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Z ( iaml (‘3%) + wo(@)ul u= f(zx,u) + g(z,u) inQ,
N 2
au p(z)— ou
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g axz 81‘17 0 on 0
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1 Introduction

Let 2 be a bounded open subset of R™ with boundary of class C'*, and let ; be the components of
the outer normal unit vector.

Ricceri [15], Anello and Cordaro [5] studied the existence of solutions for the following problem

—div(|Vu[P2Vu) + A(2)[ulP~?u = a(z) f(u) + B(z)g(u) inQ,

(1.1)
Ou -0 on 012,
Oy

where \(x) is a positive function such that A(-) € L*°(Q) with A~ = essinf,cq A(z) > 0 and
p > N. The existence of solutions of problem (1.1) was proved by applying some critical point
theorem recently obtained by B. Ricceri as a consequence of a more general variational principle
(see [14]).

In [8], X. Fan, C. Ji treated the problem

— div(|Vu[P®)~2Vuy) + @) [uP@D 2y = f(z,u) + g(z,u) inQ,
(1.2)
@ =0 on 051,
Iy
and they proved the existence of infinitely many solutions in the variable exponent Sobolev space
WwirO)(Q).

Even though the problem (1.2) has been studied by some other authors in anisotropic variable
exponent Sobolev spaces and weighted Sobolev space (see [1, 2, 3]), the hypotheses we use in this
paper are totally different from those ones and so are our results.

In this paper, we are interested in the following degenerate p(x)-Laplacian equation with Neu-
mann boundary value condition:

p(@)=2 5,

N
0 ou
- ' — p(z)-2, _ .
Z oz, (wZ(x)‘awi 8@) + wo(z)|u| u= f(x,u) +g(x,u) inQ,

i=1 1.
N ou [PP=2 gy 4
> wil)

i=1

e =0 oq.

Oxi 69@1 " on
We are interested in the existence of infinitely many weak solutions to such a problem. Precisely, we
deal with the existence of weak solutions for the problem (1.3) in the Sobolev spaces W'P()(Q, w),
where p € L*°() satisfies the condition

l<p = essQinfp(:U) < pT:=esssupp(x) < oo, (1.4)
Q

and w = {w;(z), 0 <1i < N} is a vector of weight functions on €2, i.e., each w;(z) is measurable,
strictly positive a.e. on {2 and satisfies some integrability conditions (see Section 2). We refer the
reader to [9, 10, 11] where the authors were concerned with Dirichlet problems.

In this paper we introduce the following theorem, which will be essential to establish the existence
of weak solutions for our main problem.
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Theorem 1 (see [8, Theorem 2.2]) Let X be a reflexive real Banach space, and let ®,V: X — R
be two sequentially weakly lower semicontinuous and Gateaux differentiable functionals. Assume
also that W is (strongly) continuous and satisfies 1im |, ;oo ¥(u) = +o00. For each p > infx U,

put

D(u) — inf D (v)
. ve(¥ ! (]—00,p[))
= inf , (1.5)
) ueW=1(]—00,p]) p—V(u)

where (W —1(] — oo, p[)) is the closure of V=1(] — oo, p[) in the weak topology. Then, the following
conclusions hold.

(a) If there exist pg > infx ¥ and ug € X such that

W(ug) < po (1.6)

and

Q(ug) — __inf  ®(v) < po— ¥(up), (1.7)
vE(¥=1(]—o0,00())

then the restriction of ¥ + ® to UV~1(] — oo, po[) has a global minimum.

(b) If there exists a sequence {ry} C (infx ¥, +00) with r,, — +00 and a sequence {u,} C X
such that for each n we have

U(up) < mp (1.8)

and

O(up) = __inf  ®(v) <rp = Y(un), (1.9)
ve(1([=o00,ra]))

and, in addition,
liminf (¥(u) + ®(u)) = —oo, (1.10)
llufl =00
then there exists a sequence {vy} of local minima of V + ® such that ¥(v,) — +00 as
n — 00.

(c) If there exists a sequence {ry,} C (infx ¥, +o00) with r,, — inf x ¥ and a sequence {u,} C
X such that for each n the conditions (1.8) and (1.9) are satisfied, and, in addition,

every global minimizer of ¥ is not a local minimizer of ® + U, (1.11)

then there exists a sequence {v,} of pairwise distinct local minimizers of ® + V such that
limy, 00 U(vy,) = infx U, and {v,} weakly converges to a global minimizer of V.

This paper is organized as follows. In Section 2, we present some necessary preliminary results
concerning weighted variable exponent Sobolev spaces. In particular, we prove a compact embedding
theorem of W 1) (Q, w) into C°(£2), which plays an important role in this paper. In Section 3, we
introduce some assumptions for which our problem has solutions and we present we present the main
results of the paper, Theorems 3 and 4). Finally, we give the proof of the main results in Section 4.



18 Ahmed Ahmed et al., J. Nonl. Evol. Equ. Appl. 2019 (2019) 15-34

2 Preliminary

In this section, we state some elementary properties of the (weighted) variable exponent Lebesgue—
Sobolev spaces which will be used in the next sections. The basic properties of the variable exponent
Lebesgue—Sobolev spaces, that is, when w(z) = 1 can be found in [6].

Let - be a weighted function in  and let w = {w;(x),0 < i < N} be a vector of weight
functions, i.e., every component w;(x) is a measurable function which is strictly positive a.e. in §2,
satisfying the following condition

—1
(V1) w; € L} (Q) and w?™ ™" € L} (Q)foralli =0,...,N.

loc loc
We define the (weighted) variable exponent Lebesgue—Sobolev spaces as
LPO(Q,7) = {ulz) : wy 7@ € LPO@)},
and endow them with the norm defined by

u(w)

p(z)
dx < 1}.
o

lull Loy = ltllpe) 0 = inf{o >0 /Qv(:c)
We denote by W1P()(Q, w) the space of all real-valued functions u € LP()(Q, wg) such that the

derivatives in the sense of distributions satisfy

ou
8901-

e LP(Q,w;) foralli=1,...,N,

considered with the norm

N
ou
Ullp1,m0) = ||u]l £p() + .
lullwrror @) = 1l Lo (0,00) ; 923 | 1o 200
It is easy to see that the norm
ou(@) |p(x
. wlz) P@ N 9ulz) | p(x)
lellly piy 0.0 = 1nf{u >0: / (wo(x) ule) + sz(:c) _Omi ) dz < 1} (2.1
0 o 1
is a norm on W1()(Q, w) equivalent to || - [l w1.p0) (0,u)- The theory of such spaces was developed
in [9, 10, 11, 12, 13]. When p(x) is a constant function, some results were proved in [4, 7].
If wo(z) = wi(z) = ... = wy(z) = 1, we write WP()(Q) instead of W1P()(Q, w) and

||UHW1«P(')(Q) instead of HUHWLP(‘)(Q,QU)'

Proposition 1 ([11]) Assume that (V1) holds. Then, WP ¢) (Q, w) is a reflexive Banach space.
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Lemma 1 ([11]) Let p(u fQ ~(x

(2)|[ulP®) dz for u € LPO) (K, ). We have

) ull oo < 1(=1,> 1) ifand only if p(w) < 1 (= 1, 1),

(i1) l'f||U||Lp(-) 04 = L, then |’uHLp(')(Q7,Y) <p(u) < ”UH];;(»)(Q,Yy

(i) 3 0] oo > L then lull ) < o) <l

We suppose that the function weight w = {wl ),0<i<N } satisfies

(V2) w; @ e LY(Q) with v(z) € }ML_N [ﬂ [ﬁ
N

p—N"

oo[forallizo,...,Nandzf >

The following compact imbedding result is crucial.
Theorem 2 Let (V1) and (V2) be satisfied. Then, W) (Q, w) < C(Q).

Proof. Letu € W'P()(Q,w). We denote

a% = u, pi(z) = L22O ~ 55 By the Holder

v(z)+1
inequality in [9, Proposition 2.1] with parameters q(x) = Ii(—(?) = (x(z:)rl and its conjugate ¢'(x) =
v(z)+ 1foralli =0,..., N we have
Ou |P1(@) ou V,fa)fﬁ)
dz = dz
ol 0z ol 0z
p(z)v(z)
Ou | et e Sl
v(z)+1 v(z)+1
= : w; dz
/ 8%, ) )
I)V(z)
(@) S @
<9 wu(m)+1 8” )+ v(z)+1
= ) 6513 v(z)+1 ) :
'3 L v(x) (Q) LU(z)+1(Q)

Assumption (V2) and Lemma 1 imply that

_ v =
Hwi v(@)+1 < (/ wi_V(x)(q;) dx + 1) o <C.
Lr(@)+1(Q) Q

Thus, we get

pl(f) p(z)v(z)

v(z)+1

ou
Q 0x;

v(zx)
dJJ S CHwZV(z)+1

ou
85[31'

v(z)+1 . (22)
L@ (@)

Without loss of generality, we may assume that fﬂ‘ ‘p 1

Lemma 1 that u € Wl’pl() ). If fQ wj(z %‘p
have

) dz > 1. (If not, it is easy to see from

dz < 1, then from (2.2) and Lemma 1 we
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p1(x)

H dull =T _ / Ou |
2|l pmeyq) ~ Jal 0w
8u p(x) uzjﬁl
< ()| 2L
_C(/Qw(x)am €E>
. CH ou || |
O || Lv() (9,101)
ie.,
0%i || 1r10) () O || Lo() (0,00)
On the other hand, if [, w;(x) %!p @) dz > 1, then from (2.2) and Lemma 1 we obtain
H ou || =5 </ ou p1(z)d
x
;|| o) ~ Jal O
ou p(z) Viiﬂ
< . JEE—
el [l
ot
gC' Oullm
O || Lv() (@)
ie., 5
21,02
0% || £r1 () () i || Lot) ()

where 3 = 51:—-: . Iljfl’j:. From the inequalities (2.3) and (2.4), we obtain 88—;1_ e LPO(Q, w;) for
alli = 0,...,N. Therefore, we conclude that W'*()(Q, w) — W1r1()(Q). By (V2) we have

vo o> ﬁ. Then, p; > N. Since W1P1()(Q) is continuously embedded in W1P1 (Q2), and

WhP1 (Q) is compactly embedded in C%(Q), we deduce the result using the classic injections. This
finishes the proof. 0

Set

llull oo ()

Co= sup ; (2.5)

wew 120 @un\ {0y 14l p0), 0.0

then, Cy is a positive constant.

3 Assumptions and statement of main results

Let 2 C RY be an open bounded set with the boundary 92 of class C', and let + be the outward unit
normal to 9€). Assume that f, g: 2 x R — R are Carathéodory functions satisfying the following
condition

sup | f(z,t)| € L' (Q) and sup |g(x,t)| € L*(Q) for each r > 0. (3.1)
[t|<r [t]<r
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We set : .
F(x,t) = / f(z,s)ds and G(z,t) = / g(z,s)ds. (3.2)
0 0
We define, for any u € WP()(Q, w), the functionals
N
1 ou p(z)
u) = w;(x + wo (z) |u|P®) dz, 3.3)
)témw<§;<>a% W@l >
U(u) = J(u) — / G(z,u)dr and P(u)= —/ F(z,u)dx. (3.4)
Q Q

Definition 1 A measurable function v € W0 (Q, w) is called a weak solution of the Neumann
elliptic problem (1.3) if for every v € W'P0)(Q, w) we have

P@=2 5y dv

dx+/w0(x)|u]p(x)2uvda:
Q
:/f(x,u)vdx+/g(x,u)vdx.
Q Q

Definition 2 A function F(x,t) satisfies the condition (S) if for each compact subset E of R, there
exists £ € F such that

F(x,&) = sup F(x,t) fora.e. z € Q. (3.5)
ek

We assume that G satisfies one of the following two conditions.
(G1) There exist M > 0, ¢ € (0,1) and 3,6 € L*(Q) with 18| 21 () # O such that

forany |t| > M, G(z,t) < u __6)5(@
pCo 1Bl

[t|P + 6(x) ae. in Q,

(G2) There exist M > 0, ¢ € (0,1) and 6’ € L'(Q) such that

(1 = eJwo(z)
p(z)

forany |t| > M, G(x,t) < tP®) + 6" (z) ace. in Q.

From now on, we always assume that
(V3) wo € LY(Q).

We take ug and u,, in Theorem 1 as the constant value functions & and &,, and we assume that

gggé(ﬁgmwﬂ—aaa—F@o)m:—w. (3.6)

Also, we will need the following condition

/ 120(53) |£Pt) dar — / Gla,&)dz < di[¢fP" +dy forevery £ € R, (3.7
Q Q
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where d; and ds are two positive constants. It is easy to see that (3.7) holds true under the condi-
tion (G1) or (G2).

Our main results are as follows.
Theorem 3 Let the conditions (V1)—(V3), (3.6)—(3.7) be satisfied, and let (G1) or (G2) hold. More-

over, let F' satisfy the condition (S). Suppose that {a,} and {b,} are two positive sequences such
that

ot
lim b, = +00 and lim n_ _ 0. 3.9)
n—00 n— 00 bP

If there exists a positive function h € L*(Q) with |l 1) # O such that for each n we have

-
F(x,a,) + M <d0 <bn> - dlaﬁ+ - d2> > sup Fl(x,t) ae in Q, (3.9)
1Al @) Co t€[an,bn]

h b \*
F(z,—ay) + @) (do () — dlaﬁJr — dg) >  sup F(x,t) ae in Q, (3.10)
IA{FAYES: Co t€[~bn,—an]

and the inequalities (3.9) and (3.10) are strict on a subset of §2 with positive measure, then there
exists a sequence {v,} of local minima of ¥ + ® such that lim,,_, ¥ (v,) = +o00. Consequently,
the problem (1.3) admits an unbounded sequence of weak solutions.
Theorem 4 Assume that (V1)—(V3) hold. Suppose that

G(x,t) <0 for t e Randa.e. x € Q, (3.11)

and that there exist two positive constants M and € such that

—G(z,t) < M|t|P fort < eanda.e. x € Q. (3.12)
Moreover, let the functional F satisfy the condition (S) and
x,§)dx + x,§)dx
lim sup Jo F(z.8) Jo Gz dz / wol®) 4, (3.13)
€10 3L o p(x)
Suppose that {a,,} and {b,} are two positive sequences such that
ab
hm b, =0and lim — =0, (3.14)
n—00 bp
and that there exists a positive function h € L*(Q) with ||h|| (@) 7 0 such that for each n we have
h 1 (b, \" .
F(z,an) + (x)<+ <n> — dga? > > sup F(z,t) ae in €, (3.15)
1Al Co t€[an,bn]

o+
F(x,—ay) + @) <1+ (bn> - dgaﬁ_) >  sup F(z,t) ae in €, (3.16)
1Al (o) Co t€[—bn,—an]

and the inequalities (3.15) and (3.16) are strict on a subset of ) with positive measure, where

ds = [, u;‘)(g) dz + M|QY|. Then, there exists a sequence {vy,} of pairwise distinct local minima of

U + & such that v, — 0 in WP() (Q, w). Consequently, the problem (1.3) admits a sequence of
non-zero weak solutions which strongly converges to 0 in W1#() (Q,w).
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4 Proofs of the main results

In this section, we are ready to prove the main results. We will begin with the proof of Theorem 3.

Proof of Theorem 3. Since the proof is quite long and challenging, for simplicity’s sake, we will
divide it into several steps.

Step 1. We start with establishing some technical lemmas.

Lemma 2 Assume that (V1), (V2) and (3.1) are satisfied. Then, ¥, ® € C1(WP0)(Q, w), R) and
their Gateaux derivatives are given by

W)= [ sz
—I—/Qw[)(x)]u|p($)_2uvdx—/Qg(zr,u)vda:

= —/Qf(w,u)vdx

w |P(®)—2

ou
ox;

ov
ox;

83:1

and

for any u,v € WHPO(Q, w).

Proof. Fori=0,...,N and any u € Wl’p(')(Q, w) define H, J;: Wl’p(')(Q, w) — Rby

oy [ wi(z)] Ou p(@) ou
Jz(u)—/Q (@) |9 dx, where 8—% = u, 4.1
:/G(m,u) dz. 4.2)
Q

Claim 1: J; € C*(WH0)(Q, w), R) and for any u,v € W0 (Q, w),

P@)=2 9y G
69618 Zda: forall : =0,.

ou |P
0x;

(L (), v) = /Q wil)

For a fixed z € © let us consider ¢: R —» R defined by ¢(¢) = “;‘(%)|§|P<I>. Obviously,
¢ € CY(R,R) and ( = w;(x)|¢[P®)=2¢. Thus, for all {,9 € R, we have

iy 2+ 19) — o) _

t—0 t

w; () [P 72¢ - 0.

As a consequence, for u, v € W1P()(Q, w), we obtain

w; () v |p(x) wi () | du p(z)
+t -
. T 69@ ox; x) | 0x;

P@=2 5y Qv

ou
89:,»

(4.3)
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By the mean value theorem, there exists § € R with 0 < |f| < |¢| such that for each ¢ € R with
0 < |t] < 1 we have

wi(z) | Hu v |P(x) o wi(z) | Hu p(z)
p(x) |8xi + taa:i p(x) | Ox;
t
ou ov PO/ oy Ov ov 4.4)
= |w; 0 .
< wi(x) ou v \"@ 1 av
= Wil ox; ox; ox; |
Noting that sz(:z:)ﬁ | 8% | @) = 0]l p(.),0,w,;» from the definition, Holder’s inequality and
Lemma 1, we obtain
ou v \"@ = gv
1 (x)-1
< 2‘ wz‘pléz) ( o, + dv >p wi(l‘)p(%') ov
ou v [\P@ =
<21+ 0 wz(ﬂf) 8$Z + 8.%'2 dz ”UHp(-),Q,wi
v b P |0 PN\
<2 |:1 + 2@ (/Q wz(x)< axl 8.%1 ) d:L') :| Hva(~),(Q),wi'

Hence, wi(‘%‘ + }88;1_ )p(r)_l a‘%‘ € L'(Q), because u, v € WHP1)(Q, w). Combining this

with (4.3) and (4.4) and applying the dominated convergence theorem, we get

wi(x) | du tav p(®)  wi(z)| du |P(x) p(z)—2
lim p(z) |8.’Ei ox; p(z) |81‘i de — / wz(:):) ou ou . ov de.
t=0 /g t Q 8.%'1 8901 8371
It means that .J; is Gateaux differentiable and for u, v € WP()(Q, w) we have
Au P72 gy ov
/ j— .
i) = [wio)|gel .

Next, we prove that J/: WHPO)(Q w) — WP (Q w)* is continuous. To this aim we
take a sequence {u,} in WHP0)(Q, w) such that u,, — uin WP()(Q,w) as n — oo. By [9,
Proposition 2.3] we have lim, o [, wi(z) %%’; - f% ‘p @) 4z = 0. Thus, up to a subsequence, we
deduce that

Oun — Ou a.e.in2asn — oo, 4.5)
p(x)
w; () ?;Z — g; < h(z) fora.e. x € Q for some h € L'(Q). (4.6)
Since
u,, [P ou ou,  Ou|\P®
) < s _
wl(x) 0x; - wl(m)( o0x; o0x; o0x;
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p(z)

ou ou ou, |P®)
< or(@) =1y, no_
- v (QS‘) < ox; o0x; o0x; )’
it follows from (4.6) that
o [P@) N ou [P@
; n <P Ly, : :
wi(z) oz, <2 (wl(az) oz, + h(x)) 4.7

Using Hélder’s inequality we have that for any v € W'P()(Q, w) with vl py00 < 1o

| (7 (un) = Ji (), )|

B /w(:v) oy, P2 u,, | Ou P(@)=2 gy, Ov e
e Ox; Ox; ox; ox; )] Ox;
oot |20 00 0 |0
- v 8581 8951 8% 8]31 LP/(')(Q) 81,‘1 Lp(A)(Q)
1 p(z)—2 p(z)—2
6a:i 81’@ B.QJZ )740) (®)
Hence,
HJZI(Un) - Ji/(u)le,p(-)(Q,w)*
<ol 7| [Pun [ O | D P D | (48)
- v ox; ox; ox; ox; ' O(Q)
First, observe that
/ w?’lﬁ % p(w)—Qaun - ou p(z)—2 ou p'(z) "
ou,, p(z)—2 o, ou 1P®=2 5y, p'(z)
:/Qwi(x) dx; dx; |0z Ox; dz.
It follows from (4.5) that
o, p(z)—2 A, ou |P@=2 5y, p'(z)
wi(x) oz, oz, |z, oz, — 0 forae. x € €,
and from (4.7) that
ou P(ﬁf)—Zau ou p(z)—2 ou p'(x)
) o, [P Ou [P
< 9P (z)-1,,. n
- wz(x)< ox; ox; )
, o [P@) ou |P@)
< o)1 y n
- v (l’) 0x; ox;
p(z)
< o) Hpt-1 (wz(:v) gu + h(x))
T
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Noting that 27)"+7" =1 (4] g—; P@+h) € L1(2) and applying the dominated convergence theorem,

we obtain
/1 Ou |P@=2 gy, Ou 1P@=2 g\ |P'(@)
A [ il = — dz — 0 — 00.
/Q wz <‘ aCCZ axz axl 8%) . asn >
Therefore, [9, Proposition 2.3] implies that
1 p(z)—2 p(z)—2
w? @ Oun Oun _ | Ou Ou — 0 as n — .
‘ Ox; o0x; Ox; Ox; LY (@) (Q)

Combining this with (4.8), gives
177 (un) = T ()l w106 ()« — 0 as n — oo

This completes the proof that J/: W'P()(Q, w) — WHPL)(Q, w)* is continuous, and therefore
J; € CH WP (Q,w), R). Since J(u) = SN o Ji(u), J € CHWHPO(Q, w), R).

Claim 2: H € CY(W'P0)(Q, w), R) and for any u,v € WP()(Q, w) we have
(H'(w),0) = [ gl
Q

Once again, by the mean value theorem, for u,v € W1P()(Q,w) and t € R \ {0}, we have

G(z,u(z) + tv(z)) — G(z,u(x))
t

= v(x)g(x, u(z) + Ov(x))

for some # € R with 0 < |0| < |t|. Hence,

G(z,u(z) +tv(z)) — G(z,u(z))
t

— v(z)g(z,u(zr)) ast — 0 fora.e. x € Q. 4.9)

It follows from Theorem 2 that for [t| < 1 there exists £ = ||ul| o (q) + ||V £ (q) > 0 such that

’G($7u(x) + tv(x)) — G(z,u(x)) ’ = |v(z)||g(z, u(z) + Ov(z))|

t (4.10)

< [o()| sup [g(z, ).
|s|<¢

From Hoélder’s inequality and (3.1) we obtain

sup [g(x, s)|
Is|<

léwwammuﬁwm<mwmﬂm

|s|<e LY(Q)

Therefore, the dominated convergence theorem together with (4.9) and (4.10) implies that

G(z,u(z) +tv(z)) — Gz, u(z)) |
/Q t dz = /Qg(x, u(z))v(z) dz,

lim
t—0

i.e., H is Gateaux differentiable and

(H' (u), v) = /Q oz, u(@))o(z) dz.
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We now show that H’ is continuous on W12()(Q, w). Let {u,} be a sequence in W'2)(Q, w)
such that u,, — u in WHP()(Q, w) as n — co. Then, Theorem 2 implies that u,, — u in C°(Q)
as n — 00. So, up to a subsequence, we deduce that

Uy, — wa.e. in  asn — 00, 4.11)
for every n € N there exists & > 0 with [[u, || (o) < k- (4.12)

We obtain that for any v € WP()(Q, w) with lully py, 00 < 15

[(H' (up) — H'(u), v)] S/ 9(z, un(2)) — g(z, u(z))||v(z)| dz (4.13)
Q
Therefore,
19(z, un(2)) — gz, u(2))] < 2[|g(z, un)| + |g(z, u)]]

<9 [sup 9 8)| + sup lg(z, s)|
|s|<k |s|<k
< 4 sup lg(a, s)|.
|s|<k

By (4.13) we have

(H () — H' (1), v)] < 4 /ﬂ sup lg(e )|l (o)

Note that supys <, |9(z, s)| € L(9). Applying the dominated convergence theorem with (4.11), we
obtain

lim /Q 92, () - gl u(@))|[v(x)| dz = 0.

n—oo

Hence, from (4.13) it follows that

lim (| H (un) — H' ()l 106 (9,m)+ = 0-

n—oo

This completes the proof that H': W2()(Q, w) — wirt)(Q, w)* is continuous, and therefore
H e CY (WO (Q,w),R).

In the same way (as in the case of the mapping H) we can show that ® € C1(W12()(Q, w),R),
and since ¥ = J — H, the proof is complete. (|

Lemma 3 Assume that (V1), (V2) and (3.1) hold. Then, U, ® are sequentially weakly lower
Semicontinuous.

Proof. Suppose that J;, where 2 = 0,..., N, and H are as in (4.1)—(4.2).

Claim 1: Let {u,} be a sequence weakly convergent to u in W1P()(Q, w). Since .J; is convex, for
any n we have
Ji(u) < Ji(un) + (Ji(w), u — up).

Passing to the limit in the above inequality with n — oo, we see that .J; is sequentially weakly lower
semicontinuous.
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Claim 2: H is sequentially weakly continuous. Suppose that G is as in (3.2). Let {u,, } be a sequence
in W1HP0)(Q, w) such that u,, — u (weakly) in WP0)(Q, w). By Theorem 2 we have u,, — u
in C°(Q). Hence, up to a subsequence, we have

un(x) — u(x) a.e. in £,
for every n € N there exists & > 0 with |[u, || (o) < k-

Therefore, G(z,un(z)) — G(z,u(z)) a.e. in Q and |G(z, un(x))| < ksupjs <k |9(z, s)|. Note
that supyg <y, |9(z, s)| € L'(2) by (3.1). Thus, the dominated convergence theorem implies that

limy, o0 H (u,) = H(u). So, the functional H is sequentially weakly continuous on W'2() (Q, w),
and hence H is sequentially weakly lower semicontinuous. In the same way as for H, we prove that
VU = J — H is sequentially weakly lower semicontinuous, which completes the proof. (|

Step 2: Now, we prove the coercivity of U.

Proposition 2 Assume that G(x,t) satisfies (G1) or (G2). Then, the functional VU is coercive, i.e.,
U(u) — 400 as |||u]||17p(,)797w — oo foru € WHPO)(Q, w).

Proof. Let us assume that the condition (G1) is satisfied. Then,

< = [t|P + 01(z) a.e. in Q for any [t| > M.
p+Co HﬁHLl(Q)

When [[[u[l; ) 0. = 1, using (2.5) and [13, Proposition 2.3], we obtain

U (u /Ga:u

1 du [P
:/Qp(x)<;wz(m) - +w0(a:)|u]p(x)> dx—/QG(:c,u)dw
zpiwmﬁwﬂw—-+C§@ﬁlguéﬁmpdx—lfm@dx .
> Ll 00 - ;(7)H|Vm .
> ol 000 — 2 00— 1
9

>5ﬂwmmmw—q

Under the condition (G2) we have

G(z,t) < ﬂ—e()l;u)(as)tp(x) +0;(z) a.e. in Q for any |t| > M.
p(x
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When |||u|||1p Qw = 1, we obtain

1
/( &”cz

_ 1 al p(w) p(x)

—/u@ o +/Qp< yuole e
/<< Bl e +0;(a;)> da (4.15)
RSN 0(%) | ()

Z/p(g ()8% d+/g oy T

€ N 8u p(@)

> +< Z 8951- da:+/Qw0( )|ufPt) d%') — 2

> *|||UH| () — €2

Thanks to (4.14)—(4.15) we conclude that ¥ is coercive. Moreover, there exist two positive constants
dp and o such that

() > dolfull? ) g F0r llully iy 00 = 00 (4.16)
This ends the proof. U

Step 3: Now, let us move to proving some a priori estimates. For r > inf Wp() (Q,0) U we define

K(r) = inf {a >0: 0] —oo,r]) C By1.00) (0, (0, 0’)}, (4.17)

where
Buyis) 0 (0,0) = {u € WO©@0) - [Jull ) 00 < 7 -

and By 1.0) () (0, o) denotes the closure of By1o6) (@) (0,0) in WP (Q, w) with respect to
the norm topology.

We know that ¥ is coercive. So, 0 < K(r) < +oo for each 7 > infy100)(q ) ¥ In view
of (4.16), we deduce that

i 0 () < dou\um;(.m,w, then [fully )0, < 00-

Thanks to (4.17) we have U~ (] — 00, 7[) C By1s0)(q.u) (0, K(r)), and so (T~1(] — 0o, 7)) C
By 0,y (0, K (). Using (2. 5) we get [|ul| () < Colllully p(.) 0.0 Then,
Byyio) (0, (0, K (r c{ueCQ): 1wl Loo () < CoK(r)}.
It follows that
inf d(v) > inf o(v) > inf D (v). (4.18)
e (TT (=50 ]) lolly ) 0.0 <K () o1l oo () SCo K ()

By taking ug and u,, as constant value functions &y and &,, in Theorem 1 and using (4.18), we
conclude the following Theorem 5, which relies on Theorem 1.
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Theorem 5 Let the conditions (V1) and (V2) be satisfied. Suppose that U and ® are as in (3.4),
is coercive, and K (r) is as in (4.17).

(a)

(b)

(©)

If there exist pg > ianl,p(.)(Qw) U and &y € R such that

/ wo(x) ’go‘p(x) dx — / G(z,&) dx := ey < po (4.19)
o p(z) Q
and
/ F(z,&)dx + (& — eg) > sup / F(z,v(x))dex, (4.20)
Q veC(Q), [|v[| Loo (o) <Co K (po) /<2

then the restriction of ¥ + ® to V=1(] — oo, po[) has a global minimum.

If there exist a sequence {r,} C (ianl,p(g(Q’w) 0, +oo) with lim,,_ye0 7, — +00 and a
sequence {&,} C R such that for each n we have

/ LO(:U) |£n|p("”) dr — / Gz, &) dr =€, <1y 4.21)
o p(x) Q
and
/ F(x,&)dz + (rp, —ep) > sup / F(z,v(x))dz, (4.22)
Q veC(Q), [[vll poo (o) SCo K (1n) /€

and, in addition, (3.6) holds, then there exists a sequence {v,} of local minima of ¥ + ® such
that lim, o ¥ (v,) — 400.

If there exists a sequence {r,} C (ianl,p(A)(Q’w) v, +oo) with lim,_yeo T, =
infuewl,p(-)(gﬂu) U(u) and a sequence {&,} C R such that for each n the conditions (4.21)
and (4.22) are satisfied, and in addition, the condition (1.11) is satisfied, then there exists
a sequence {v,} of pairwise distinct local minima of ¥ + ® such that lim,,_,o ¥ (v,) =
inf,cp100) (0,0) U(u) (i.e., the sequence {vy,} converges weakly to the global minimizer of
0).

Proof. Using (4.19), if there exist pg > infuewl,p(A)(Q’w) U (u) and & € R such that

M p(x) . _
/Q () ol dz /QG(:U,&)) dz = eg < po,

then W(&y) < po, and therefore (1.6) holds. Thanks to (4.20) we have

Then,

/ F(x,&) dx + (po — eo) > sup / F(x,v) dz.
Q veC(Q), [v]l oo () SCoK (po) ¥ 2

po — ¥(&o) > —/ F(z,§)dz+ sup —2(v).
Q vEC(Q), [|[v]| oo () <Co K (po)

Thanks to (4.18) we get

po — ¥ (&) > (&) — inf P (v).
veW~1(]—00,p0])
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Therefore, the hypotheses (1.6) and (1.7) of Theorem 1 (a) are satisfied. Then, the restriction of
U+ & to U1(] — oo, po[) has a global minimum. Assuming that the hypotheses of Theorem 1 (b)
and Theorem 1 (c) are satisfied, using the same approach we can conclude the proof Theorem 5. [

For the condition (4.20) in Theorem 5 (a), we give the following proposition.

Proposition 3 Assume that py > ianl,p(A)(Q’w) U, & € R and (4.19) holds. If there exists a
positive function o € L'(Q) with ||| 11 (q) # O such that

a(z)

F(x,&) + (po—e0) > sup  F(x,t) for ae. x €9, (4.23)

e[z 111<Co ¥ (po)

and the inequality (4.23) is strict on a subset of ) with positive measure, then (4.20) holds.

Proof. Integrating (4.23) over {2 and noting that
/ sup F(z,t)dz > sup / F(z,v(z))dx,
Q MSCOK(pO) ’UEC(Q),”'IJ”LOO(Q)SCOK(pO) Q

we obtain (4.20). O

Proposition 4 Assume that W is coercive and (4.16) holds. For r > dj O'g ~ we have

K(r) < (dio) " (4.24)

Proof. Letr > doof, and u € W'P()(Q, w) be such that ¥(u) < r. When llwlly ey, 0w = o0,
by (4.16), one has

> (u) 2 doll[ull} ) 0.0

a2
which implies that [[ull; ;) 0., < (%)P‘. When |[ully )00 < oo, it is clear that
1

o0 < ()7 - Using the definition of K (r), we conclude (4.24). O

(i

Step 4: Finally, we provide a proof of the statements (4.21) and (4.22). We set r, = do(g—z)p .
Then, lim,, o 7, — -+00, and thanks to (4.24) we obtain

K(rp) < g—n , whence CoyK(r,) < by. (4.25)
0

Since F satisfies the condition (S), for each n there exists &, € [—ay, a,] such that

F(z,¢,) = sup F(z,t) for ae. z €. (4.26)
te[—an,an]

By (3.7), one has

e, = / wo(x) 160 [P Az —/ G(x,&) dz < di|6, [P + dy < dylan|P” + do.
o p(v) Q
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It follows from (3.8) that for n sufficiently large,

b, \P~
pt A R
d1|an| +dy < dO(CO) Tn,

and consequently e,, < r,, thatis, (4.21) holds. Without loss of generality, we may assume that for
all n (4.21) holds. By combining (3.9)—(3.10) and (4.26), we obtain

h
(@) (rn, —en) > sup F(z,t) for ae. z€Q, (4.27)

F(z,80) + 75—
1Al L1 @) [t <b

and the inequality (4.27) is strict on a subset of {2 with positive measure. Using (4.25) and Proposi-
tion 3, we obtain (4.22).

Therefore, all hypotheses of Theorem 5 (b) are satisfied, and the proof of the Theorem 3 is
concluded. g

Now, let us move on to the proof of Theorem 4.

Proof of Theorem 4. Let us verify all the hypotheses of Theorem 5 (c). Using (3.11), for
llwlly py,00 < 1 we have

W) = J(u) /Q Gz, ) dz
N

1
:/QM@W

1=

p(z)

ou
823@'

+ wo(:v)|up($)> dz

1 +
P
2 el

Then, W is coercive, ianl,m.)(Qw) ¥ = ¥(0) = 0 and 0 is the unique global minimizer of V.
Thanks to (3.13) we have

limsup {¥ (&) + ®(¢) }

[€]—0

= limsu wo (@) P(*) Qg — x T — T T
1Hp{/g L ar— [ G do- [ Pg)a }

i wo() 1™ x — x x — x x
<1”§|‘i‘ép{/g 2 o= [ 6.6 do— [ Plga }<o,

that is, O is not a local minimizer of ¥ + ®; so (1.11) is satisfied.

1
For r > 0 sufficiently small, the condition W(u) < r implies that [[ulll; ,.) 0., < (pTr)et,

1
which shows that K (r) < (p*r)»*. Now put r,, = p—ﬂ(g—’é)m. Then, CoK (1,) < by,. By (3.12),

there exists a sequence {£,} C R with &, € [—ay, a,] such that for |, | sufficiently small,

_ [ W) @) gy
n= [ e, da = [ Glat) o

wo () -
< </Q o) da:+M|Q\>\§n\p (4.28)
:d3‘§n‘p7

= dg‘an‘pi.
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It follows from (3.14) that for n large enough,

+

_ 1 /by \P
d3|an|p <F<60) = Tn,

and consequently e, < rp, thatis, (4.21) holds. Noting that F' satisfies the condition (.5), thanks to
(3.15)—(3.16) and (4.26), we obtain

Wz) (rn, —en) > sup F(x,t) ae.in Q, (4.29)

F(x,&n) + 75 ——
1Al L1 ) It <bn

and the inequality (4.29) is strict on a subset of {2 with positive measure. By Proposition 3 and
(4.29), we get (4.22). Therefore, all hypotheses of Theorem 5(c) are satisfied. Consequently, there
exists a sequence {v,} of pairwise distinct local minima of ¥ + ® such that ¥(v,,) — 0. Thus,
llwlly p(y, 0,0 — O, which completes our proof. O
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