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1 Introduction

In this works, we study the existence and uniqueness of solutions of the following for the Moore-
Gibson-Thompson equation with term viscoelastic memory

t
a g + Bug — AAu—bAuy —{—/ g(t —s)Au(s)ds =0, (z,t) € Qr, (1.1)
0

with initial data

u(z, 0) =up(z), u(z, 0) =ur(z), un(x, 0) =uz(z), =€, (1.2)
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and non-classical boundary conditions

t
g;‘:/o /Qu(g,T) dedr, (x,1) €0Qx (0, T), (1.3)

where Q7 := Q2 x (0,7), Q€ R", T < o0, ¢g(-) : R4 — R, are given functions which will
be specified later, and ug(x), ui(x) and us(x) are given functions and a—u designates the normal
n

derivative.

All the parameters a and b are assumed to be positive constants. In a physical context of the
acoustic waves, the variable u denotes a scalar acoustic velocity potential U = —Vu with ¥
denoting the acoustic particle velocity, c¢? denotes the speed of sound, a denotes thermal relaxation
resulting from replacing Fourier law by the Maxwell-Cattaneo law, the coefficient b = & + a c?,
where ¢ is the diffusibility of the sound and the coefficient 3 > 0 describes natural damping effects
associated with an acoustic environment, see Lebon and Cloot [[10]. The convolution term fg g(t —
s)Au(s) ds reflects the memory effects of materials due to viscoelasticity. Here the convolution
kernel g satisfies proper conditions exhibiting “memory character” which will be explained later.

This model of (I.I) arises in high-frequency ultrasound applications accounting for thermal
flux and molecular relaxation times. According to revisited extended irreversible thermodynamics,
thermal flux relaxation leads to the third-order derivative in time while molecular relaxation leads
to non-local effects governed by memory terms.

By applying mathematical modeling to various phenomena of physics, ecology and biology,
there often arise problems with non-classical boundary conditions, which connect the values of the
unknown function on the boundary and inside of the given domain. Sometimes the physical phe-
nomena are modeled by non classical boundary value problems which involve a boundary condition
as an integral condition over the spatial domain of a function of the desired solution. The nonlocal
boundary condition arises mainly when the data on the boundary cannot be measured directly, but
their average values are known. In the very recent years, nonlocal problems, particularly those with
integral constraints have received great attention. The physical significance of nonlocal conditions
such as a mean, total mass, moments, etc., has served as a fundamental cause for the consider-
ably increasing interest to this kind of boundary value problems. Nonlocal problems are generally
encountered in thermoelasticity, plasma physics, chemical engineering, heat transmission and un-
derground water flow. See in this regard the papers by Shi and Shilor [23], Ewing and Lin [5]], Choi
and Chan [4].

As a special application see Bouziani [3], where the author has considered a nonlocal problem
which is proposed in the mathematical modeling of technologic process of external elimination of
gas, practices in the refining of impurities of Silicon lamina. The nonlocal condition appearing
in this mathematical model represents the total mass of impurities in the lamina. For some hy-
perbolic non local mixed problems, the reader should consult the works done by Nukushev [21]],
and Pulkina [22], Muravei and Philinovskii [20], Mesloub and Messaoudi [12, [13], Mesloub and
Bouziani [14], Mesloub and Lekrine [[15], Beilin [1]]. Recent works dealing with nonlinear nonlocal
mixed problems can be found in Mesloub [16, 17, [18]].

The motivation of our work is due to some results regarding the following research papers:

Boulaaras, Zarai, Draifia [2] studied the Galerkin method for nonlocal mixed boundary value
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problem for the Moore-Gibson-Thompson equation with integral condition

au + Buy — Au—bAu, =0, (x,t) € Qr,
(x 0)—u0() u(x, 0) =ui(x) , up(z, 0) =u2(z), €,
fo Jou(, 7) dédr, (x,t) €02 x(0,T),

where Q7 := Q2 x (0, T), Q € R", T < oo, and ug(x), ui(x) and uz(z) are given functions and

— designates the normal derivative.

on

However, Boulaaras, Zarai, Draifia [2] did not study the existence and uniqueness of prob-
lem (L.I)-(L.3) for ¢ # 0. Motivated by the above research, we will consider the existence and
uniqueness for g # 0 of the model (I.1)—(1.3) in this paper.

The outline of the paper is as follows. In the second section we present some spaces, and we
supply an appropriate definition of weak solution of the posed problem and establish some useful
inequalities. Section 3 is devoted to the study of existence of the weak solution of the posed problem
by applying Galerkin’s method. Finally, in section 4, we prove the uniqueness of the generalized
solution of the posed problem.

2 Preliminaries

In this section, we introduce some functional spaces, a definition of generalized solution of prob-
lem (L.1)—(1.3) and establish some useful inequalities, which will be used for the remaining of the
present paper.

Let W (Qr) := {u € L*(Qr) : D*u € L?(Qr) for all || < 1} be the usual Sobolev space,
whose elements u are in L? (Qr) along with u; and u,, and have in Q7 generalized derivatives
and the finite norm

lullwi o) (/ / )+ [Vu(t)? + u2(t)] dxdt)é.

The scalar product in W (Qr) is defined by

(u(t), v(t)wi(Qr) / / )+ Vu(t) - Vo(t) + ue(t)ve(t)) dadt .
Now let V(Qr) and W (Q7) be the set spaces defined respectively by

V(Qr) == {ueW3(Qr) 1w € W3(Q7)},

and
W(Qr) :={ueV(Qr):u(x,T)=0}.

Consider the equation

aluge(t) , V() r2(p + Blur(t) , v(t)r2(0m — (Au(t), v(t))r2(Qyp)

— b(Aug(t) , v(t)) r2(Q,) + ( ; g(t —s)Au(s)ds, v(t)) 2 =0, (2.1)
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where (-,-)2(q, stands for the inner product in L*(Q7), u is supposed to be a solution of (L.T)-
(I.3) and v € W(Qr). Evaluation of the inner product in (2.I) and use of boundary condition

in (L.I)—(1.3) leads to
— a(utt(t) y vt(t))LQ(QT) — ,8( ) 5 ’Ut(t) L2(Qr) + CQ(VU(t) 5 V’U(t))L2(QT)

Ut(t )
B(Vur(t), Volt)) (g — ( /0 ot — 5)Vu(s)ds . Vo) 2(om

= ¢ /TAQ[v(t)(/t/u(g, ) dédr) dsxdt+b/ /BQ /Q , t) dé)]ds,dt

- b/ /8{2 /Q (€) d§)lds.dt + B(ui(z), v(z, 0))r2(q) + a(ua(x), v(x,0))r2(q)

_ /0 /d olt) /O gt — 9)] /0 ) /Q w(e, ) dedrds)|ds,dt . 2.2)

Definition 2.1 A function u € V(Qr) is called a generalized solution of problem (1.1)—(1.3)) if it
satisfies equation 2.2)) for each v € W (Qr).

We recall the binary notation
t
()0 = [ it = 3) () = (e Ol ds.
We give some useful inequalities:

e Gronwall inequality. Let i(¢) and y(¢) be two nonnegative integrable functions on the in-
terval I with A(t) non decreasing. If for any ¢ € I, we have

¢
o(0) <h(o)+c [ ys)ds,
0
where c is a positive constant, then
y(t) < h(t) exp(ct) .

e Cauchy-Schwarz inequality. If f, g € L?(Q), then
([ 1000) &7 1O * 90 2o
e c—Cauchy inequality. For all &, § € R and € € R* , we have
laf| < a + 862.

e Trace inequality. If w € W32(Q) where €2 is a bounded domain in R™ with smooth boundary
012, then

(A) w0 < el Vo ®) 22y + U0 2aqy 1) >0,

where [(¢) is a positive constant that depends only on ¢ and on the domain €.
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3 Existence of the generalized solution

We suppose that the kernel g(t) is a C* (R, , R ) function satisfying

(A1) [T g(s)ds < ?
(A2) ¢'(t) <0 forallt > 0.

(A3) ¢"(t) >0 forallt > 0.

Notation we denote by g the following expression

o= [

We now give the main result on the existence of solution of problem (1.1)—(1.3) and prove it by
using the Galerkin method.

Theorem 3.1 Assume that the hypotheses (A1) — (A3) hold, the initial data ug € W3 (), uj €
W1 (Q) and ug € L?(SY), then there is at least one generalized solution in V (Qr) to problem (L.1)—
(L.3).

Proof. Let {Zy(x)}x>1 be a fundamental system in W2 (2) and assume for convenience that it has
been orthonormalized in L?(2), thatis (Zx(z), Z(z))q = S .;. We seek an approximate solution
u (z) in the form

uN(z, t) = Cr(t)Zy(z), (3.1)

T

where the constants C,(¢) are defined by the conditions

Ck’(t) = (UN(:U, t), Zk;(x))LQ(Q) R k = 1, e ’N’

and can be determined from the relations foralll =1,--- , N

a(upy, Zi(x)) 120y + Bugy , Zi(2))r20) + A(Vu | VZi(2)) 120

(VY , V(@) ey — ( / ot — 5V () ds . VZi(2)) 120

=c? /8 Z(x / / 7) dédr)ds, + b /8 . Z)(z / / 7) dédr)ds,
—/(m [Zl(x)(/o g(t—s){/o /QuN(g,T) dde}ds)} ds, . (32)
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Substitution of (3.1) into (3.2) gives foralll =1,--- | N
N
/ Z{a CY () Zi(2) Zy () + BCL () Zi(x) Zy () + ACL(E)V Zi(x) - VZi ()
k=1

+ bC,lg(t)VZk(:U) -VZ(x) — (/Otg(t — 8)Ci(s) ds)VZi(z) - VZ(x)}dx
N o
= ¢ T T sz)dT
=23 [ [, 261 [, 7 aodsa
N ot
+b;/0 Ck(T)(/89 Zz(:c)(/Q Z1(€) d€)ds,)dr

- i/ot {g(t —7) /O Cr(n) dn} (/ag Zl(x)(/Q Z1,(€) d€)ds,)dr . (3.3)

From (3.3) it follows that foralll =1,--- | N

N
Z{a Cy' (t)(Zi(x), Z1(2)) 1200y + B CL () (Z1(x) , Zi(x)) 12(0)

=1
+ Cp(t)(VZi(2) , VZi(2)) 12(0) + bCLI(V Zk(x) , VZi(%)) 120

—( /O g(t — 8)Ci(5) ds)(VZi(x), VZi(%)) 12(0) }
N ot

= T T 5. )dT

=23 [, 2w ], 2 aoasa

N o
+b3 /0 Cl(r)( /a 7 /Q Z4(€) d€)ds,)dr

—i/ot {g(t—T) /OT Cr(n) dn} (/(99 Zl(ac)(/Q Zi(€) d€)ds,)dr .

If in this last equality, we make the notations

(Zk(z), Z1(%))2() = Ok = { é: Z;;:

and

(VZy(2) . VZi(2))12(0) = Ykl »
and

/ Z(x) / Z4(€) déds = i

20 O
and :

| ot =s)c(s) s = e
and

ot —7) /0 " Ci(m) dn = h(Ci)(r)
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then we have

N

> {a Y (t)ok + BCL )0k + Cr(t)rt + b Cr(t) 1t — C(Cr) ()
k=1

- /0 [PCr(7) + bCh(T) = h(Ci)(7)] X dr} =0 (3.4)

Differentiation with respect to ¢ in (3.4) leads to the following system

N

> {aCl (#)0k + BCY (80 + Cr(t) vt + b CH (E) v — €' (Cr) (8) ra
k=1

— O, Xk — bCL(E) Xk + h(Cr) )X } dT =0, (3.5

and initial conditions

N
> {aCy(0)6k + BCY(0)6k + 2Cr(0)ykt 4+ b Cl(0)Ym } =0,
k=1

Ck(0) = (Zi, uo(®))2() CL(O0) = (Zi, wr(2)) 120, Ch () = (Zi, ual®))p2(c) 36

The equation form a system of linear ordinary differential equations with constant coeffi-
cients of four order in ¢ for the unknown’s Ci(t), kK = 1,-, N. By a well-known theorem on the
solvability of such systems, problem is inequality solvable for the initial conditions (3.6). Thus
for every n there exists a function u'¥ () satisfying (3.2). Let us obtain bounds for ¥ which do not
depend on N. To do this, we multiply each equation of by the appropriate C, (), add them up
from 1 to N and then integrate with respect to ¢ from 0 to 7 with 7 < 7', we obtain

aug(t), up' (1) 12(0,) + Blugy (), up' (t)) 12(Q,) + (VU™ (1), Vi () 120,

+ b(VuiV(t) , Vuiv(t))Lg(QT) — (/0 g(t — s)VuN(s) ds, Vuiv(t))Lz(QT)

¢ [ ] e, t)(/ot/QuN(f, n) dédn)ds,dt
—i—b/OT/muiV(x,t)(/Ot/QuéV(f,n) dédn)ds,dt

—/OT/BQ [uiv(w, t)(/otg(t—s){/os/QuN(g, 1) dfdn}ds)] dspdt . (3.7)

By using direct calculation, we get evaluations of each term of (3.7).
alugy(t), i (1) 12(Q,) (3.8)

= a(ui\i—(l‘v T) ) u5($7 7—))LQ(Q) - a(ui\t[(ac, O) ) uiv(l'? 0))L2(Q) - a/O Hug(l‘a t)H%P(Q) dt,

and

B B
Blug (t), uf (8) 20,y = 5“”5(957 )72y — §|’va($7 0)[72(0y - (3.9)

and

02 62
AV (E), Val (02, = S IV @, D) — IV @, 0 ey, (G10)
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and
b(Vul (1), Vu (1)) p2(q,) = b /0 IV (2, 8)]1 320 dt | (3.11)

and
_ (/Otg(t —5)Vu(s)ds, Vuy (1)) 12(q.)
= 5070 = 5[ ale) IV () o
— 5 [T g [T a9 @) ar. (3.12)

an

/ / ¥ ( / / (€.m) dedn)dsydt 3.13)
/ (2 T)(/O /Qu €. 1) dﬁdt)dsz—CQ/m/oTuN(x,t)(/QuN(i,t) de)dtds, |

o [ b [ [ e deandsa G.14)
:b/m/oTugV(:c,t)(/ Nty de dtdsx—b/ / ul (x,t)( / N(€,0) dé)dtds, .

Substitution of equations (3.8)—(3.14) into (3.7), we get
seile. . e i + Ll @, 7
2(Q) T G I L2(Q)
1
@ [ 96 A9V . 7)) + 00T
B
= a(y, («T 0), u (515 0))L2(Q)+*Hut (z, 0)HL2

2
+ G190 @, 0y + o [ e O o

b/ |V (9:,75)||L2(Q)dt+c/ N (/0 /QUN ) dedt)ds,
/8 ) / / N, 1) dedids, +b /a ) /0 (e / N(e, 1) de)dtds,
/8 ) / ul (z, 1)( / N(e, 0) de)dtds,

1 / (¢Ovu) (1) dt — /0T9<t)HVuN<t)H%2(Q)dt

/m/ [“t z, B / t—s){/OS/QuN(ﬁ,n) dfdn}ds)] dtds, . (3.15)

To do this, we multiply each equation of (3.2)) by the appropriate C}/(t), add them up from 1 to
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N and then integrate with respect to ¢ from 0 to 7, with 7 < T', we obtain

alugfy(t) , ug (¢ ))r2(Q.) +5(Utt( ) Ug(t))B(QT)

A(VuM (), Vugy (1)) r2(q,) + 0(Vuy' (), Vg (1)) 12(0,)

_ (/0 g(t — s)Vu (s)ds, Vuy () 12(0,)

¢ [ ] wi, t)(/ot/ﬂu%, n) dédn)ds,dt
o [ [ waa [ [ dsanasa
—/OT/m [ug(x,t)(/otg(t—s){/Os/ﬂuN(g,n) d{dn}ds)} ds,dt . (3.16)

By using direct calculation, we get evaluations of each term of (3.16).

and

and

and

and

an

a
alupy(t), ug (1)) 12(0,) = Hu (@, D) = Gl (@5 0) 72 - (3.17)

Blugy (t), upy ()2, = B /0 g (@, )72 dt (3.18)

A(Vu(t), Vul (1) 12(,) = (VU (z, 1), Vull (z, 7)) 12(0)
CQ(VUN(xﬂ O) ) Vuiv(g% 0))L2(Q)

- 02/0 IV (2, )] 720y dt (3.19)

b
b(Vuy' (1), Vug () 12(q.) = *||VU (@, )72 — §||VU£V($7 0)l72(0y - (3.20)

— (/0 g(t = 5)Vu(s)ds, Vuf (t))r2(q.)
= SOV @) + 50T (e
) /0 g(r = 5)(VuM (), T (7)) (0 ds —

(

1 /7 1

45 [[@OV)0 -5 [ GOV Ot (321)
0 0

g(0
O 90 0))21 0

/ / ull (t / / (&, n) dédn)ds,dt (3.22)

=

(@, 7 // (€, 1) dedt)ds, — 2 /m/ W (, t)(/ N(¢, 1) de)dtds,
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and

o [ o[ [ dsmasdi=o [ w0 we ) agas,

_ N . N _ TN N
b/muT (z, )(/Qu (€, 0) d€)ds, b/m/o ! (a:,t)(/ﬂut (€, 1) dE)dtds, , (3.23)

/ /ag [““ v () 9t =) {/S/QUN(S,n) dgdn} ds)] ds,dt
/ [“N( 9(r = {/ /QuN@,n) dgdn}ds)] dsy
/m/ [“t % 0N / (t=9) {/OS/QuN(f,m dfdn}ds)} dtds,
v [ [ o [ e agan] as,. 5

Substitution of equalities (3.17)—(3.24) into (3.16)) results in
a
5”’&?;(1‘, T)H%?(Q) + CQ(V’U’N(xv 7-) ) Vuiv(a:, T))LQ(Q)

1
SIDIVE (0220

and

5 (~9/TVu)(r) +
- [t = 990 () . T (7)) g

= Slluff (2 0)[F2q) + (VuN(z, 0), Va (@, )2y
21 @ 0l + S (@, 0) e

-3 [l Ol dt+ ¢ [ 196G Ol dt

1 (7 1 /7
5 [ SO Ot =5 [ @OV
0 0

+c2/mu§(x,7)(/0T/QuN(g,t) dedt)ds,
—cQ/m/TuiVx t)( /u%,t) d¢)dtds,
b [ / (€7 dg)dse b [ ¥ n)( [ u(e,0) dg)as,
b/aQ 0 ul¥ /ut (€, 1) d€)dtds,
s {f e ol
/ / [ / (t—s) {// €, n) d{dn}ds)}dtdsm
/ / {ut z, t)( / / €, 1) dfdn)] dtds, . (3.25)

b
+ §Hvu£{($7 T2 +
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On multiply (3.15) by k£ and summing in (3.25)), we get

k T 1
S - /O 9(5) ds) Ve (@, 7) 220 + 30IVE (2, )3y

k‘ﬁ
CQ(VUN(:B7 7_) ) Vuiv(x, T))LQ(Q) + Hu7j}[($7 T)H%Q(Q)
b a
+ §||Vu£7(x, T2 + §HUJTVT(1% T)||Lz @ T Ralul (@, 7), ul (z, 7))

+ 5 0Va)() 4 5 (~gOVa)) [ gl = (V¥ (), Tu () a0y d
0

_ kc? + g(0)

kp
2 IVaN (@, 0)[172(q) + A(Vul (z, 0), V' (2, 0)) 20 + 7”“5(% 0720

b
+ 5IVur (2, 0)[720) + gHui\[(w, 0)[[ 720 + kalug (, 0), up (x, 0)) 20
1", k[T
+2/0 g OIVu (z, )72 dt—2/0 gV (@, t)]|72q) dt
(@ = kb) [ IV @ s+ (ko= 5) [ e ) d
- % /0 (V) (1) di + g /O "(gOVaN ) (1) dt
+k02/aQuN(x, 7')(/0 /QUN(f, t) dﬁdt)dsx—f-cz/(muiv(x, 7')(/0 /QuN(f, t) dédt)ds,
+b/{mu§(m,7)(/ ul (€, )dg)dsl,—b/ ul (z, T)(/ N(g, 0) dé)ds,
—/ [uN(m T)/ (tr—s {// &, n) d£dn}ds)}dsw
—kc? /69 / N, t) dedtds, + (kb —c?) /89/ uN(x, t) (/ Ng, t) dé)dids,

k:b/m/o ugv(x,t)(/gu (€,0) dé)dtds,

o [, t)(/ﬁut (€, 1) de)drds,
+/m/07 [ugv(x t)(/t (t —s) {// €, n) dgdn}ds)]dtdsx
0) /a ., / [ut (z, t)( / / &, n) dgdn)] dtds, (3.26)

where 0 < k < 5 By using Young’s inequality (for e = £1), (A) and Cauchy-Schwarz inequality,
we get

2 N T N
kc /aQu (z, 7')(/0 /Qu (&, t) dedt)ds, (3.27)

kc kel T|Q 102 T
< S eV (o, Dy + Y (o, D) + R [T o) gy e

+9g

—~
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By using Young’s inequality (for ¢ = €2), (A) and Cauchy-Schwarz inequality, we get

c /69 (x, T // (&, t) dedt)ds,

= ( IVur (2, 772 + UE)lur (2, 7)ll2(q)

2 ||Q|]|0Q|| T
n 2” [los]| / ||uN(:L‘, t)”%%g) dt . (3.28)
0

2

By using Young’s inequality (for ¢ = €3), (A) and Cauchy-Schwarz inequality, we get

b/{m u (x, 7')(/Q uN (€, 7) dé)ds, (3.29)

b besl|2]|||O02
< 5 IVl @, Dl + T @ ) + M ¥ ),

By using Young’s inequality (for e = £4), (A) and Cauchy-Schwarz inequality, we get

—b/ Uiv(:cm)(/ u™ (€, 0) d€)ds, (3.30)
o2 Q

b bea||Q) |09
< 5y ClIVur @ Do) + e )”“JTV(LT)"%Z(Q)H4H2”H|HUN(90,0)II%Q<Q)

By using Young’s inequality (fore = ¢e5), (A), Cauchy-Schwarz inequality and integration by

parts, we get
[ e o [Car =0 { [ [ e n dcan}as)]as,

1
< E(euwﬁ(x, M) + U6 (@, 7|22 0)
es(sup g())2 T30 [7
5( ())4 €] H/O [ (2, )220 i a1

By using Young’s inequality (for ¢ = 1), (A) and Cauchy-Schwarz inequality, we get

—k:c2/aQ/0TuN(x,t)(/QuN(§,t) d¢)dtds,

ke [T + (|192]]]|02]])
<* /OyyvUN@,t)nig(de U)o / 1, 1) 2 de . (332)

By using Young’s inequality (for ¢ = 1), (A) and Cauchy-Schwarz inequality, we get

(kb—cQ)/E)Q/Tu{V(w,t)(/ WV (€, 1) de)dtds,

kb4 c?)
< C D [T 1va o Oy +16) [ ¥ o Dl a0

o RN 1y,
0

5 (@, )| T2y dt - (3.33)
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By using Young’s inequality (for ¢ = 1), (A) and Cauchy-Schwarz inequality, we get

—kb/m/OTugV(x,t)(/QuN(g,O) d¢)dtds,

kb T T
kb e / IV (@, 8)]220 dt + 1) / i (@, 8)22(g d2)

k b||Q|||09|T
+ HH2HHII%/V(9:> 0)[172(q) - (3.34)

By using Young’s inequality (for ¢ = 1), (A), Cauchy-Schwarz inequality and integration by parts,

we get
k[ [T o[ s [ o w asanfas)] anas,

k T T
e /0 Vel (2, 8)[2qy At + 1) /0 i (@, )20 d2)
k(s N2 TQ1100 T

0

* 4

By using Young’s inequality (for ¢ = 1), (A) and Cauchy-Schwarz inequality, we get
—b/ / Uiv(x,t)(/ uN (€, 1) dE)dtds,
N Jo (9]
be [7 +[|/[162]))
< 2/0 IVu (@, £)]172() dt + bile) H o) / Y (z, )72 dt - (3.36)

By using Young’s inequality (for ¢ = 1), (A), Cauchy-Schwarz inequality and integration by parts,

we get
/m /0 [“iv (=, 8)( /Utg’@—S) { /0 S /Q uM (€. ) dgdn}ds)} dtds,

1 T T
<Le / IVl (&, )2y dt + 1() / Jad (&, £)]22 0 dt)
2 0 0

S " IN2 T Q|09 T
ol QU TIIA [ vy ear 637

By using Young’s inequality (for € = 1), (A), Cauchy-Schwarz inequality and integration by parts,

we get
o [ [ o[ [ e agan] aas,

g 0 T T
< 22 [ 19, Oy e+ 1) [ (o, Dl ey

o017
g(0)]] IHI | / [ (z, 1) Hmm)dt (3.38)

By using Young’s inequality (for ¢ = £4), we get

626 02
— SRV @, T — 5 IV (@ Dl < AT @, 1), Ve @, 7)o

2
(3.39)
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By using Young’s inequality (for e = 1), we get

_Fka
2

ka

u (s DlEs@) = 5 @, 7l < Ralud(e, 7), ud @, D)oy - (340

By using Young’s inequality (for ¢ = e7 and & = eg) and using [ g(s)ds < g, we get

— | g(r =) (VuM(s), Vul (7)) 2() ds

0
€7 N 1 L. N 2 €89 N 2
< S0V + {50+ 5 bV Ol + SV (- G4

By using Young’s inequality (for e = 1), we get

62 62
A(VuN(z, 0), V' (z, 0)12(q) < 5||VUN(;C, 0)[172(0) + EHVW{V(&”, O)Z2gy - (3:42)

By using Young’s inequality (for e = 1), we get

ka

ka
ka(uy (z, 0), u (z, 0))120) < 7”“%(% 0)|[72(0) + 7”“5(1’7 072y - (3:43)

Combining inequalities (3.27)—(3.43) into (3.26) and make use of the following inequalities

mal[u® (@, )72y < mallu® (@, DIz, +mallud (@, 72, +milu™ (@, 07y
@ (@) (@) @)

mallur’ (z, 7220y < mallup’ (2, OZ2g,) + mallui (@, DliZ2q,) +mallui (z, 0)[72q) ,
) (@) ( (

and

m3 || Vu® (z, 7)|[72(0

< my |V (@, )220,y + mal Vi (2, D22 + mslVa® (@, 0)[2a(q -



EXISTENCE AND UNIQUENESS OF THE MOORE-GIBSON-THOMPSON EQUATION 15

we have

2 Q|10
{m1 _kl(e)  beg|l [0

- MR 1, Dl
k(> —g) c?c¢ esg kcie
+{m3+ (=9 _ce &g

N 2
e e v LA
kB ka Ele) blle) ble) )
2 2 2¢e9 2e3  2e4 263
-1-{2———————Q%}HVU?[(%T)”%?(Q)

a(l —k)

+ B @, Dl + g (9OVE) (1)

beg| QIO | kbl 0QT
< {ml + : + 5 [u® (2, 012

kc? + g(0)
2

} [ (e, P

k‘—€7

C2
+ foma + + 5 HIu e, Ol
kB b ka c?
" {m L } a2, 0) gy + SV @, 032y

2 2 2
a(l+k)
2

kCQé‘ T T
# {55 maf (190 @ gy e [ 1o Ol

s / IVl (@, )2y dt + (ka + 8+ mg) / lun(e, 20y dt,  (G44)
0 0

lall (&, )220 + /0 I (@, )2y dt

where

_ ke T|Q)oQ] | el Q0T |, es(supg(t)* 77202
Y= 9 + 9 + 1
n k2 (l(e) + 2] flo]) L (kb )lefloall n k(sup g(t))> T*(|2(]]| 09|
2 2 4
(sup [lg'(®)])* T [0 N gl
4 4 1,
kb+c?)l kbl kl b(l Q|00 l 0)I
D) |, kDI |, KIE) B0+ IONIPR) | 1) | g0 L
2 2 2 2 2 2
(kb+c*e kbe ke be e g(0)e

2 oy 4
v3:=c"+kb+ 5 + 5 +2+2+2+ 5

+

+m

Let )
kcol(e
my = FD L agon)

1
2
g ::@+c l(e) +bl(e) +bl(s) +l(£)7 (3.45)
2 262 283 254 265
— c2€6+€8§+k’025
5T 2 2e

choosing €9, €3, €4, €5, €¢ and eg sufficiently large

2 g 2 b b b
S S e S < (3.46)
286 268 262 283 284 255 6
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and e7 satisfying

1
<57<k<§. (3.47)

39
b
By using (3.43)—(3.47) into (3.44), we get
k(c* — g)
2

kB b a

+ 7””5(% T Z20) + 6||Vuiv($7 Tz + ZHUJTVT(% 720
beg||Q|]|002 kb0 T

< {m1+ eq 2||H I kol ||2’ I }‘|UN(x70)”%2(Q

kc?+ g(0 c?
+{ma 4 B2 IO L A9 @, 0) g

my
7||UN(967 T2 + Ve (@, )70

2
o2

5
s 24 L B e, Ol + SV @, O

a(l+ k)
+ A @ Oy [ (o D

kce 4 T
IS ma ] [V, 0l at b [ O

s / IVl (2, )20y dt + (ka -+ B + ms) / lun(e, e dt,  (3.48)
0 0

we can put (3.48) into the simple form

[u® (2, )T + Ve (@, M1 Z2) + lur (@, )12
+ IV (@, )20y + luts (@, )72

HIVu (@, O)172(q) + lua(e, t)H%Q(Q)} dt

D (@, 0) [y g + T @ ) By + I @ Oy}« (349
where
bey|2][|0]] | kbS[[OQT ke +49(0) | ¢
max { my + + ,mg + D
2 2 2 2
kg ka ¢ a(l+k) kce
ma+ — + 2 +777a » V1 +m37’72773aka+6+m2
b 2 T2 2720 2 2
' mi k(>—g) kB b a
min Yy T a6 Y o Y a4
2 2 2 764

To inequality (3.49) we apply Gronwall’s lemma and then integrate from 0 to 7, we obtain

[u® (=, t)HIQ/VQl(QT) + ||“z{v($a t)HIQ/VQl(QT)

< DePT { o (@) 330 + 1 (@) 3y ) + 2 (@) 3 - (3.50)
We deduce from (3.50) that

™ (@, Iy 0, + llur (@, Do) < A-
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Therefore the sequence {uN } N1 18 bounded in V' (Qr), and we can extract from it a subsequence
for which we use the same notation which converges weakly in V(Qr) to a limit function u(z , t).
We have to show that u(z , t) is a generalized solution of (T.I)—(T.3). Since u” (z, t) — u(z, t)
in L2(Q7) and v (z, 0) — ((z) in L?(Q), then u(z, 0) = {(x). Now to prove that holds.
We multiply each of the relations (3.2) by a function p;(t) € W (0, T), py(T) = 0, then add up
the obtained equalities ranging from [ = 1 to [ = N, and integrate over ¢t on (0, T'). If we let

N
N = S pi(t)Zi(x), then we have
k=1

- a(utt( )5 My ( ))L2(QT) - 5(“?7(75)7 77iv<t))L2(QT)
+ (VN (), Vi (1) p2iqp) + 0V (8), VN (8) 2 or)

—( / ot — )V (s)ds, V0™ (£)) 120
= a(ug) (z, 0), 0™ (0) r2(q) + Buy (z, 0), n™(0)) 120

+e /m/ ( t)(/ot/QuN(f,T) dédr)dids,
cof [ e e

o e [
-/ /0 [n%)( /0 st=9{ [ [ e agar}as] anas,.

N
for all nV of the form 3_ p;(t) Zi ().

t) dedtds,

0) dédtds,

k=1
Since
_ (/0 gt — ) {Va™ () = Vu(s)} ds, V™ () 2i0m)
su T
< ELIDT 0 O)ll20n IV (1) - TulO)l12(ar)
and .
/0 /Q WV (E, ) —ule, 7)) dedr < VT () — ult) |20
and
T
/ PN, t) / W (€, 1) — (e, 1)) dedt
0 Q
T
Tl / (™ (@, )2 dDY2[1u (1) — wa(®)]| 120 -
0
and

T
(e, 1) / (W (€, 0) — (€, 0)) dedt
Q

0

T
< VIl /0 (™ (@, )2 A2 |u (@, 0) — u(x , 0) 20 -
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and
T t s
N N
o se-o{ [ [ e n - n) asar}as]
su 2 T
< BRSOV [ e, 0 a0 210 0) - uO 2o
and

| (t) — u(t)lwigpy — 0, as N — o0,

therefore we have

_ (/0 gt — )V (s)ds, V¥ (£)) 2(0p)

t
R —(/ gt — $)Vu(s)ds, V() 2(qp » a5 N — oo,
0

and
/@Q /OT 0"z, t) /Ot /Q W™ (¢, 7) dédrdtds
_>/69/0T”<»’”7t)/0t/ﬂwé,r) d¢drdtds, as N — oo,
and
/89 /OT n"(e, 1) /Q uN (g, 1) dedtds
H/QQ/OT”(J%’f)/QU(é,t) dedtds . as N —s oo,
and

/m /OT n" (@, 1) /0 t /Q uN (£, 0) dédrdeds

_>/3Q/0T77(”7t)/0t/QU(£,0) dédrdtds, as N — oo,

and
_/89/: [HN(t)(/Otg(t—S){/OS/QuN(g,r) dng}ds)} dtds,
—>_/89/0T {n(t)(/otﬂt—s){/os/ﬂu(g,r) dng}ds)] dtds, , as N — 00 .

N
Thus, the limit function u satisfies (3.2) for every ™% = 3~ p;(t)Zi(z). We denote by Qu the
k=1

N
totality of all functions of the form Y = 3" p;(t) Zi(x), with p;(t) € W0, T), pi(T) = 0. But
k=1

UM, Qp is dense in W (Qr), then relation (3:2) holds for all u € W (Qr). Thus we have shown
that the limit function u(x , t) is a generalized solution of problem (I.I)—(T.3) in V(Qr). O
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4 Unicity of the generalized solution

We now give the main result on the unicity of generalized solution of the problem (I.T)—(T.3).

Theorem 4.1 Assume that the hypotheses (A1) — (A3) hold, then the problem (1.1)—(1.3) cannot
have more than one generalized solution in V (Qr).

Proof. Suppose that u; € V(Qr) and uy € V(Qr) are two solutions of problem (I.1)—(I.3)) such
that u; is different from uo. Then U := u; — ug solves

aUpt + BUu —CQAU—bAUt+fgg(t— s)AU(s)ds =0,
U(x, O) = Ut(a:, O) = Utt(l', 0) = 0, (41)

ou
o =l JaUle, 7) dedr, 2 €09,
and (2.2) gives

— a(Uu(t), ve()r2(Qr) — BUL) , ve(t)) L2(Qr)
+ A(VU(L), Vu(t)r2(0p) + b(VU() , Vo) 120

— / g(t =$)VU(z, s)ds, Vo(@, t))12(qy)

0
=c? /OT/BQ {v(a:,t)(/ot/QU(ﬁ, T) dEdT):| ds,dt
+b/0T/aQ [v(az,t)/ﬂU(f,t) df] ds,dt
—/OT/m [U(x,t)(/otg(t—s){/os/QU(g,T) dgdf}ds)] ds,dt.  (42)

Definite the function v(x, t) by

_J JJU@®,s)ds, 0<t<T,
U(ﬂ:,t).—{o7 r<t<T. (4.3)

It is obvious that v € W (Qr) and v (x, t) = —U(x, t) forall ¢ € [0, 7] . Integration by parts in
the LHS of (4.2) gives

—a(Uu(t) , ve(t)) p2(@p) = aUr(z, 7), U, 7)) 12(0) — a/o Uiz, )72 dt,  (4.4)
and 8
= B, w()r2(@r) = 51U, D720 4.5)
and )
A(VU(L), Vo)) r2(gp) = %HVU(JJ, 0)[1Z2(q) » (4.6)

and
B(VUL(t) . Vo(t)) 20y = b / Vv, 8)]22 0 dt @7
0
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Substitution of ({#.4)-@.7) into (4.2)) leads to the equality

8 &
a’(UT(x7 T) ) U(l‘, T))L2(Q) + §||U(x7 T)H%Q(Q) + EHV,U(%'? O)H%Q(Q)
=a [ Wi Ol at=b [ [Vute . e

t
+ (/0 9(t = 5)VU(z, s)ds, V(@ 1))12(qy)

+ 2 /OT/E)Q [u(:c, t)(/ot/QU(g, ) d{“dr)] ds,dt

T OT/aQ [U(m,t)(/g (e, t) d{)] ds,dt

- /OT /BQ {v(m, t)(/otg(t —s) {/OS/QU(f, T) dde} ds)] dsgdt . (4.8)
Now since

P, 1) = </t Uz, s)ds)? sT/ U3z, s)ds = rllU(z, Dl )

0

then
lo(a, )220y < U, )220y < T2NU @, )220 - 4.9)

The RHS of (4.8) can be bounded, using the inequality (A) and (.9) we get

t
(/0 g(t*S)VU(x, S) dS, Vv(ﬂc, t))LQ(QT)

supg(t))?T? [T 1 [T
< () /0 VUG, D204t + /0 IVo@, 32 dt,  @10)
and

¢ /OT/ [v(:c, t)(/t/ U, ) dfdr)} ds,dt

A T? + 11Q2][[|0€2]|)
< VIO [y, )30y c+ 5 [ 190t Dyt 1)

/ /m[ = 1) /U@’t) df)}dsxdt

b(T?1( Ql|||o€][)
< +2|| o) / U (x )HL2 dt+/ |Vo(z, tHLz ; (4.12)

and

/OT/(9 [ /tg(t—S){/OS/QU(f,T) dgdf}ds)] ds,dt 4.13)

2 T T
(81(¢) + (sup g(1))>T HQHWQH)/O HU(:UJ)H%Q(Q)dH;/O IVo(z, )[|720) dt

16
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and

= WU, ey — 10, D3y < alUn(@, 7), Ulw, Mgz - (Gl4)
Combination of (.10)—.14) and (4.8) results in

{8 -0t Dliey - 210 Dl + SITe(, Ol

<o [( WG Ol e+ LD [T 0uce, ) g at

T 1+ce+bete [T
o [0, Ol g dt+ S [V g e, @)
0 0

where

AT*2Ue) + QU | BT Ue) + [2]1102])
4 2
T2(81(e) + (sup g(1))* T2 QU[102)
16

V4 =

Now multiply the differential equation in @.I)) by U, and integrate over Q, := Q x (0, 7), we
obtain

a(Uut(t) , Ur(t))r2(q,) + BUu(t), U(t)) 2@,
— A(AU(t), Ug(t))r2(q,) — bAU(L) , Un(t) 12(0s)

¢
+ (/0 g(t —s)AU(s)ds, U(t))r2(q,) = 0. (4.16)

By using direct calculation, we get

G(Uttt(t) y Ut(t))LQ(Q.,—) = CL(UTT((L', ’7') 5 U‘,-(ﬁ, T))L2(Q) — CL/ ||Utt(l‘, t)”%z(g) dt 5 (417)
0

and
BU) VD)) 120, = S1U-(a, D) Faqe) (“.18)
and
— (AU(t), Ui(t))r2(0,)
__cz/OT/aQ [Ut(m,t)(/ot/QU(f,n) dgdn)} dsxdt—i—C;HVU(x,T)H%z(Q), 4.19)
and

b(AU(t), Ur(t) 12(0.)
- —b/ / [Ut z, t)( / U(¢,t) dg)] dsmdt+b/THVUt(a:, 172 dt (4.20)
o0 0
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and by using integration by parts and direct calculation, we get

(/0 g(t —s)AU(s)ds, Us(t))r2(q,)

:/OT/&‘Q U(x, t)( / (t—3s) {/ /U§ n) dfdn}ds) ds,dt

_ / / g(t — ) (VU(s), VU(£)) 12(q dsdt

//m Uiz, t/ (t—s) {// &, n) d§dn}ds) ds,dt

+36OV0)0) = 5[ 9(6) AIVU G, Pl

17 17
_2/ (g/DVU)(t)dt+2/ gWIVU (z, )72 dt - (4.21)
0 0

Substitution of equations @.17)—@.21)) into(.16) results in

MMALT%UK%TMﬂm+§WH$TW§m
+1w?1/7<>mMVU@:Tmp  OVU)(7)

—a [ W, Ol dt =5 [ IV, Dl

—1—02/0 /m [Ut(x,t)(/o /QU(g,n) dfdn)] ds,dt
+b/T /{m [Ut(x, t)(/ U(&,1) d{)} ds,dt
/ /E)Q [Ut x, t)( / (t—s){/j/ﬂU@,n) d{dn}ds)] dszdt

1
+2/ (GOt )dt—/ GOIVU (@, 1)]220, dt 4.22)
0

By using Young’s inequality, (A) and Cauchy-Schwarz inequality, we get

c /OT /m [Ut(m,t)(/ot/QU(g, n) dgdn)} ds,dt

C2 T
<5 | IV Dl + 1T, Ol at

AT2Q||09 T
e e (423)
0

and

b OT /{9 ) [Ut(:c, £)( /Q U(E, t) dg)] ds,dt (4.24)

b [T bl |02
<3 [ U, g + 1010, Ol d+ TN [T, o) gy de,

\V)
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//m[Utx t/ t—s){/OS/QU(ﬁ,n) dfdn}dS)]dsxdt

<5 | IV, Ol + 1NV, )t

sup g(t))2 7419|092
- CopoP TN [y, o @29

and

By using Young’s inequality (for e = §’), we get

_ad
”UTT(x T)HL2 26,HU (z, T)”L2(Q <a(Urr(z, 1), Ur(z, T))LQ(Q)' (4.26)

By replacement (4.23)-(@.26) into @.22), we get

02—§ I3 a
IVUGe 7y +{ 5 = o5 P10z 7

—“yuuT@ 2y + 3 (GOVU)(R)

AT? b sup g T4
smwmm{ +2+(}/|Uxthz

l(e +b+ +b+1
OIC ! [N, wg)&+</Wwwxwmz

+ a/ [Usn(, )22y dt .27)
0

Now multiply the differential equation in (@.1)) by Uy (¢) and integrate over Q) := Q2 x (0, 7), we
obtain

a(Uut(t) s Un(t)) 2@,y + BWU(), Un(t))r2(Q,)
— CZ(AU(t) s Utt(t))LQ(Qq—) — b(AUt(t) y Utt(t))LQ(QT)

t
+ (/ g(t — )AU(s)ds, U (t)) 120y = 0 - (4.28)
0
Boundary and initial conditions in (4.1)) and standard integration by parts in (4.28)) leads to
a
a(Uus(t), Un(t))12(q,) = 5IUrr (2, Iz - (4.29)
and -
BUu(t), Un(t))r2(q,) = 5/ Ui (, t)”%z(g) dt, (4.30)
0
and

ﬂﬂAU@,WNDm@aZW%V@@nﬂ,VU@,ﬂhmn—gl;WRM$JW§th

e [ oo o[ [ vt n aan) as,
+ /OT /m [Ut(x, t)(/Q U(E, t) dﬁ)} ds,dt , (4.31)



24 Draifia Alaeddine, J. Nonl. Evol. Equ. Appl. 2020 (2020) 1-31]

and

—b(AUt(t), Utt(t))L2(QT) = gHVUT(QS‘, 7')”%2(9) — b/@Q |:U7—(l‘, 7‘)(/Q U(f, 7’) dg):| ds,

+b/OT /aQ [Ut(:c, 75)(/Q Uy(€, 1) dg)] ds,dt (4.32)

( /0 ot — $)AU(s) s, Un(t)) 20

:/OT/aQ{Uttx,t/ {// €, n) dgdn} ]d dt

_(/0 g(t = $)VU(s) ds, VU (t)12(q,) -

[ o oo { [ [ n asanfas] asea
[l [l oo { [ [vem aan}os] o
//BQ{Utxt (tt {/0 JUEm dﬁdn} ]d dt
—9(0 //BQ{UN” /O/QU(fn dfdn}dsdt

_ (/O g(t —s)VU(s)ds, VUx(t))12(q,)

and

by using

and

= L (gTV)) + 2o IVU(, 7)) — / " g(r = $)(VU(s), VUAT)) g2y ds

1 (7 1 (7
+3 [ @OV a3 [ ST, )l .

we get

(/0 ot — $)AU(s) ds , Un(t)) 120

:/{ / {// ) dfdn} ]
//BQ[Utxt/ {// (&) dfdn} ]d dt
900 //BQ[Ut“"t//Uﬁn dgdn]dsdt

+ 3OV + 50IVU G, Dy~ [ alr = )TU(), VU120 ds

1 /7 1 /7
= / (¢"OVU) (@) dt - / (OIVU(, D)2 dt 4.33)
0 0
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Substitution of (4.29)—(@.33)) into (4.28)) leads to the equality

1 b
SIONVU @, DL2i0) + IV, 120
a
+ CQ(VUT(l‘, 7-) ) VU(I‘, T))L2(Q) + §||UTT(x’ T)H%Q(Q)

= [ 190, Oyt 3 [ W, Ol

+c2/aQ {UT(J:, T)(/OT/QU(g, n) dgdn)] dsx—i—b/BQ |:UT(CE, T)(/QU(g, T) dg)] ds,
—/m [UT(JU,T)(/OTg(T—s){/OS/QU(f,n) dgdn}ds)} ds,

+ ot =000 VU ds = [ [ [oe o[ v, a9)] assar
—b/OT /89 [Ut(x, t)(/Q Ule. 1) dg)} ds,dt

[ Joe o[ oo [ [ven deanfas) s

o] o] [ ]

,@OVO)) + 5 [ FOIVUG. Ol de -5 [ (OVO0at. (434)

\V] \

By using Young’s inequality (for e = 1), (A ), Cauchy-Schwarz inequality and integration by parts,
we get

c2/ [ (z T// €, n) dgdn}dsz (4.35)

6, T)|09|]|2 T
< S VU, D)+, ) + SO [Ty g at,
and
b |:U7-(l‘,’7')(/ ueg,r) d{)} dsg
o0 Q
b b d2|2]|]|0S2
< S EIVUL e, D) + O, D) + 2N 0@, 1), @36)

By using Young’s inequality (fore = d3), (A), Cauchy-Schwarz inequality and integration by

parts, we get
—/BQ[UT(I',T g(t —s {// &, n) dfdn}ds)]dsx

! 55 CIVU @, 70 + QI D)

<

- 20

03 T3 Q||[|0Q

n (Supg() y 120/ H/ HU(x,t)H%Z(Q)dt' (4.37)
0
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By using Young’s inequality (for ¢ = d4 and ¢ = d5) and using [ g(s) ds < g, we get

/O "4 — ) (VU(s) , VU(r)) 12 ds

1) 1 1 19
< SOVO)) + {55 + 55 PIIVU, Dy + IV Dy @439)
and
—c2/ [/ Ut(x,t)(/ U(&, t) dg)dt] ds,
o0 0 Q
02 T
<5 [ {eIvoe. 0 + 110, Ol } at
2
||Q|‘|8Q’/ U (z HL2 )dt, (4.39)
and

— b/T /69 [Ut(a;, t)(/ Ui(€, 1) dg)] dsgdt

Q|l1022]])
()+H HH H / U, (z HL2 dt—{—/ VU (x, t)HL? . (4.40)

By using Young’s inequality (for e = 1), (A ), Cauchy-Schwarz inequality and integration by parts,

we get
//m[ * t/ (t_s){/OS/QU(é,n) dfdn}dS)]dsxdt

<3 | CIVUE. Ol + 1OV, )t

su t T4 19|09 T
- WO TN [y, o @an
0

By using Young’s inequality (for ¢ = 1), (A), Cauchy-Schwarz inequality and integration by parts,

we get
//ag [Utx 2l // (&, n) dﬁdn)} ds,dt

< 92/0 (el VU(x, t)”LQ(Q +1E)| Uk, 1)[|72(q) dt

89 Q|| 7?

By using Young’s inequality ( for € = d¢), (A) and Cauchy-Schwarz inequality, we get

_656

2
c
~o5, VU Mzz@) IVU(z, 7)lIF2(q) < (VU-(z, 7)), VU (2, T))r2(0) -

(4.43)
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Hence combination of inequalities (4.35)—(4.43)) and equality (@.34) yields

b6, Q109 265 659
- 2l e, i) — { 2 + B IVU G, Dl

2 b 1
_l(E){251+252+25 }HU (7, 7')HL2

b ¢ ce be g g )
2 206 201 202 203 204 255} VU (s D20
HUTT (:E T) ||L2(Q)

S%AHW%MW@&

N [(+ (1+g(0))I(e) + b(I(e) + [1fl[|0])] /THUt
2 0
(2¢2 4+ (2 + b+ 1+ g(0))e)
+ 2

(@, )[|72(0) dt

/ VU (2, )] 720 dt (4.44)
0

where

6, 7|09 ]| + d3(sup g(t))> T°|€2|]|0%]|
o 2 4
+C2IIQHII89H n (sup [|¢'()]])? T4||9HH89H 9(0)[|oQ| || T
2 16 4 ’

Adding side to side (@.13)), @.27) and @.44), we obtain

B a bd]|Q|]o00
{2 5 2H2||””} HU(:L', T)H%2(Q)

b 2
_%fmfdwam+m+%ﬁmmmmm

220, 20 26 28 20, 20 }“V”’” iz

1-—
+ Do, sy + GOV + ST, ) e
supg(t))2T? [T
S%Aerwﬁmﬂuf4ArwwLwﬁmﬂt

+w[;wumxmémﬂrwml IS0, 6)]22(gy

4 l+c2e+bete [T
+a/ Ut (2, )][72(0 At + 5 / IVo(z, t)]Z2q)dt (4.45)
0 0
where - ( ())2 .
ccT b supg(t))* T
% 1= v+ + QU100 + 5 + TELLE),
and

() +b+D) [1(e) (2 + 1+ g(0)) + b(I(e) + [|2][|02]])]
2 2 ’

Y7 i=a+
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and
e(+b+1) 2 +cPe+be+e+g(0)
2 + 2 ’

g =

Now to deal with the last term on the RHS of (d.43), we define the function §(z , t) by the relation

O(z,t) = /OtU(x,s)ds.
Hence using (4.3) it follows that
vz, t)=0(z,7)—0(x,t), Vo(z,0)=Vl(z, 1),
and
IVo(@, )72q,) = IVO(a, 7) = VO(z, )72,
< 27| V0@, )2y + V0@, D)
And make use of the following inequalities

U@, 72 < UG, DBz, + Ui, D2,

x2llUr(z, T)lI72i0) < x2llUtlz, H)ll72(,) + X2l Uk, )72, -

and
WlVU(@, 1) 2eq < wlIVU G, )20, + sl VU@, 2200,

by replacement (#.46)—(@.30) into (#.43)), we get

B a  b&|Q|0Q
{m pEoa. 2”“””} 10, 7))

2 2

= 2
ot 557 S BT 19U, Dl

B a a c? b 1 2
tlat s - - 1O + 55 + 5 HIUE
b e be £ g 7 ? 2
* {2 T2 2k 26 200 26 256} VU, Tz

a(l—0")

+ DU, ) g +

1—44

(gOvU)(T)

2
+ {C -7(1 +026+b6+8)} |VO(x, 7')\|%2(Q)

2
(sup g(t))* T

< (6 + Xl)/o U(z, t)H%Q(Q) dt + {4 +X3}/0 IVU (z, t)HQLQ(Q)

+r 3 [ D dt+ s+ ) [ 190 Oy at

(4.46)

(4.47)

(4.48)

(4.49)

(4.50)

dt

—|—(a+xg)/ HUtt(:v,t)||%2(9)dt+(l—i—cze—i—be—i—a)/ IVO(z, )220y dt . (4.51)
0 0
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Let

[ a+ba]QlloQ]
X1 = )

2

._i+9+l(€)(i+i+ 1)
X2 =5y T 261 | 205 | 205"
., g
X3 = B 5
gL

=3
37 1
T<54<§,

and choose 91, d2, d3, d5 and &g sufficiently large such that

e be e g & b
28, 28, 203 205 206 6

2
c
Since 7 is arbitrary we assume that 5 T g(c? + b) > 0, thus inequality (@.31)) takes the form

210, sy + g LIV, Pl

+ gHUT(x, 72 + %HVUT(% 72 + %HUTT(% 720

+ {622 —7r(1+c2e+be —i—e)} IVO(x, T)||i2(m

< Gt x) [ 10 Ol e+ { SPLL L 700G, o)
+ (97 + X1 + x2) /OT 1T, D720y 4t + (48 + x3) /OT VU, 1)][72(0) dt

+ (a+X2)/OT Uz, )220y dt + (1 + c*e + be +¢) /OT IV0(, )] 720 dt -

Thus we obtain

U, T2 + IVU (@, T2 + 1Ur(z, 7720
VU, 7220y + 1Une (@, T)Z2) + IVO(@, )] 720

<D [0 Ol + 19U Ol ey + [T Ol

+ VU, )72y + 1Tt (2, O)ll7200) + IVO(, 8)172(0))dt , (4.52)
where
sup g(t))? T?
maX{76+X17(ngl))+X37’Y7+X1+X27
, ’78+X3,a+xz,1+626+b5+5}
D = .
(B =g B b a
[l = - Z  _ 1 2
m1n{2, 5 551 3 T(14+c?e+be+e)
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If we apply Gronwall’s lemma to (4.52)), we get

UG, )220 + VU@, DBz + 10, 722
+IVU (@, DBy + U@, 722y + V6@, 7320

2
<0, Vre |0, .
- ! [ 2(1+025+b5+5)]
—1)c? 2
Proceeding in the same way for the intervals 7 € (m Je , me
21+ ce+be+e) 2(1+c2e+be+te)
cover the whole interval [0, 7T'], and thus proving that U(z, 7) = 0, for all 7 in [0, 7. O
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