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1 Introduction

Evolution equations and inclusions with time delays have often arisen in modeling in physical phys-
iology, biology, population dynamics, etc. Delay differential equations allow taking into account
past actions into mathematical models, thus making the model closer to the real-world phenomenon.
Delay terms can be of different types: constant, time dependent, state dependent etc.

In this paper we consider problem without initial conditions for evolution variational inequalities
(inclusions) with a time-depended delay. Let us introduce an example of the problem being studied
here.

Let 2 be a bounded domain in R™ (n € N), 0 be a piecewise boundary of 2. We put @) :=
QX (=00,0], X := 09 x (-0, 0], Q := Q x {t},Vt € R. For an arbitrary measurable
set F C R¥ (k= nork =n+1),let L>(F) be the standard Lebesgue space. Let L2 (Q)
be the space of functions defined on () such that their restrictions on any bounded measurable set

*e-mail address: mm.bokalo@ gmail.com
fe-mail address: ol.ilnytska@gmail.com

© 2020 Journal of Nonlinear Evolution Equations and Applications, INEEA.com



60 Mykola Bokalo, Olga Ilnytska, J. Nonl. Evol. Equ. Appl. 2019 (2020) 5979

Q" C Q belong to L?(Q"). Denote by H'(Q) the standard Sobolev space, i.e., H'(Q) = {v €
L*(2) | vy, € L*(Q) (i = 1,n)} with scalar product (v, w) g1y = [o[VoVw + vw] dz, where
Vu:= (tgy, .-, Usz, ).

Let K be a convex closed set in H L(©) which contains 0. Let us consider the problem of
finding a function v € L2 (Q) such that u,, € L2 (Q) (i = 1,n), uz € L2 _(Q), and, for a.e.

loc loc loc

t € (—o0, 0], u(-, t) € K and

{ut(v —u) + VuV (v —u) + u(v —u) + (v—u)/ u(z, s) ds}de

Q4 th(t)
> flv—w)dz, VvekK, (1.1)
Q4
t—lil—noo Hu(, t)HL2(Q) =0 s (12)

where f € L (Q), 7 € C((—00, 0]), 7(t) > 0,Vt € (—00, 0], sup 7(t) <1
te(—o0, 0]
As it will be shown in the sequel the solution of this problem, which we call problem (T.I)—(T.2)),
is unique and it exists if f € L?(Q).

We remark that problem (L.I)—(T.2) can be written in more abstract way. Indeed, after appro-
priate identification of functions and functionals, we have continuous and dense imbedding

HY(Q) C L*(Q) C (H'(Q)),

where (H'(2))’ is dual to space H'(Q). Clearly, for any h € L?(Q2) and v € H'(Q) we have
(h,v) = (h, v), where (-, ) is the notation for scalar product on dual pair (H'(€2))’, H'(£2), and
(-,-) is the scalar product in L?(£2). Thus, we can use the notation (-, -) instead of (-, -).

Now, we denote S := (—oco, 0],V := H'(Q), H := L*(Q) and define an operator A : V' — V’
as follows

(Av,w):/[Vva+vw]dx, v,weV.
Q

Then problem (T-I)-(T:2) can be rewritten as following: find a function u € L% _(S; V) such
that v’ € L2 (S; H) and for a.e. t € S, u(t) € K and

loc

t

(u'(t) + Au(t) + /t_ o u(s)ds, v—u(t)) > (f(t),v—u(t)), VveK. (1.3)

Here f € LIQOC(S ; H) is a given function, function 7 is as above.

We remark that variational inequality (I.3]) can be written as a subdifferential inclusion. For this
purpose we put I (v) :=0if v € K, and I (v) := +ooif v € V' \ K, and also
1
B(v) = 2/ (Vo2 + [o]?) de + Ix(v), veV.
Q

It is easy to verify that the functional ® : V' — R U {+o0} is convex and semi-lower-continuous.
By the known results (see, e.g., [21, pp. 83]) it follows that the problem of finding a solution of
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variational inequality (I.3)) can be written as such subdifferential inclusion: to find a function u €
L2 (S;V)suchthatu' € L2 (S; H) and for ae. t € S

loc loc

u'(t) + 0P (u(t)) —l—/t u(s)ds > f(t) in H. (1.4)

t—7(t)

The aim of this paper is to investigate problems for inclusions of type (I.4).

We have mentioned that initial-valued problems for evolution inclusions with constant delay
previously were studied in [19,/25/,26]] and others. Many results on such problems were obtained by
using the semi-group theory. We refer the reader to [25] for more comments and citations. In [[19,26]]
fixed point theorems were used.

Problems without initial conditions for evolution equations and inclusions arise in modeling
different nonstationary processes in nature, that started a long time ago and initial conditions do
not affect on them in the actual time moment. Thus, we can assume that the initial time is —oo,
while 0 is the final time, and initial conditions can be replaced with the behaviour of the solution
as time variable tends to —oo. Such problems appear in modeling in many fields of science such
as ecology, economics, physics, cybernetics, etc. The research of the problem without initial condi-
tions for the evolution equations and variational inequalities (without delay) were conducted in the
monographs [[15{17,21]] and the papers [3}44/6,/7, 1014,/ 16,/18.2224] and others. In particular, R.E.
Showalter in the paper [22] proved the existence of a unique solution v € e H'(S; H), where H
is a Hilbert space, of the problem without initial condition

() +pul)+ Alu®) > f(t), tes,

for every w + p > O and f € e H'(S; H), in case when A : H — 2 is maximal monotone
operator such that 0 € A(0). Moreover, if A = dyp, where ¢ : H — (—o0, +00] is proper, convex,
and lower-semi-continuous functional such that ¢(0) = 0 = inf {¢(v) : v € H}, then this problem
is uniquely solvable for each i > 0, f € L?(S; H) and w = 0.

Note that the uniqueness of the solutions of problem without initial conditions for linear par-
abolic equations and variational inequalities is possible only under some restrictions on the be-
havior of solutions as time variable turns to —oo. For the first time it was strictly justified by
A.N. Tikhonov [24] in the case of heat equation. However, as it was shown by M. M. Bokalo [3]],
problem without initial conditions for some nonlinear parabolic equations has a unique solution in
the class of functions without behavior restriction as time variable tends to —oo. Similar results
were also obtained for evolutionary variational inequalities in the paper [4].

Previously, problems without initial conditions of evolution equations with constant delay were
studied in [5,/11]] (see also references therein), and with variable delay, as far as we know, only
in [13]]. Let us note that problems without initial conditions for variational inequalities or inclusions
with delay have not been considered in the literature, which serves as one of the motivations for the
study of such problems.

The outline of this paper is as follows. In Section 2, we give notations, definitions of function
spaces and auxiliary results. In Section 3, we formulate the problem and main result. In Section 4,
we prove the main result.
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2 Preliminaries

Set S := (—o0, 0]. Let V and H be separable Hilbert spaces with the scalar products (-, )y,
(+,+) and norms || - ||, | - |, respectively. Suppose that V' C H with dense, continuous and compact
injection, i.e., the closure of V' in H coincides with H, and there exists a constant A > 0 such that

Mol < |v)|> YoeV, .1)

and for every sequence {vy};>, bounded in V' there exist an element v € V and a subsequence
{vx; 32, such that vy, — v strongly in H.
J]—00

Let V' and H' be the dual spaces to V and H, respectively. We suppose (after appropriate iden-
tification of functionals), that the space H' is a subspace of V. By the Riesz—Fréchet representation
theorem, identifying the spaces H and H’, we obtain dense and continuous embeddings

VcHcCV. (2.2)

Note that in this case (g, v)y = (g, v) forevery v € V, g € H, where (-, -)y is the scalar product
for the duality V', V. Therefore, further we can use the notation (-, ) instead of (-, )y .

We introduce some spaces of functions and distributions. Let X be an arbitrary Hilbert space
with the scalar product (-,-)x and the norm || - [[x. By C(S;X) we mean the linear space of
continuous functions defined on S with values in X. We say that w,, W in C(S; X) if for

m—0o0

each t1, to € S (tl < tg) we have Hw — meC([tth];X) mjo 0.

Denote by L2 _(S; X) the linear space of measurable functions defined on S with values in

X, whose restrictions to any segment [t1, t3] C S belong to the space L?(t, t2; X). We say
that a sequence {w,} is bounded (respectively, strongly, weakly or x-weakly convergent to w) in
L% .(S; X), if for each t1,ty € S (t1 < t2) the sequence of restrictions of {w;,} to the segment
[t1, t2] is bounded (respectively, strongly, weakly or x-weakly convergent to the restrictions of w to
this segment) in L2 (¢, t2; X).

Let v € R. Put by definition
13(8:X) = {1 € (510 | [ 250l at < )
This space is a Hilbert space with the scalar product
(F Dzeson = [ 270 gle)xa
and the corresponding norm
s = ([ e rolar) ™.

Also we introduce the space

LF(8:X) = {f € L¥(8:X) | esssup [/ (1)]x] < o0}
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By D'(—o0, 0;V,) we mean the space of continuous linear functionals on D(—o0, 0) with
values in V,, (hereafter D(—oc, 0) is space of test functions, that is, the space of infinitely dif-
ferentiable on (—oo, 0) functions with compact support, equipped with the corresponding topol-
ogy, and V, is the linear space V'’ equipped with weak topology). It is easy to see (using ),
that spaces L2, (S; V), L2 .(S; H), L2 .(S; V') can be identified with the corresponding subspaces
of D'(—o0, 0;V,)). In particular, this allows us to talk about derivatives w’ of functions w from
LE.(S;V)or L2 (S; H) in the sense of distributions D’(—o0, 0; V,,) and belonging of such deriva-

loc
tives to L2 (S; H) or L (S; V7).

loc

Let us define the spaces
Hlloc(S; H):={we LIQOC(S; H) | w e LIZOC(S; H)},

W 10e(S; V) i={w € LY. (S; V) | w' € L}, (S; V')} .
From known results (see., for example, [12, pp. 177-179]) it follows that H{. .(S; H) C C(S; H)
and Wy 1o.(S; V) € C(S; H). Moreover, for every w in H (S; H) or W2 10¢(S; V) the function

t — |w(t)|? is absolutely continuous on any segment of the interval S and the following equality
holds

%|w(t)\2 =2(w'(t), w(t)) forae. te€S. (2.3)
Denote
H)(S;H) ={we LS H)|w' € LZ(S;H)}, veR. (2.4)

In this paper we use the following well-known facts.

Lemma 2.1 (Cauchy-Schwarz inequality [12, pp. 158]) Suppose that t1, to € R (t; < t2), and
X is a Hilbert space with the scalar product (-,-)x. Then, if v, w € L*(t;, t2; X), we have
(w(-), v(-))x € L*(t1, t2) and

t2
/t (w(t), v(t)x dt < [wllgz o0 20s ) -
1

Lemma 2.2 ([27, pp. 173,179]) LetY be a Banach space with the norm || - ||y, and {v,}3°, be a

sequence of elements of Y, which is weakly or x-weakly convergent tov in Y. Then lim ||vg|ly >
k—o00

[v]ly -

Lemma 2.3 ( [1, Aubin theorem], [2, pp. 393]) Let ¢ > 1,r > 1, t1,t2 € R (t; < t9), and

W, L, B are Banach spaces such that VW cr O B (here C means compact embedding and O
means continuous embedding). Then

(we Lty to; W) |w' € L7 (t1, ta; B)} & (Lq(t1 L to; L) N CO([t tg];B)) . 2.5)

Note that, we understand embedding (2.3) as follows: if a sequence {wy,} is bounded in the
space L1(t1 , t2; V) and the sequence {w], } men is bounded in the space L"(¢; , to; B), then there
exista function w € C([t1, t2]; B)NLI(t1, t2; L) and a subsequence {wy,, } of the sequence {w;, }
such that w,; J:O win C([t1, t2]; B) and strongly in L9(t1 , ta; L).
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Lemma 2.4 If a sequence {w,,} is bounded in the space L2 (S;V) and the sequence {w},} is

bounded in the space L} _(S; H), then there exist a function w € L% _(S;V), w' € L% _(S;H),

loc
and a subsequence {w,, } of the sequence {wy,} such that w,,, — w in C(S; H) and weakly in
j—oo

L2 (S;V), and, Wy, —> w' weakly in L2 (S; H).
j—00

loc loc

Proof. Lemma23|forq = 2,r =2, W =V, L = B = H and reflexiveness of Hilbert spaces
yield, for every t1, to € S (t; < t2) from the sequence of restrictions of the elements {w;, } to the
segment [t , o] one can choose a subsequence which is convergent in C'([t1, t2]; H) and weakly
in L2(t1, t2; V), and the sequence of derivatives of the elements of this subsequence is weakly
convergent in L2(t1, to; H). For each k& € N we choose a subsequence {wm,, ; }]O‘;l of the given
sequence which is convergent in C([—k, 0]; H) and weakly in L?(—k, 0; V) to some function
Wy, € C([~k, 0]; H) N L?*(—k, 0; V), and the sequence {wh, ,}721 is weakly convergent to the
derivative @), in L?(—k, 0; H). Making this choice we ensure that the sequence {w;,, L1 o was
a subsequence of the sequence {wmk’j };’;1 Now, according to the diagonal process we select the
desired subsequence as {wn,; ; };?‘;1, and we define the function w as follows: for each k € N we
take w(t) := wy(t) fort € (—k, —k + 1]. O

3 Statement of the problem and main result

Let ® : V — Ry := (—00, +00] be a proper functional, i.e., dom(®) := {v € V : &(v) <
+o00} # (0, which satisfies the conditions:

(A1) P(av+(1-a)w)<a®()+(1-a)®(w) Vo,weV,Vael0,1],
i.e., the functional ® is convex,

(A2) vy —vinV = lim ®(vg) > ®(v),
k—o0 k—oo
i.e., the functional ® is lower semicontinuous.

Recall that the subdifferential of functional ® is a mapping 0® : V — 2V, defined as follows
0P(v) :=={v* e V' | ®(w) > B(v) + (v*, w—v) YweV}, veV,
and the domain of the subdifferential ® is the set D(9®) := {v € V |9®(v) # (}. We identify
the subdifferential 0P with its graph, assuming that [v, v*] € O® if and only if v* € IP(v), i.e.,
0% = {[v, v*] | v € D(0®), v* € 0P(v)}. R. Rockafellar in paper [20, Theorem A] proves that
the subdifferential 09 is a maximal monotone operator, that is,
(v —vy,v1 —wv2) >0 Vv, vi], [v2, v3] € 0P

and for every element [v1 , vi] € V x V' we have the implication

(v —vy,v1—v2) >0 Vv, v;] €0® = v, 0]]€0d.

Letc: S x S x H— H be afunction which satisfies the condition:
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(C) forany v € H the mapping c(+,-,v) : S x S — H is measurable, and there exists a constant
L > 0 such that following inequality holds

le(t, s, v1) —c(t, s, v2)| < Llvy — vg (3.1

forae. (¢, s) € S xS, and for all v1 , v € H; in addition, ¢(¢, s, 0) = 0 fora.e. (¢, s) €
S xS.

Remark 3.1 From the condition (C) it follows that for a.e. (t, s) € S x S, and for everyv € H
the following estimate is valid:
lt, 5, )] < Lfo]. (32)

Let us consider the evolutionary variational inequality
t
u'(t) + 0P (u(t)) +/ c(t,s,u(s)ds> f(t), tes, (3.3)

t—T(t)

where f : S — V' is a given measurable function, 7 : S — R is a given bounded continuous
function such that 7(¢) > 0 forall ¢t € S, and w : S — V is an unknown function.

Definition 3.2 Let conditions (A1), (Az), (C) hold, and f € L2 (S;V'). The solution of varia-

loc

tional inequality (3.3)) is a function u : S — V that satisfies the following conditions:

I ueWs 6e(S;V);
2) u(t) € D(O®) fora.e. t € S;
3) there exists a function g € L2 (S; V') such that for a.e. t € S we have g(t) € 0P (u(t)) and

t

u'(t) + g(t) + / c(t, s, u(s))ds=f(t) inV’.

t—(t)

For variational inequality (3.3)) consider the problem: find its solution which satisfies the condition

lim e 7'|u(t)] =0, (3.4)

t——o0
where v € R is given.

The problem of finding a solution of variational inequality (3.3) for given ®, ¢, 7, f satisfying
the condition (3.4) for given ~, is called the problem without initial conditions for the evolution
variational inequality (3.3) or, in short, the problem P(®, ¢, 7, f, «v), and the function u is called
its solution.

Additionally, assume that the following conditions hold:
(As) there exists a constant &7 > 0 such that
®(v) > Ki||v)|> Vv e dom(®);

moreover, $(0) = 0;
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(Ay) there exists a constant K5 > 0 such that

(v] — 3, v1 — V) > Ka|vg — v2|2 Y [vy, vf], [v2, v3] € 0P .

Remark 3.3 Condition (As) implies that ®(v) > ®(0) 4+ (0, v — 0), Yv € V, hence [0, 0] € 0P.
From this and condition (A4) we have

(v*, v) > Kav|* Vv, v*] € 0d. (3.5)

We denote

|~

(1—e2777), ify#0,
T, ify=0,

[N}
+2

(3.6)

rTi=sup7t(t), x(7):= {
tes

and consider the following inequality

Ko+ — L/ x(7) > 0. 3.7)

It is obvious that Ly/7x(v) — 0 as vy — 400, because x(v) — 0 as v — +oo. Since Ko + v —
400 as ¥ — 400, inequality (3.7) has solutions.

Now we shall formulate the main result.
Theorem 3.4 Let conditions (A1) — (As), (C) hold, and
(F) felLi(S;H),

where 7y is a solution of inequality (3.7). Then the problem P(® , ¢, 7, f, 7) has a unique solution,
it belongs to the space L3°(S; V) N L2(S; V) N H}(S; H) and satisfies the estimate:

g o

277 (o) + / 2V u(t) |2 dt + / 2Tl (1)]2 dt

— 00 —0o0
g

+/U 627t<1>(u(t))dt§01/ e 2 F()Pdt, o€, (3.8)

—0o0 —0o0

where C is a positive constant depending on K1, Ko, L, 7", X and 7 only.

Remark 3.5 The problem P(®, ¢, 7, f, 7y) can be replaced by the following problem. Let K be
a convex and closed set in V,A:V = V'bea monotone, bounded and semi-continuous operator
such that (A(v), v) > K1||v||> Vv € V, where K1 = const > 0. The problem is to find a function
u € Wy 10c(S; V) satisfying the condition (3.4) and for a.e. t € S, u(t) € K and

(u'(t) + A(u(t)) —I—/ c(t, s, u(s))ds,v—u(t)) > (f(t),v—u(t)) Vve K.

t—7(t)



PROBLEMS WITHOUT INITIAL CONDITIONS 67

4 Proof of the main result

First, we define the functional &y : H — R, by the rule: ®y(v) := ®(v), if v € V, and
@ (v) := +oo otherwise. Note that conditions (.A;), (Az2), Lemma IV.5.2 and Proposition IV.5.2
of the monograph [21] imply that ®f is a proper, convex, and lower-semi-continuous functional
on H, dom(®y) = dom(®) C V and 0@y = 0@ N (V x H), where 00y : H — 2 is the
subdifferential of the functional ® ;. Moreover, condition (Ajg) yields 0 € 9®(0).

The following statements will be used in the sequel.

Lemma 4.1 ([21, Lemma IV.4.3]) Letw € H'(a, b; H) (—oo < a < b < +0c), and there exists
g € L*(a, b; H) such that g(t) € 0%y (w(t)) for a.e. t € (a,b). Then the function ® g (w(-))
is absolutely continuous on the interval [a, b] and for any function h : [a, b] — H such that

h(t) € 0@ (w(t)) the following equality holds

%@H(w(t)) — (h(t), w'(t)) forae t€ (a,b).

Lemma 4.2 ( [9, Proposition 3.12], [21}, Proposition IV.5.2]) Let T' > 0, f € L? (0, T;H) and
wo € dom(®). Then there exists a unique function w € H' (0, T; H) such that w(0) = wo and for
ae. t€ (0, 7], w(t) € D(0Py) and

w'(t) + 0Py (w(t)) 2 f(t) in H. 4.1

Lemmad.3 Letty < 0, f € L%(to, 0; H), and wy € C([r0, to); H), wo(t) € dom(®) for every

t € [10, to], where 19 = n[nin (t — 7(t)) (we assume that [T, to] = {to} if 7o = to). Then
telto,

there exists a unique function w € C([rg, 0]; H) N H'(to, 0; H) such that w(t) = wo(t) for every
t € [10, to], and for a.e. t € (ty, 0], w(t) € D(0Pp) and
t ~

w'(t) + 0% (w(t)) + /t_ o c(t,s,w(s))ds> f(t) in H, 4.2)

that is, there exists g € L*(to, 0; H) such that for a.e. t € (to, 0] we have §(t) € 0@y (w(t)) and

t ~

w'(t) +g(t) + /t_ o c(t, s, w(s))ds= f(t) in H. 4.3)

Proof. Let o > 0 be an arbitrary fixed number and set
M :={w e C([rp, 0]; H) | w(t) = wo(t) Vt € [0, to]} -
Consider M with the metric

p(wy , wg) = max [efa(tfto)\wl(t) —wy(t)|], w1, wpEeM.
telto , 0]
It is obvious that the metric space (M , p) is complete. Now let us consider an operator A : M — M
defined as follows: for any given function w € M, it defines a function W € M N H!(ty, 0; H)
such that for a.e. ¢ € (to, 0], wW(t) € D(0Px) and

@ (t) + 0Dy (B(t)) > F(t) — /tt . c(t, s, @(s))ds in H. 4.4)
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Clearly, variational 1nequahty (#.4) coincides with variational inequality (4.1)) after replacing [0, 7]
by [to, 0], f by f — ft ) € c(t, s, w(s))ds, the condition w(0) = wy by the condition w(ty) =

wo(to). Thus, using Lemma 4.2} - we get that operator A is well-defined. Let us show that the
operator A is a contraction for some @ > 0. Indeed, let w1, wo be arbitrary functions from M and
w1 := Awy, W = Aws. According to there exist functions g and go from L?(ty, 0; H) such
that for every k € {1, 2} and for a.e. ¢t € (to, 0] we have gi(t) € 0Py (wy(t)) and

t
D0+ Gut) = F(t) / el Tls) ds, @5)

while W (t) = wy(t) fora.e. t € |1y, tol.

Subtracting identity (4.3) for £ = 2 from identity (.3) for £k = 1, and, for a.e. ¢ € (to, 0],
multiplying the obtained identity by wy (t) — wa(t), we get

1(t) = Wa(t)), W1 (t) — Da(t) + (G1.() — Ga(t) , W1 (t) — Da(t))
/ o (c(t, s, wi(s)) —c(t, s, wa(s)))ds, Wi (t) — ﬁg(t)) forae.t € (tg, 0], (4.6)
2(t) =0 forae.t € [r, to] . 4.7)

We integrate equality (4.6) by ¢ from ¢y to o € (¢, 0], taking into account that for a.e. ¢ € (to, O]

we have
1d, .

(w1 (t) — wa(t)), wi(t) — wa(t)) = sq w1 (t) — Wa(t)]* .

As aresult we get the equality

517(0) = B+ [ @0) = 3a), B0~ ofe)

- _ /to" (/ttT(t)(C(t, s, wi(s)) —c(t, s, wa(s))) ds, wi(t) — ﬁz(t))dt. (4.8)

By condition (A4), for a.e. ¢ € (to, 0] we have the inequality
(G1(t) = Ga(t) , W1 (t) — W2(t)) > Kol@i (t) — @a(t))]* . (4.9)

From this, taking into account condition (C), the Cauchy inequality, for a.e. ¢ € (¢o, 0] we obtain
t
(/ (et T — el 5, () ds, D) ~ (1))
t—r(t
t
< / o (3, i) = clt 5, Tals) s @1 () — @ (1)
t—7(t

= L(/t_ [@1(s) — @a(s)]ds ) - [@1(1) — @a(t)] < <fr (1) — alt)

L2 t 2 L2+ [t
+45(/”+ !@1(8)—ﬁz(s)lds) < el (t) — Wa(t)|? + 475 /”+ [y (s) — Wa(s)>ds ,
(4.10)

where 77 := sup 7(¢), w1 (s) — wa(s) := 0, Vs < 79, € > 0 is arbitrary.
tesS
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From (4.8)), according to (4.9) and @.10), we have

@1(0) — Ba(0) + 2(K — ) / T @i () — wa(t) Pt

to

< (2¢)71 L3+ /U (/t @1 (5) — @a(s)]? ds)dt. @.11)

to t—r+

Let us consider the last term from the right-hand side of the inequality above. Taking into account
equality w(s) — wa(s) = 0 for s < tp we obtain

/J (/t @1 (s) — Ba(s)|” ds)dt < tg /Ulwl(t)—ﬁg(tﬂzdt. @.12)

to t—7t to

From (4.11) and (4.12)) we get

|1 (o) — Wa(0)|? + 2(Ks — €) /g |1 () — Wa(t)]* dt < (2 5)_1L27+t0/ Wy (t) — wa(t)>dt .

to to
(4.13)
Choosing e = 271 K5, from (@#.13) we obtain
g
[@1(0) = Wa(0)[* < Co | i (t) — @a()*dt, o € (t, 0], (4.14)

to

where C5 > 0 is a constant.

After multiplying inequality @.14) by e~2*(—t0) we obtain

2 a(07t0)|@1 (O’) - @2(0_)‘2 < Oy e~ 2 a(oc—to) o2 a(t7t0)672 a(t7t0)|{51 (t) — o (t)‘Q dt

to
< Cye?o0mt) max [em 0| () — (1)) / etelt=to) at
tefto, 0] t
— & 1 —2a(oc—tp) ~  ~ \12 Co ~ ~\12
= %( —€ )[p(wl y ’LU2)] < % [p(wl s wg)] , o€ (t07 0} . (415)

From (4.15)) it easily follows that
p(W1, Wa) < /C2/(2)p(wy , Wa) .

From this, choosing & > 0 such that inequality C2/(2a) < 1 holds, we obtain that operator
A is a contraction. Hence, we may apply the Banach fixed-point theorem, the contraction mapping
principle 8, Theorem 5.7] and deduce that there exists a unique function w € M such that Aw = w,
i.e., we have proved Lemma[4.3] O

Now let us prove Theorem [3.4, We will prove it in 2 steps. First, we will prove the unique-
ness of the solution, and then we will prove the existence of the solution and the correctness of

estimate (3.8)).

The uniqueness of the solution. Assume the contrary. Let uq, us be two solutions of the
problem P(®, ¢, 7, f, 7). Then for every i € {1, 2} there exists function g; € L% (S; V) such
that for a.e. t € S, g;(t) € 0P (u;(t)) and

t

w,(t) + gi(t) + /t o c(t, s, ui(s))ds= f(t) inV’. (4.16)
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We put w(t) := uy(t) — ua(t), t € S. From equalities (4.16)) for a.e. ¢ € S we obtain

w'(t) + g1(t) — g2(t) + /ti o (c(t, s, ui(s)) —c(t, s, ua(s)))ds=0 inV"’. (4.17)

From (3.4) it follows that the following condition holds

e 2 Nwt)? -0 as t— —oco. (4.18)

Let 01, 0o € S be arbitrary numbers such that o7 < o9. Multiplying equality by
w(t)e 27!, integrating from oy to oy we obtain

[T et vy [T o - 0, w0 - wo)d

1 1

+ /:2 @2%(/;7@ (c(t, s, ui(s)) —c(t, s, ua(s))) ds, w(t))dt =0. (4.19)

1

Consider the last term from left-hand side of equality (.19). Using (3.1), the Fubini Theorem and
the Cauchy—Schwarz inequality, we have

‘/02 6*2’Yt /ttT(t) (c(t, s, ui(s)) —c(t, s, ua(s))) ds, w(t))dt‘

< [Tl o) =l unlo))] as) o

<o [T ] ds) et
< LVr+ (/:2 27w (t)|? dt) v (/:2 e—?w(/;+ w(s)|? ds)dt> 1/2. (4.20)

Assuming w(t) = 0 for ¢ > 0, and changing the order of integration, we have

o2 t o2 s+rt
/ 6_2“(/ lw(s)[? ds>dt §/ |w(5)\2ds/ e 27t dt
o1 t—rt o1—1t s

_ X('y)(/g2 275 (s) ? ds+/al 6—278|w(3)|2ds> : (4.21)

1 o1—7t

where x(y) is defined in (3.6).

Substituting in (4.20) the last term from relations chain (4.21)) instead of the first one, and using
inequalities: Vab < ea+ (4¢)7'b, Va+b< a+ Vb(a>0,b>0,e > 0), we obtain

)/C:Z e—2wt</t;(t) (c(t, s, ui(s)) —c(t, s, uz(s))) ds, w(t)>dt’

<ty (a+e [

o1

=2 u(z, t)|2dt+(4e)_1/ e (e, D) L 422)

1—7t

where € > 0 is arbitrary.
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By 2.3), @.22), (A4) and the fact that g;(t) € 0®(u;(t)) (i = 1,2) fora.e. t € S, from @.19)

we obtain the following inequality

1 [ djw(t)[? 72
2/ e—27t“ift)’dt+(K2_<1+g)L T+X(7))/ =2 up(z, 1) dt
o1 g1

o1

—(4e) 'Ly /Tx(v) e 2 w(t)|*dt <0. (4.23)

o1—1t
Using the integration-by-parts formula we have

e 27 hw(t)?

o2 02

+2(Ka k= (L+LVTAD) [P u(o de

o1 o1
o1

—(2e) 'L/ T X () e 2 w(t)|*dt <0. (4.24)
o1—1t
Since condition (3.7) holds, taking € > 0 such that Ko + v — (1 + &)L 7" > 0, from (4.24) we

obtain
o1

e 2772 |w(o9) 2 < e 277 w(o) 2 + CO/ e 2 w(t)|? at (4.25)

o1—71t
where Cy > 0 is a constant independent of o1 , 09.
Let us fix an arbitrary o9 in (4.23), and pass to the limit as 0y — —oo. According to condi-

tion (4.18), the first term from the right side of inequality turns to 0. Obviously, the second
term from the right side of inequality (4.23) also turns to 0. Indeed, using (4.18) we obtain
o1
0< / 2Rt < 7t max e 2w — 0.
o1—7+ t€lo1—7t,01] o1——00

Thus, we get the equality e 27°2|w(02)|?> = 0. Since oo € S is an arbitrary number, we have
w(t) = 0 for a.e. t € S, this contradicts our assumption. Therefore, a solution of the problem
P(®,c, 7, f, ) is unique.

The existence of the solution. We divide the proof into three steps.

Step 1 (solution approximations). We construct a sequence of functions which, in some sense,
approximate the solution of the problem P(®, ¢, 7, f, 7).

Let fr(t) := f(t) fort € S = [—k, 0], 75, := min(t — 7(t)) < —k, where k € N. For
€0k

each k € N let us consider the problem of finding a function u, € C([r,, 0]; H) N H'(Sy; H),
where H'(Sy; H) = {w € L*(Sp; H) | w' € L*(Sk; H)}, such that for a.e. ¢ € S we have
ﬂk(t) S D(E)(I)H) and

t
Uy, (t) + 0P (ug(t)) —|—/ ot s, Up(s))ds > fu(t) in H, (4.26a)
t—7(t)

up(t)=0, tem, —k. (4.26b)

Inclusion (4.26@) means that there exists a function g € L?(Sk; H) such that for a.e. t € Sy we
have gy (t) € 0Py (u(t)) and

t

Uy, (t) + gr(t) + / c(t, s, ug(s))ds = fe(t) in H. (4.27)
t—7(t)
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Since D(0®p) C dom(Py) C V, thus ug(t) € V for a.e. t € Si. According to the definition
of the subdifferential of a functional and the fact that gi(¢) € 0P (uy(t)) for a.e. t € Sk, we have

®(0) > ®(uk(t)) + (gr(t), 0 —ug(t)) forae. teSy.
Using this and condition (A3) we obtain
@ (t), (1) > ®(Uk(t)) > K1|[ap(t)|> forae. teSy. (4.28)
Since the left side of this chain of inequalities belongs to L'(Sy), 1y belongs to L?(Sy; V).

For each k£ € N we extend functions ﬁ;, Uy, and gy by zero for the entire interval S, and denote
these extensions by fi, ur and g respectively. From the above it follows that for each £ € N the
function uy, belongs to L%(S; V), its derivative uj, belongs to L*(S; H) and for a.e. ¢ € S the
inclusion gi,(t) € 8@ (ux(t)) and the following equality (see ) hold

t

ul(t) + gr(t) +/ c(t, s, up(s))ds = fr(t) in H. (4.29)
t—7(t)

In order to show the convergence {uy,}; > to the solution of the problem P(®, ¢, 7, f, 7) we
need some estimates of the functions uy (k € N).

Step 2 (estimates of approximating solutions). Let o1, oo € S be arbitrary numbers such that
o1 < 09. Multiplying identity [#.29), for a.e. t € S, by e=27%u,(t) and integrating from oy to o9,
we obtain

o2

[ e wmar [ e o), o)

+/:2 e—w(/;(t) ot s, un(s)) ds,uk(t))dt:/ 2V (fu(t) ) un(t)) dt .

o1

From this taking into account (2.3)) and using the integration-by-parts formula, we obtain

g2 g2

P (0P e+ 2 e (gult), wle) di

o1

o2
e 0P| + 2y [
o1 o1
o2

+ 2/002 ez’yt(/tT(t) c(t, s, ug(s)) ds, uk(t))dt = 2/ 6727t(fk(t), up()) dt . (4.30)

1 t o1

According to the definition of uy, and (4.28)), we obtain
(gk(t), up(t)) > @ (ug(t)) > Ki|lug(®)||* forae.te S. (4.31)

Let us estimate the third term on the left-hand side of inequality (4.30). From (3.5) and (4.31)) for
arbitrary 6 € (0, 1) we obtain

02

[ e, wd= 6+ 1-8) [ e (o), mv)de

1 g1
02

g2
><5K2/ e—muk(t)ﬁdtm—lu_5)Kl/ &2y (1) 2 dt

1 o1
02

+271(1-9) / e 2P (uy(t)) dt . (4.32)

1
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Now, let us estimate the last item on the left-hand side of inequality (#.30). Using the Cauchy-
Schwarz inequality, (3.2) we have

02 t o9 t
‘/ e_ht(/ c(t, s, ug(s)) ds, uk(t))dt’ < / 6_27t‘/ c(t, s, ug(s)) ds||ug(t)|dt
o1 t—7(t) o1 t—(t)

< L/:2 62'yt</tt X luk(s)] ds)]uk(t)\dt

1 —T

o9 1/2 o9 t 1/2
< LVrF < / e‘27t|uk(t)]2dt> ( / e 21( / Juk(s)? ds)dt> . (4.33)
o1 o1 t—7t

Consider the last term from the chain of inequalities above. Changing the order of integration we

have
o9 t
/ 6_27'5(/ g (s))? ds)dt
o1 t—rt

o2 5—1-7'Jr o2
< / Jur(s)|* ds / e 271t = x(v) / e ug ()] dt . (4.34)

1—7t 1—7t

From @.33)), @.34) with 01 < —Fk, and definition of wy, it follows

o2 t o2
| / e / b, s, un(s) ds, un(t) )dt| < Ly/TEx(3) / e fuy2dt . (435)
o1 t—7(t) o1

Using the Cauchy inequality we estimate the right-hand side of (4.30) as follows

o9 o

[ e no . moyase [ e P de, (4.36)

1 o1

™27 g ()2 dt + (45)—1/

o1
where € > 0 is arbitrary.
From (#.30)), taking into account (#.32), (@.33)) and (@.36), we obtain

oz

o 2

| 42 Ky~ LR el [ e 0P
o1 o1

(- 5)K1/

o1

o2 g2

e—W\|uk(t)||2dt+(1—5)/ 271 (uy (1)) dt

o1

02

< (25)1/ e 27 fr())?dt, §€(0,1),e>0. 4.37)
o1

Since K71 > 0, v is a solution of (3.7), we first choose ¢ from (0, 1) such that § Ko + v —

L\/7tx(y) > 0, and then we choose ¢ = 271[6 Ky + v — L\/7tx(7)] > 0. As a result, from

#37) we obtain the estimate

o o2
e uoP|” +
g1

o1

02
e‘27tHuk(t)H2dt+/ e_QWtq)(uk(t))dt

o1

g2
< Gy / 2 (D) dt 438)

1

where Cj is a positive constant depending on K, Ko, L, 7" and v only.
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We take 0o = o, o € S is arbitrary, and pass to the limit in (4.38) as 0y — —oo. Taking into
account (F) and the definition of u and fj, we obtain

(oa
27y (o) + / 27 g ()] dt

—00
g e
- / e 271D (ug(t)) dt < Cg/ e 2 fu()Pdt, o€ S. (4.39)
—0o — 0o

Since o € S is arbitrary, from (@.39) it follows that
the sequence {uy(-)}; >} is bounded in LF(S; H) and in L?Y(S; V), (4.40)
the sequence {27 ® (ug(-)) Zzol is bounded in L'(S) . (4.41)
Now let us find estimates of u). (k € N). For almost every ¢ € S we multiply equality (.29)
by e‘QVtugc(t) and integrate the resulting equality from o to oo, where o1, o2 € S are arbitrary

numbers, 01 < o9. From this we obtain

o2 g2
/ 2Vl (D)2 dt + / 27 (gult) , dy(8))

1 o1

o2 o2 t
= /U1 e 2V fr(t) , ul (1)) dt — /g1 6_2%(/15_7@) c(t, s, ug(s)) ds, u%(t))dt. (4.42)

Since g, € L*(01, 09; H), Lemmaimplies that the function @z (u(-)) is absolutely con-
tinuous on [o7 , 03] and

d
i (uk(t)) = (gr(t), up(t)) forae.t e (o1, 02). (4.43)
Taking into account (4.43)), we can rewrite the second term on the left side of (4.42) as follows

o2 g2 d
[ e a0 oy = [ e L () a
o1 g1

= 672’”‘1)]{ (uk(t))

o o2
+ 27 / ey (ug(t)) dt . (4.44)
o1 o

1

By the Cauchy inequality and (3.2) and changing the order of integration (see (4.34)) we have
o2 g2
[ e i o) < [T e ol 0] a
o1 o1

1 g2 g2
< / e—%t\u;(t)\zdw/ 27t £ (D)2 dt (4.45)

4 o1 g1

’/:2 e_ht(/t;(t) c(t, s, ug(s)) ds, u;(t))dt‘

o2 t
62“]/ c(t, s, up(s)) ds(\u;(t)\dt
o1 t—7(t)

o) t o2 t
L/ e—W(/ g (s)] ds)|u;(t)ydt < L2T+/ 6—2%(/ Mok ds)dt
1 t—7(1) o t—7t+

1
o2 o2 1 g2
/ e‘27t|u§€(t)|2dt§L27+x(7)/ e‘27t|uk(t)|2dt—|—4/ 27l (1)2 .
o1 o1—1t o1
(4.46)

IN

IN

=

_|_
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From (#.42)), taking into account (@.44), (@.43), (@.46), we obtain
g

1 [o2 7 ’
/ 6_2’Yt|U;€(t)|2 dt+e—2'yt(1)H(uk(t))‘Oj < L27_+X(,7)/ 6_2’7t|u1g(t)’2dt

2 1 o1—7t

g2
+2]’y\/ e*Q'Yt(IJH(uk(t)) dt—i—/
g1

02

e 27 fr(t))? dt . (4.47)
o1
By the definitions of uy and fj we pass to the limit in when 01 — —oo. From obtained
inequality, taking into account condition (.A3), (2.1) and @39), setting 02 = o € S, we have

279 (up(0)) + / 2Vl (1) dt < O / SN BP A, @48)

—0o0 —00

o

where C} is a positive constant depending on K7, Ko, v, Aand L, 7" only.

According to the definitions of the functional ®z and the function f, and condition (As3) (recall
that uy(t) € V for a.e. t € S), from (4.48)) we obtain

277 ug ()] + /

—00

o o

e 27yl (1)]? dt < 05/ e 27 f(t)2 dt, (4.49)

—0o0

where C5 > 0 is a constant depending on K7, Ko, v, Aand L, 77 only.

Estimates (@.39)), (4.49) imply that

the sequence {uk}zz is bounded in L3°(S;V) , (4.50)

the sequence {u%}Zj is bounded in L2(S; H) . 4.51)
Let us show that

the sequence {gj, }; > is bounded in L%(S s H) . (4.52)

Indeed, using (2.1), (3.2) and (#.34) we have

o2 t ) o2 t 2
/ e 27t ‘/ c(t, s, ug(s)) ds‘ dt < L2/ e 27t ’/ lug(s)| ds| dt
o1 t—7(t) o1 t—7(t)

o2 t g2
<12 T+/ o271 </t . lug(s)|? d.g)dt < L? T*X(’y)/ e 27 uy ()] dt
o1 -7

o1

g2
< I2rty(y) A‘l/ 27t [l (1) |2 it .53)
g1

Therefore, from (4.29), 4.39), (@.51), (F) and the definition of f} we obtain (4.52).

Step 3 (passing to the limit). Since V' and H are Hilbert spaces, and V' embeds in H by compact
injection, from @.40), @.30), @.31), (.52) and Lemma 2.4 we have that there exist functions u €
L(S;V)NLE(S; V)NHL(S; H), g € L2(S; H) and a subsequence of the sequence {uy , gx } 5
(still denoted by {uy , gk}zg) such that

e Tug(+) = e Vu(-) =-weaklyin L>(S; V), (4.54)
—00

ug —>u weakly in L2(S;V) and weakly in H)(S; H) , (4.55)

up —u inC(S;H), (4.56)
k—o0

gr — g weakly in L2 (S; H) . 4.57)

k—o0
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Note that (4.53) and imply

up — uw, ul — v, gp — g weaklyin L2 .(S;H). (4.58)
k—o00 k—o00 k—oo

Using (3.1)), the Cauchy-Schwarz inequality, changing the order of integration and (4.36), for each

o € S we obtain
t 3 2
/ c(t, s, ug(s)) ds —/ ct, s, u(s))ds‘ dt
t

/0

o —7(t) t—7(t)
0 t

<t ([l - u) as)ar< L2 [
o t—rt

o—T

0
g (t) — u(t)|* dt 0. (459

Thus, we obtain

t t
/ c(t, s, ug(s))ds — c(t, s, u(s))ds stronglyin L2.(S;H).  (4.60)
t

—7(t) M=00 Ji—r(t)

Letv € H, ¢ € D(—o0, 0) be arbitrary. For a.e. t € S we multiply equality (4.29) by v,
and then we multiply the obtained equality by ¢ and integrate in £ on S. As a result, we obtain the
equality

t

[k veorars [, vewnars ([ s mio) s, vow)as
_/S(fk(t),vq:(t))dt, keN. (4.61)

We pass to the limit in (4.61)) as £ — oo, taking into account (4.58), (4.60) and convergence of
{fx}to fin L2 (S; H). As aresult, since v € H, ¢ € D(—oc, 0) are arbitrary, for a.e. t € S we
obtain the equality

t

u'(t) + g(t) +/ c(t, s, u(s))ds=f(t) inH .

t—o(t)

In order to complete the proof of the theorem it remains only to show that u(t) € D(0®) and
g(t) € 0P (u(t)) forae. t € S.

Let k € N be an arbitrary number. Since gi(t) € 0P (ux(t)) for every t € S\ Sy, where

§k C S is a set of measure zero, applying the monotonicity of the subdifferential 9 7, we obtain
that for every ¢t € S\ Sy, the following equality holds

(gp(t) — v, ug(t) —v) >0 VY, v"] € 0Py . (4.62)
Let 0 € S, h > 0 be arbitrary numbers. We integrate (4.62) on (o — h, 0):
/ (gr(t) —v™, ug(t) —v)dt >0 Vv, v*] € 00y . (4.63)
o—h
Now according to (4.56) and we pass to the limit in (4.63) as £ — oo. As a result we obtain

/0 (gt) —v*, u(t) —v)dt >0 Vv, v*| € 0Py . (4.64)
oc—h
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The monograph [27, Theorem 2, pp. 192] and (4.64) imply that for every [v, v*| € 0Py there
exists a set Ry, ,,] C S of measure zero such that for all o € S \ Ry, ,,) we have

0< hl—ifﬁo % /:h (g(t) —v*, u(t) —v) dt = (g(o) —v*, u(o) —v) . (4.65)

Let us show that there exists a set of measure zero R C S such that

Voe S\ R: (g(o) —v*, u(o) —v) >0 Vv, v"] € 0%y . (4.66)

Since V' and H are separable spaces, there exists a countable set F' C d®y C V x H which is

dense in 0®;. Let us denote R := : U} - Ry, y,)- Since the set F' is countable, and any countable
v,v*|€

union of sets of measure zero is a set of measure zero, R is a set of measure zero. Therefore, for any
o € S\ Rinequality (g(c) — v*, u(o) — v) > 0 holds for every [v, v*] € F. Let [0, 0*] be an
arbitrary element from 0® ;. Then from the density F' in 0Py we have the existence of a sequence
{lv, vf]};2, such that v; — Vin V, v — v* in H and

Vo e S\ R: (9(o) —v, u(o) —v) >0 VIeN. (4.67)

Thus, passing to the limit in this equality as [ — oo, we get (g(o) —v*, u(o)—v) > 0, Vo € S\ R.
Therefore, inequality (4.66) holds. From this, according to maximal monotonicity of 0®f, we
obtain that [u(t), g(t)] € 0Py forae. t € S.

Estimate (3.8)) of the solution of the problem P(®, ¢, 7, f, «) follows directly from (4.39),
@.49), @.54), (@.53) and (4.36), Lemma Fatou’s Lemma and the fact that ® 5 is lower semi-
continuous in H.

From (3.8) according to (2.1) we have

27 (o) gclxl/ 2V F() R dt

— 00

This inequality and condition (F) imply that u satisfies condition (3.4). Thus theorem is proved. [J
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