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Abstract. In this paper, using variational methods and critical point theory, we establish the existence
of multiple generalized solutions for the fourth-order nonlinear differential problem

u(4) +Au′′ +Bu = λf(x, u), x ∈ [0, 1],

u(0) = u(0) = 0,

u′′(1) = u′′(1) = 0.

Some recent results are extended and improved.
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1 Introduction

In the present paper, we consider the existence of multiple non-trivial generalized solutions for the
fourth-order nonlinear differential problem

u(4) +Au′′ +Bu = λf(x, u), x ∈ [0, 1],

u(0) = u(0) = 0,

u′′(1) = u′′(1) = 0,

(1.1)

where f : [0, 1] × R → R is a Carathéodory function that satisfies the Ambrosetti–Rabinowitz
condition (the AR-condition for short), A and B are real constants and λ is a positive parameter. The

*e-mail address: ahmad.673.1356@gmail.com
†e-mail address: sh.heidarkhani@razi.ac.ir

© 2022 Journal of Nonlinear Evolution Equations and Applications, JNEEA.com



60 Ahmad Ghobadi and Shapour Heidarkhani, J. Nonl. Evol. Equ. Appl. 2022 (2022) 59–67

main results of our paper, stated as Theorems 3.3 and 3.5, say that under suitable conditions problem
(1.1) has, respectively, at least two non-trivial and infinitely many solutions.

Equations of fourth-order type are usually called elastic beam equations, which comes from the
fact that they describe the deformations of an elastic beam in an equilibrium state whose both ends
are simply supported.

There are many fourth-order differential equations which are similar to problem (1.1) in engi-
neering, material mechanics and so on. Studying fourth-order differential equations is very important
in engineering sciences. Therefore, several results concerning the existence of multiple solutions for
fourth-order boundary value problems are known; for example see [1, 2, 3, 5, 6, 7, 8, 9, 10, 11, 12, 13].
In [13], using variational methods and maximum principle, the author proved the existence of at least
two positive solutions for the problem


u(4)(t) = λf(t, u(t)), t ∈ [0, 1],

u(0) = u′(0) = 0,

u′′(1) = 0, u′′′(1) = µg(u(1)),

where λ > 0, µ > 0, f : [0, 1]× R → R is a Carathéodory function and g : R → R is a continuous
function. Liu and Li in [10], by means of the idea of the decomposition of operators introduced by
Chen, obtained an existence and multiplicity result for the following fourth-order boundary value
problem (BVP)

{
u(4)(t) + µu′′(t) + ζu(t) = λf(t, u(t)), 0 < t < 1,

u(0) = u(1) = u′′(0) = u′′(1) = 0,

where µ, ζ ∈ R and λ > 0 are parameters and f : [0, 1]× R → R is a continuous function. D’Aguı̀
et al. in [5], using variational methods, proved the existence of two solutions of problem (1.1).
In [8], using variational methods and critical point theory, the existence of multiple solutions for the
following fourth-order problem


u(4)(t) = λf(t, u(t)) + h(u(t)), t ∈ [0, 1],

u(0) = u′(0) = 0,

u′′(1) = 0, u′′′(1) = µg(u(1))

was established; here λ > 0, µ > 0, f : [0, 1]× R → R is a non-negative L1-Carathéodory function,
g : R → R is a non-positive continuous function and h : R → R is a non-negative Lipschitz
continuous function with the Lipschitz constant 0 < L < 1, i.e., |h(s1)− h(s2)| ≤ L|s1 − s2| for
every s1, s2 ∈ R, and h(0) = 0.

In the present paper we are interested in ensuring the existence of at least two generalized
solutions and infinitely many generalized solutions for problem (1.1). The present paper is organized
as follows. In Section 2, we recall some basic definitions and our main tools. In Section 3, we state
and prove the main theorems of the paper, and finally we give two examples to show the application
of our results.
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2 Preliminaries and basic notation

In the present section we introduce some definitions and results used in the next section. First, let A
and B be two real constants such that

max

{
A

π2
,−B

π4
,
A

π2
− B

π4

}
< 1. (2.1)

For instance, condition (2.1) is satisfied if A ≤ 0 and B ≥ 0. Moreover, we set

σ := max

{
A

π2
,−B

π4
,
A

π2
− B

π4
, 0

}
< 1

and δ :=
√
1− σ. Let X := H1

0 (0, 1) ∩H2(0, 1) be the Hilbert space endowed with the norm

∥u∥X =

(∫ 1

0
(|u′′|2 −A|u′|2 +B|u|2) dx

) 1
2

,

which is equivalent to the usual norm (see [2]). In particular, ∥u∥∞ ≤ 1
2πδ∥u∥X .

Definition 2.1 A weak solution of (1.1) is a function u ∈ X such that∫ 1

0
[u′′(x)v′′(x)−Au′(x)v′(x) +Bu(x)v(x)] dx−

∫ 1

0
f(x, u(x))v(x) dx = 0

for all v ∈ X .

Moreover, a function u : [0, 1] → R is said to be a generalized solution to problem (1.1) if u ∈
C3([0, 1]), u′′′ ∈ AC([0, 1]), u(0) = u(1) = u′′(0) = u′′(1) = 0 and u(4) +Au′′ +Bu = λf(x, u)
for almost every x ∈ [0, 1]. If f is continuous on [0, 1] × R, then each generalized solution u is a
classical solution.

Proposition 2.2 ([1, Proposition 2.2]) Assume that u ∈ X is a weak solution of (1.1). Then, u is
also a generalized solution of (1.1).

Now, we introduce the functional φ : X → R defined by φ(u) = Φ(u)− λΨ(u), where

Φ(u) =
1

2

∫ 1

0
(|u′′|2 −A|u′|2 +B|u|2) dx,

Ψ(u) =

∫ 1

0
F (x, u(x)) dx

for each u ∈ X and F (x, t) =
∫ t
0 f(x, s) ds for each (x, t) ∈ [0, 1]×R. It is clear that the functionals

Φ(u) and Ψ(u) are well-defined on X , and we have

Φ′(u)(v) =
1

2

∫ 1

0
(u′′(x)v′′(x)−Au′(x)v′(x) +Bu(x)v(x)) dx

and

Ψ′(u)(v) =

∫ 1

0
f(x, u(x))v(x) dx

for all v ∈ X .
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Definition 2.3 Let X be a real reflexive Banach space. If any sequence {uk}k∈N ⊂ X for which
{φ(uk)}k∈N is bounded and φ′(uk) → 0 as k → 0 possesses a convergent subsequence, then we
say that φ satisfies the Palais–Smale condition.

The proofs of our theorems are based on Theorems 2.4, 2.5 and 2.6 stated below.

Theorem 2.4 ([15, Theorem 4.10]) Let φ ∈ C1(X,R) satisfy the Palais–Smale condition. Assume
also that there exist u0, u1 ∈ X and a bounded neighbourhood Ω of u0 such that u1 /∈ Ω and
infν∈∂Ω φ(ν) > max{φ(u0), φ(u1)}. Then, there exists a critical point u of φ, i.e. φ′(u) = 0, with
φ(u) > max{φ(u0), φ(u1)}.

Theorem 2.5 ([16, Theorem 9.12]) Let X be an infinite dimensional real Banach space. Let
φ ∈ C1(X,R) be an even functional which satisfies the Palais–Smale condition and φ(0) = 0.
Suppose that X = V

⊕
E, where V is finite dimensional and φ satisfies the following conditions:

(i) there exist α > 0 and ρ > 0 such that φ(u) ≥ α for all u ∈ E with ∥u∥ = ρ,

(ii) for any finite dimensional subspace W ⊂ X there is R = R(W ) such that φ(u) ≤ 0 on
W \BR(W ).

Then, φ possesses an unbounded sequence of critical values.

Theorem 2.6 ([17, Theorem 38]) For the functional F : M ⊆ X −→ [−∞,+∞] with M ̸= ∅,
minu∈M F (u) = α has a solution provided that the following conditions hold:

(h1) X is a real reflexive Banach space,

(h2) M is bounded and weak sequentially closed,

(h3) F is weak sequentially lower semi-continuous on M , i.e., by definition, for each sequence
{un}n∈N in M such that un ⇀ u as n → ∞ we have F (u) ≤ lim infn→∞F (un).

In the papers [4, 19], Theorems 2.4 and 2.5 were applied to establish a multiplicity result for a
boundary value problem. Moreover, in the paper [18], Theorem 2.5 was successfully applied in the
proof of the existence of infinitely many solutions for a boundary value problem.

3 Main results

Throughout this paper we make the following assumptions.

(A1) There exist constants T > 0 and ν > 2 such that 0 < νF (x, t) ≤ tf(x, t) for |t| > T .

(f0) The function f : [0, 1]×R −→ R satisfies Carathéodory conditions and there exists a constant
L > 0 such that |f(x, t)| ≤ c(1 + |t|q−1) for |t| ≤ L and x ∈ [0, 1], where q > 2.

(f1) f(x, t) = o(|t|) as t → 0, uniformly with respect to x ∈ [0, 1].
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To prove our main results we need the following two lemmas.

Lemma 3.1 Assume that (A1) holds. Then, φ(u) satisfies the Palais–Smale condition.

Proof. Assume that {un}n∈N ⊂ X is an arbitrary sequence such that {φ(un)}n∈N is bounded and
φ′(un) → 0 as n → +∞. Then, there exists a positive constant c0 such that |φ(un)| ≤ c0 and
|φ′(un)| ≤ c0 for all n ∈ N. Therefore, from the definition of φ′ and the assumption (A1), for some
c1 > 0 we have

c0 + c1∥un∥X ≥ νφ(un)− φ′(un)(un)

≥
(ν
2
− 1

)
∥un∥2X − λ

(
ν

∫ 1

0
F (x, un(x)) dx−

∫ 1

0
f(x, un(x))un(x) dx

)
≥

(ν
2
− 1

)
∥un∥2X .

Since ν > 2, this implies that {un}n∈N is bounded. Consequently, since X is a reflexive Banach
space, up to a subsequence, we have un ⇀ u in X . By φ′(un) → 0 and un ⇀ u in X , we obtain
(φ′(un)− φ′(u))(un − u) → 0. From the continuity of f we have∫ 1

0
(f(x, un(x))− f(x, u(x)))(un(x)− u(x)) dx → 0.

Moreover, an easy computation shows that

(φ′(un)− φ′(u))(un − u)

=
1

2

∫ 1

0

(
u′′n(x)(u

′′
n(x)− u′′(x))−A(u′n(x))(u

′′
n(x)− u′′(x)) +Bun(x)(un(x)− u(x))

)
dx

− 1

2

∫ 1

0

(
u′′(x)(u′′n(x)− u′′(x))−A(u′(x))(u′′n(x)− u′′(x)) +Bu(x)(un(x)− u(x))

)
dx

− λ

∫ 1

0
(f(x, un(x))− f(x, u(x)))(un(x)− u(x)) dx

≥ 1

4
∥un − u∥2.

Therefore, {un}n∈N converges strongly to u in X . Consequently, φ satisfies the Palais–Smale
condition. □

Lemma 3.2 ([20, Lemma 2.2]) If condition (A0) holds, then for every x ∈ [0, 1] the following
inequalities are true:

(i) F (x, t) ≤ F (x, t
|t|)|t|

ν if 0 < |t| ≤ 1,

(ii) F (x, t) ≥ F (x, t
|t|)|t|

ν if |t| ≥ 1.

In view of Lemma 3.2 and (f0) for every x ∈ [0, 1] we have

F (x, t) ≤ a3|t|ν if |t| ≤ 1 and F (x, t) ≥ a1|t|ν if |t| ≥ 1, (3.1)

where a3 = maxx∈[0,1], |t|=1 F (x, t) and a1 = minx∈[0,1], |t|=1 F (x, t). By assumption (f0), we
infer that a1, a3 > 0. In addition, since F (x, t)− a1|t|ν is continuous on [0, 1]× [0, T ], there exists
a constant a2 > 0 such that
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F (x, t) ≥ a1|t|ν − a2 for all (x, t) ∈ [0, 1]× [0, T ]. (3.2)

So, it follows from (3.1) and (3.2) that

F (x, t) ≥ a1|t|ν − a2 for all (x, t) ∈ [0, 1]× R. (3.3)

In this paper the main results are the following.

Theorem 3.3 Assume that the assumptions (A1), (f0) and (f1) hold. Then, if f(x, t) ≥ 0 for all
(x, t) ∈ [0, 1]× R, problem (1.1) has at least two generalized solutions.

Proof. In our case it is clear that φ(0) = 0. Lemma 3.1 shows that φ satisfies the Palais–Smale
condition.

Step 1 We will show that there exists M > 0 such that the functional φ has a local minimum
u0 ∈ BM = {u ∈ X : ∥u∥X < M}. Let {un}n∈N ⊆ BM and un ⇀ u as n → ∞. By Mazur’s
Theorem (see [14]), there exists a sequence of convex combinations

vn =

n∑
j=1

anjuj ,

n∑
j=1

anj = 1, anj ≥ 0, j ∈ N

such that vn → u in X. Since BM is a closed and convex set, we have {vn}n∈N ⊆ BM and
u ∈ BM . Noting that φ is weakly sequentially lower semi-continuous on BM and X is a reflexive
Banach space, by Theorem 2.6 we infer that φ has a local minimum u0 ∈ BM . We assume that
φ(u0) = minu∈BM

φ(u). Now, we will show that φ(u0) < infu∈∂BM
φ(u). From (f0) and (f1),

there exits ε > 0 such that

F (x, t) ≤ ε|t|2 + c|t|q. (3.4)

Let ε > 0 be small enough that ε < πδ. Then,

φ(u) ≥ 1

2
∥u∥2X − λε

∫ 1

0
|u(x)|2 dx− λc

∫ 1

0
|u(x)|q dx

≥ 1

2
∥u∥2X − λε∥u∥2∞ − λc

∫ 1

0
|u(x)|q dx

≥ 1

2
∥u∥2X − λε

1

2πδ
∥u∥2X − λc

1

2πδ
∥u∥qX

≥
(
1

2
− λε

1

2πδ

)
∥u∥2X − λc

1

2πδ
∥u∥qX ,

when ∥u∥X < 1. Since q > 2, there exist r > 0, k > 0 such that φ(u) ≥ k > 0 for every ∥u∥X = r.
Choosing M = r, we have φ(u) > 0 = φ(0) ≥ φ(u0) for u ∈ ∂BM . Hence, u0 ∈ BM and
φ′(u0) = 0.

Step 2 Since u0 is a minimum point of φ on X, we can consider M > 0 sufficiently large that
φ(u0) ≤ 0 < infu∈∂BM

φ(u), where BM = {u ∈ X : ∥u∥X < M}. Now, we will show that
there exists u1 with ∥u1∥X > M such that φ(u1) < infu∈∂BM

φ(u). For this, let e1(x) ∈ X
and u1 = re1, where r > 0 and ∥e1∥X = 1. By (3.3) there exist constants a1, a2 > 0 such that
F (x, t) ≥ a1|t|ν − a2 for all x ∈ [0, 1]. Thus,
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φ(u1) = (Φ− λΨ)(re1)

≤ 1

2
∥re1∥2X − λ

∫ 1

0
F (x, re1(x)) dx

≤ 1

2
r2∥e1∥2X − λrνa1

∫ 1

0
|e1|ν dx+ λa2.

Since ν > 2, there exists sufficiently large r > M > 0 so that φ(re1) < 0. Hence,
max{φ(u0), φ(u1)} < inf∂BM

φ(u). Then, Theorem 2.4 gives the critical point u∗. Therefore, u0
and u∗ are two critical points of φ, which are two generalized solutions of the problem (1.1). □

Example 3.4 Let A = 2, B = 1 and for (x, t) ∈ [0, 1]× R set

f(x, t) =

{
t2, if |t| ≤ 1,
3t4 − 2, if |t| > 1.

Then, we have

F (x, t) =

{
1
3 t

3, if |t| ≤ 1,
3
5 t

5 − 2t+ 26
15 , if |t| > 1.

Moreover, f(x, t) = o(|t|) as t → 0. By choosing L = 1 and q = 3 we have |f(x, t)| < c(1 + |t|2)
for |t| < 1, where c > 0 is some constant. Since

lim
|t|→∞

tf(x, t)

F (x, t)
= lim

|t|→∞

3t5 − 2t
3
5 t

5 − 2t− 26
15

= 5,

by choosing ν = 5 and T = 1, we have 5F (x, t) ≤ tf(x, t). Also, f(x, t) ≥ 0. So, we see that all
conditions (A1), (f0) and (f1) of Theorem 3.3 are satisfied. Therefore, in this case problem (1.1)
has at least two generalized solutions.

Theorem 3.5 Assume that the assumption (A1) holds. Then, if f(x, t) is odd about t, problem (1.1)
has infinitely many generalized solutions.

Proof. Put X = H1
0 (0, 1) ∩H2(0, 1). According to the definitions of the functionals Φ and Ψ it is

clear that φ(u) is even and φ(0) = 0.

Step 1 Let 0 < λ1 < λ2 < . . . be the eigenvalues of the functional φ. Suppose that V is
k-dimensional and V = span{e1, e2, . . . , ek}, where ei is the eigenfunction corresponding to the
eigenvalue λi. Let E = V ⊥. Thus, X = V ⊕ E. We will show that φ satisfies condition (i) of
Theorem 2.5. Since φ is coercive and also satisfies the Palais–Smale condition, by the minimization
theorem [15, Theorem 4.4], the functional φ has a minimum critical point u with φ(u) ≥ α > 0 and
∥u∥X = ρ for ρ > 0 small enough.

Step 2 We will show that φ satisfies condition (ii) of Theorem 2.5. Let W be a finite dimensional
subspace of X . By (3.3) there exist constants a1, a2 > 0 such that F (x, t) ≥ a1|t|ν − a2 for all
x ∈ [0, 1]. Now, for every r > 0 and u ∈ W \ {0} with ∥u∥X = 1, one has
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φ(ru) = (Φ− λΨ)(ru)

≤ 1

2
∥ru∥2X − λ

∫ 1

0
F (x, ru(x)) dx

≤ 1

2
r2∥u∥2X − λrνa1

∫ 1

0
|u|ν dx+ λa2.

The above inequality implies that there exists r0 such that ∥ru∥X > ρ and φ(ru) < 0 for every
r ≥ r0 > 0. Since W is a finite dimensional subspace, there exists R = R(W ) > 0 such that
φ(u) ≤ 0 on W \BR(W ). According to Theorem 2.5, the functional φ(u) possesses infinitely many
critical points, i.e., problem (1.1) has infinitely many generalized solutions. □

Example 3.6 Put A = 3, B = 2 and

f(x, t) =

{
t5 sinx, if |t| > 1,
sinx sin(π2 t), if |t| ≤ 1

for (x, t) ∈ [0, 1]× R. We have

F (x, t) =

{
t6

6 sinx, if |t| > 1,
sinx(π2 cos(

π
2 t) +

1
6), if |t| ≤ 1.

Since lim|t|→∞
tf(x,t)
F (x,t) = 6, by choosing ν = 6, we get 6F (x, t) ≤ tf(x, t). Also, f(x, t) is odd

about t. We see that all conditions in Theorem 3.5 are satisfied. Hence, in this case problem (1.1)
has infinitely many generalized solutions.
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