x)) + /0 T(t — ) [N1(Q)x(C) + Na(¢)(Hz)(¢) +5(¢)] d¢
< T(t)(wo + Lk) + /0 T(t —¢) [N1(¢)x(C) + N2(¢)(Hz)(¢)] d¢

+ / T(t - () dC, te[0,t],
0

and

Qu(t) < T(t)Ly, + / T(t — Q) [N1(Q)(C) + No(C) (Ha) (C)] A + /0 T(t - )j(¢)d¢

)

- b
|zoll™ + L) + [|QI" (1=l pe +/0 17t = Ol ON" dC)

forallt € (s;,tiy1],i=1,---,0. Since P is a normal cone, we get

Q)" < G(HT(t)(Io + K (@) + 1Qz) ()" + ‘/0 T(t=¢)j(¢)d¢

<o(ar

< GM*(||zo||* + Lx) + GMN*(1 + bHo)r* + GOM*||j]|* < r*
fort € [0, 1], and for ¢t € (s;,tiy1]

1Qz(t)||* < GM*Ly, + GMN*(1 + bHo)r* + GoM*||j||* < r*.

Therefore, we deduce that Q: By«(P) — By« (P). Let B = conv(B,«(P)). Then B is a bounded
convex closed set in PC([0, b]; X) and Q: B — B. Thus, similarly to the proof of Theorem 1, we
can show that Q is a convex-power condensing operator. Thus, we get the required result by using
the convex-power condensing fixed point theorem. O
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4 Application

Let us consider the following impulsive problem

o 62 t t
—u(t,r) = —u(t,x) + F| t,ul(t, x),/ h(t, 7, z)u(T, x) dT,/ p(t, 7, x)x(r,x)dr |,
8t 3.772 0 0
N 4.1)
(t,fﬂ) € U[SiatiJrl] X [0777]7
i=1
u(t,0) = u(t,m) =0, t €[0,0], 4.2)
u(0,z) = up + K(u), x € [0, 7], (4.3)
u(t,x) = Gi(t7u(tam))7 WS [077‘-]’ te (tia 5i]7 (44)
where 0 = g = sg < t1 < 51 < --- < t5 < 85 < ts41 = b are fixed numbers, ug € X,

F e (o] x X x X x X,X), K: C([0,b], X) — X and G; € C((t:, 8] x X, X) for all
i=1,---,6.
We consider X = L?[0, 7] and the operator A defined by A = " with the domain
D(A) = {x € X : x, 2’ are absolutely continuous and 2" € X, x(0) = z(7) = 0}.

It is well-known from [15] that A is the infinitesimal generator of an analytic semigroup 7'(¢), t > 0,
and that an analytic semigroup is equicontinuous. This means that A satisfies the assumption (HT).

To convert the problem (4.1)—(4.4) into the abstract form (1.1)—(1.3), we introduce the functions
f:00,b] x X3 — X and g;: (t;,s;] x X — X such that f(¢,y)(x) = F(t,y(x), Hy(z), Py(z))
and g;(t,y)(x) = Gi(t,y(x)).

Thus, the results of the earlier sections which guarantee the existence of a mild solution and a

positive solution may be applied with appropriate functions f and g; and K (u) satisfying suitable
conditions.
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