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Abstract. This paper is devoted to studying the decay rates of solutions to the nonlinear parabolic
equations
ug + (—1)™ Z oD Pu = VF (u(o(VVNig1) * ), 0.1)

laf=|8]=m

where u(0) = ug € L*(R™), n > 2m, p € N* and v € N with max(p,v) < m — 1. The symbol
* stands for the convolution operator in the space variable and the higher order nabla differential
operator V¥ denotes the vector (D7) =g With ¥ = (71, -+, 7n) € N". The vectorial function ¢

represents a nonlinearity term such that |o(X)| < C|X|™ for some real M > (2m — u)/(n + v)
and NV;: (x,t) — N (z,t) stands for the heat kernel related to the homogeneous operator with
positive constant coefficients aqg.
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1 Preliminaries

The aim of this paper is to study the existence, the LP-decay and the large time behaviour of solutions
to the problem (0.1), where the real function u: (x,t) — u(z,t) is defined on R™ x (0, 00). The

. . . T n _ (v+n—1\ _ (v+n—-1)! _ (pAn—=1\ _ (pt+n—1)!
nonlinear function ¢: R™ — R", where 7 = ( y ) = e 1= ( L ) = =1

and max(u,v) < m — 1, is such that |o(X)| < C|X|M for a non-negative real M satisfying

M > 22:/“ . The function N;: (x,t) — N (x,t) stands for the distributional kernel of the semi-

group e~ *0 associated with the homogeneous operator Ly = (—1)™ Zla\=\ Bl=m aap D of order
2m (m > 1), where the constant coefficients a,g are assumed to be real.

We mention that the following notations will be used throughout this paper. All the computations
will be done on R™ x (0,00) with n > 2m. The differential operator D7 stands for D] =

f?;fl (%?2 e (%’7?1 with z = (21,2, - ,x,) € R™ and the inner product V?.F denotes the higher

divergence of the vectorial field F', where V¢ = (D7) y|=6 stands for the higher nabla differential
operator.

We recall that in [2] we studied the class of elliptic operators Ly, where the coefficients
anp were complex and satisfied the weak ellipticity condition: there exists 6 > 0 such that
Re Zla\=lﬁl=m aapEPEY > 61€*™ for all € € R™, which is equivalent to Garding’s inequality
(see [1, 11]). In particular, it was shown that there exists a constant C' > 0 such that for all ¢ > 0 the
heat kernel \; satisfies the following Gaussian decay

|z|2m ) 1/(2m—1)

DN (z)] < €t (vthiD/2m ool

I

valid for some a > 0 and for all multi-indices v = (71,72, -+ ,7) € N such that |y| =
Y1+ 2 + -+ + v < m — 1. This corresponds to the following LP-estimate for the higher order
derivatives

IIDYN;]|, < Ot 3= (1=1/p)=7l/2m 1.1)

for all p € [1,00] and all |y| < m — 1. Using the estimate (1.1), it was shown in [14] that the
fundamental solution of the heat equation satisfies

< orEU—p-E (1.2)
P

H(DW\/(t) *Up) — (/n ug dx) DN (t)

Our work is motivated by the well-known second order diffusive aggregation equations of the
form uy = Au — V.(u(VW % u)) modelling the Brownian diffusion of particles interacting with a
pairwise potential W (see for example [4, 5, 6, 7, 9, 13, 15] and the references therein). The class
of equations studied in this work could be considered, in some sense, as generalized aggregation
equations of higher order, where the interaction potential is replaced by a nonlinear term with suitable
power growth and depending on the heat kernel associated to the linear part.

Before stating our main results, let us dwell on some recent literature about this kind of equations.
In [13], Karch and Suzuki studied the impact of singularities of the term VW on the solutions. They
also presented the conditions ensuring the local existence, the global existence, and the blow-up in
finite time of solutions to the problem. In [7], Caiiizo, Carrillo and Schonbek established the local-
in-time existence of mild LP-solutions. Precisely, assuming that 1 < p,q < oo (with p + ¢ = pq),
k > 0, up in W*P(R™) and the interaction potential T is such that VI¥ € (L9)™, they proved the
existence of maximal time 0 < T' < oo and the blow-up at T" (with T' < 00) of the unique solution
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u € C([0,T), WrFP(R™)) to the equation. We recall that for 1 < p < co and k € N the Sobolev
space WFP(R") = {u € LP(R™) : DYu € LP(R") for all ¥ € N" such that |y| < k} is a Banach
space equipped with the norm ||. ||, = (lelﬁk |DY.|15) U

We make use of the following fixed point theorem for bilinear forms (see [8]) to show the
existence and the uniqueness of solutions to the problem at hand.

Lemma 1 Let (E, ||.|g) be a Banach space and let F: E x E —s E be a bilinear form such
that || F(ui,u2)||g < Blluil g||uzllg for any (ui,u2) € E x E. Then, for any v € E such that
[vl|g < 1B, the equation u = v+F (u,u) admits a unique solution w in E satisfying ||ul| g < 2v|| g

In the same paper [8], the author proved the existence of a unique global mild solution u in
C([O, 00), L”) (respectively, C([O, 00), Wk’z)) under the hypotheses ug > 0, ug € L' N L and
VW e (Lq ﬂLoo)n (respectively, ug € W*2N L1 N L> for some k > 1, and VIV € (L1 ﬂLoo)n).
This global solution satisfies the following L”-bounds:

u(®)|], < C(1 + 1)~ 201/,
when n < 2k, p > 2, ug € W12 0 L1 0 L% and the W*2-decay
I1DYu(t)|lz < C(1+ t)~(F2m/A,

when k > 1, |y| = k and ug € W52 L1 N L. The initial data ug is considered to be non-negative
and the interaction potential W is such that VIV & (L1 N Loo)n. Also, the following asymptotic
behaviour towards the heat kernel G,

log(t)/vt, ifn=1,
|u(t) = [luolhG(®)]], SC{l/\/{7 ifn > 2,

for all ¢ > 1, was established for the global solution.

Now, let us turn to the goal of this paper. The first part of our work is concerned with the local-in-
time existence and uniqueness of the mild solution to the initial value problem (0.1). More precisely,
under the condition up € LP(IR™), we show that the unique solution is in C((0, c0), W*?(R™)) for
all 0 < k < m — 1. The proof of this result is an adaptation of the argument used, for example, in
[7] or [13], which essentially relies on Lemma 1: consider the equation

u(t) = Ni xug + /t e~ =L (T (u(p(VVNyy1) * 1)) (s) ds (1.3)

0

F(u,u)

in the Banach space of bounded continuous functions BC([0,7), W*P(R")) and prove that the
bilinear form JF satisfies the assumptions of Lemma 1. To achieve this goal, we need the following
useful generalized Holder’s inequality, whose proof relies on the Leibniz formula,

ID7(f9)llr < Crllfllkpllgllr.q: (1.4)

valid for all |y| < k and all f € WFP(R™), g € WF4(R™) with 1/p + 1/q = 1/r, and the
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generalized Young’s inequality

1 gller < 1 fllqllgllrp, (1.5)

valid for all f € LI(R"), g € WKP(R™) with 1 < p,q,7 < occand 1/p+1/qg=1+1/r. Also, a
classical argument based on integration with respect to x and the Fourier transform allows to show
that the unique solution to (0.1) satisfies for all ¢ > 0 the conservation of mass [p, u(z,t) dz =
Jgn wo(x) dz and the contraction property

Ju(®)[|1 < [|uol]1- (1.6)

The second part of our work is devoted to proving the LP-decay of the solution to (0.1) and its
higher order space derivatives by using the Duhamel formula. In precise terms, by combining the
Gaussian upper bounds for the heat kernel with the growth condition of the nonlinear term, we prove
(for some range of p and under some conditions on the parameters p, /) that the following L”-bounds
hold

_n (11
lu(®)]lp < Clluglj1 t 2~ w)

7]

|DYu(@), < O~ 20072

for all v € N™ such that 1 + |y| < m — 1. The approach used to show these results relies on some
technical tools, including a classical Gronwall’s lemma stated as follows.

Lemma 2 (Gronwall) Let A > 0 and let f and g be two positive continuous functions on [0, T
such that f(t) < A+ fg g(s)f(s)ds forallt € [0,T]. Then, f(t) < Aexp(fgg(s) ds) for all
t €1[0,7.

Lastly, we investigate the large time behaviour of the solution to the problem (0.1). We prove

that the asymptotic behaviour is dictated by the heat kernel as follows

[v]+1

| D u(t) = Mo DN (1)l < Ct~ 2 75) oo

This result is proved for ug in the weighted space L' (R™, 1 + |z|) = {f € L'(R") : [p.(1 +
|z|)|f(z)| dz < oo} which is dense in L'(R"). It is worth mentioning that the following well-

known technical lemma (see for example [3]) is needed to handle the second term on the right-hand
side of (1.3).

Lemma 3 Let a, b and c be real numbers such that a < 1, b > 0, ¢ < 1. Then, there exists a
constant C > 0 such that

; e, ifb+c>1, @)
/ (t—s)"%(1+s) s ds <C <t In(1+1), ifb+c=1, (ii)
0 floa=c (14 1)~ ifbte<l. (i)
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2 Short time existence

Before stating the main result, let us give the definition of a solution to the Cauchy problem (0.1)
adopted in this paper.

Definition 1 Let T € (0,4o00] and ug € LP(R™) with 1 < p < oo. By a solution u to the
equation (0.1) we mean a mild LP-solution on [0,T), i.e, u € L},.([0,T), LP(R™)) satisfies the
Duhamel integral formula

loc

u(t) = eoug + /0 e (V¥ (u(p(V Ney1) # 1)) (s) ds @.1)

forallt € (0,T).

Theorem 1 Let p € [1,00] and ug € WHP(R™) with 0 < k < m — 1. Then, there exists a unique
solution u € C([0,T), W*P(R™)) to the problem (0.1).

Proof. LetT > 0and 0 < k < m—1. On the Banach space E := BC([0,T), W"?(R")) endowed
with the norm |[|w|[|x.,, = sup;ejo 1y [[w(t) | k,p, We define the following bilinear form

Flu,) = (=1 /Ot (VN (= 8) = (u(s) (H(V"N (s + 1)) < 6(5)) ) ) ds
fort € [0, 7).

For all t € [0,7) and all multi-indices v € N” such that |y| < k, by Young’s inequality, thanks
to (1.1) and Holder’s property (1.4), we have

1D F )], </tHV“N(t—s)*(D”(u(s)(@(V”N’(s—l—l)) (s ))H ds

< [ 19t 91|27 () (PN 1) w0 ) |

< C/O (t =) 2% [u()llkp (VN (s +1)) % 9(5)| |00 ds.

£(s)
Also, by Young’s inequality (1.5), for all ¢ such that p + ¢ = pg we obtain

£(s) < lp(V"N (s + D)llg 10()llkp
< C|VN (s + 1) 0y 10(8)

—# n—v —n
< C (54 1) 2 I |4

It follows from these estimates that

! — L (g(n+v -n
D7 F(u. ), < € /O<t—s>—z’%<s+1> OO () 1 1186 () [ p s

t
< C/ (t—s) "2 (s+ 1)) lu(s) iy |9() |k ds.
0
Then, by taking the supremum for ¢ € [0,7"), we obtain
[D7F (s ih)llp < C T2 |[[u() 1 () -

To conclude the proof it remains to use Lemma 1 with § = C T™/2™4. ([l
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3 LP-decay of solutions

The following result is concerned with the LP-decay of the solution to the initial value problem (0.1).

Theorem 2 For all p such that n’%ﬂ < p < ;=5 there exists a constant C > 0 such that for all
t > 0 the solution u of (0.1) satisfies

_n (q_1
lu(t)|l, < Clluoll1t am (175)
Proof. From the Duhamel formula (2.1), we derive the following estimate

lu(®)llp < ING * woll, + /0 [VEN(t — ) % (u(s) (9(V"N (s + 1)) * u(s))) ||, ds -

X(t)

According to the contraction property (1.6), the LP-estimates on the kernel (1.1), Young’s and
Holder’s inequalities, we obtain

_n (-1
NG # wollp < [Nillplluolls < Cllully ¢~ 2n %)

and
X(0) < [ [V =) ) (o7 X)) 5]
<0 [ o TN # ) () o)
<€ [t 5 B oA s + D)ol )l s
< © [t s 5 19N + DI Juls) s o)l s

_ (ntv)M

t
< Clluss / (t— 5) % (s + 1)~ "5 flus) | s,
0

where C is a generic constant which may change its value in the sequel. These estimates yield

_ (nt+v)M

t
||u<t>rpsc|uo||1(t‘m“‘iw [ = s+ )5 ol ds),
0

whereupon
t
h(t) < Co+ Cy t”/ (t—s)"2m (s+1)""s "h(s) ds, (3.1)
0
2(t)
where
n+v)M n "
P O ), b = u(t)], and Co = Cllugll.

2m 2m
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Write Z(t) = fo(l_a)t cee f(tl,s)t <o+ 1= 2Z1(t) + Zo(t) for € > 0 small enough. Observe that

and for f(t) = sup,c 4 h(s), we obtain

: . — )R (e~ /2m
Zy(t) < (1—2)t) " f(t) /( N )t(t sy Hmas< U 1)— L/Qn M

It then follows from (3.1) that for all ¢ € (0, 7] we have

F™.

(1—e)t
h(t) < Co + Cy f(t) 4+ CoeH/2m gr—n/2m / (s+1)"" s "h(s)ds, (3.2)
0

—e)—k 1—p/2m . .. .
where C7 = C) (1=¢) 1_(;72)m "™ Notice that the conditions given on the parameters guarantee that

5 < Kk < 1. Now, by taking  small enough to get 0 < C < ¢p < 1 and applying the supremum
for t € (0, 7] on the right- and left-hand side of (3.2), we find the following inequality

(1-e)T
F(T) < Co+ €0 f(T) + Coeh/2m Tr—nfom / (s +1)"7 5% f(s) ds,
0

which for all 7 € [0, T'] implies that

Co Co g—u/Qm TH—;,L/QTTL
<
f(T)_1*60+ 1—¢g

-
/ (s+1)""s "f(s)ds. (3.3)
0

Applying weakly singular Gronwall’s lemma (see Lemma 2) to (3.3), yields

f(T) < Aexp (B /OT(S +1)7Ts" ds)

with A = ;%2 and B = Cos " T2 Consequently, for all € [0, T,

lu()]l, < €730,

where C' = A exp(B fOT(s + 1) " s " ds). O

Comments 1 (1) For the constant C we have the following estimates

eB, if T+rK>1,
C <A (1+T7)°B, if T+r=1,
exp (eBTV"(1+T)™7), if 7+rk<1

(2) The second part of the proof of Theorem 2 allows to state the following technical result (non-
classical Gronwall’s lemma): Let K > 0,9 > 0,0 < A < 0 < 1 and let f be a positive
continuous function on [0, T'] such that for all t € (0,T),

t
ft) < K(t_g +/ (t— ) Ms+1)"°f(s) ds).
0
Then, there exists a constant C' > 0 such that for all t € (0,T] we have
ft)y<CKt™?,

The arguments used are an adaptation of the ones employed in, for example, [10, 12].
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(3) Ifup € LY*(R™) N LP(R™), then we obtain the following LP-decay:
u(t)]lp, < C|luollp exp (C”U0||1 tl_ﬂ/Qm)‘
Indeed, as before, | Ny  uol, < [|INi|1]|uoll, < Clluoll, and

_ (n4+v)M

t
IIU(t)IIp§C||u0|p+0|w)||1/0(t—S)_;n(SJrl) 2 u(s)llp ds

t
< C||u0|p+CIUOII1/O (t = )77 [[u(s)||p ds,

34

which implies (3.4) according to the following Gronwall’s lemma (see, for example, [7, 12]): Let
A, B and X be real numbers such that A > 0, B > 0,0 < A < 1l and let f: [0,T] — [0, 00)
(where T' € [0,00]) be a continuous function satisfying f(t) < A+ B fg(t —5)" f(s)ds
forallt € [0,T). Then, there exists a constant C > 0 such that for all t € [0,T), we have

f(t) < Aexp(B ).

4 Large time behaviour

The main result of this section deals with the asymptotic behaviour of solutions to (0.1). We show

that the higher derivatives of solutions behave like the heat kernel in the following sense.

Theorem 3 Let v € N" be such that ju+ |y| < m — 1. Then, for all 77 < p <

a constant C' > 0 such that for all t > 0 we have
n 7]
|DMu(t)ll, < €+ B "
and 1y_ Il
n 0l
| DYult) = Mo DYN (1)l < C 1217072 (1),
where Mo = [, uo(z) dz and
g—1/2m, if M > 2,
Pt) = 72 In(1 + 1), if M = 2
max (t_l/Qm, — H+(n+21/r)nlw—2m)’ ifzgr_u” <M< nQJTV

n—2m

there exists

.1

4.2)

Proof.  'We begin by giving the upper bounds for higher order derivatives. According to (2.1), for all

multi-indices v € N such that 1 + |y| < m — 1 we have

DYu(t) = (DY N % ug) + /0 (DVN(t — 5) * V* (u(@(VVNay1) * u))) (s)ds.

Using (1.1), we obtain
1D u(t)|lp < [I1DT N * uollp + A(t)
< | DY Nellplluoll + A(t)
< Clluglly t~am (1=1/P)=Ivl/2m A(t),
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where

t
A(t) = /0 |[VH(DYN(t = ) * (u(s) (9(V*N (s + 1)) * u(s))) Hp ds. 4.3)
One the other hand, the computations on .A(¢) yield
Alt) < /0 IV (DN (¢ = 5)) lIp [[u(s) (V"N (s + 1)) = u(s)) [l ds

< /O V(DN (= 8)) Il [u(s)lp 19 (V"N (s + D) llq luls)1 ds
(where 1/p+1/¢=1)

t
< ||uoH1/0 IV*(DIN (= 9)) Iy lu(s)llp V7N (s + 1) gas ds

L(l_%)_ll«+|’ﬂ n

t L .
< C ||U(]”1/ (t — S)_2m 2m S_Tm(l_g) (1 + S)_(l_ﬁ_m) ds
0

n ptv| 122

< CHUOHltl_’Tq_ Im (1+t)—(1—m—rﬁlq) < Ot~ 2w (I=1/p)=hl/2m

thanks to (iii) of Lemma 3.

To prove (4.2), we use an approach similar to the above one and a density argument. Suppose
that ug € L' (R", 1+ |z|) and let the multi-index ~ be such that /1 + || < m — 1. Then, we have

DVu(t) — Mo DYN(t) = (DTN (t) % uo) — Mo DYN (t))+

+ /Ot (VM(D’Y/\/’(t —5)) * (u(s) (e(VVN(s+1)) * u(s)))) ds;

|Du(t) — My DIND)]|, < A(t) + B(o),

where B(t) := ||(DTN(t) * ug) — Mo DTN (t) Hp and A(t) is given by (4.3).
First, for the fundamental solution of the heat equation, (1.2) implies

L(l_l)_M_L

B(t) S Ct_Qm P 2m  2m |

As before, the estimates on the term A(t) yield

t n +]~v| (n4v)M n n
A(t) S C HUOHI/ (t _ S)*(er‘Lzm’Y )(1 + 8)7( 2m 7%) s 2mq ds
0
tmn/2m, if M > 2

n+v’
o1y Il _ . 2
< C||ug|jit 2w "2m WQT(”In)(l—i—t), if M= 2m
+(n+v)M . _
I‘MT, if 2R o ) < 21

n+v n+4v’

thanks to Lemma 3. These bounds imply (4.2) for ug € ! (]R”, 1+ |x\) and Theorem 3 is then
completely proved by using the density of L' (R", 1+ |z]) in L' (R™). O



84 Bashir Ahmad et al., J. Nonl. Evol. Equ. Appl. 2018 (2019) 75-84

References

[1] S. Agmon, Lectures on elliptic boundary problems, Van Nostrand, 1965.

[2] P. Auscher, M. Qafsaoui, Equivalence between regularity theorems and heat kernel estimates
for higher order elliptic operators and systems under divergence form, Journal of Functional
Analysis 177 (2000), no. 2, 310-364.

[3] H.-O. Bae, B. J. Jin, Asymptotic behavior for the Navier—Stokes equations in 2D exterior
domains, Journal of Functional Analysis 240 (2006), no. 2, 508-529.

[4] A. L. Bertozzi, J. A. Carrillo, T. Laurent, Blow-up in multidimensional aggregation equations
with mildly singular interaction kernels, Nonlinearity 22 (2009), no. 3, 683-710.

[5] A. L. Bertozzi, T. Laurent, Finite-time blow-up of solutions of an aggregation equation in R",
Communications in Mathematical Physics 274 (2007), no. 3, 717-735.

[6] P. Biler, Existence and nonexistence of solutions for a model of gravitational interaction of
particles 111, Colloquium Mathematicum 68 (1995), no. 2, 229-239.

[7] J. A. Caiiizo, J. A. Carrillo, M. E. Schonbek, Decay rates for a class od diffusive-dominated
interaction equations, Journal of Mathematical Analysis and Applications 389 (2012), no. 1,
541-557.

[8] M. Cannone, Ondelettes, paraproduits et Navier—Stokes, Diderot Editeur, Paris, 1995.

[9] J. A. Carrillo, R. J. McCann, C. Villani, Kinetic equilibration rates for granular media and
related equations: entropy dissipation and mass transportation estimates, Revista Matematica
Iberoamericana 19 (2003), no. 3, 971-1018.

[10] T. Cazenave, A. Haraux, Introduction aux problémes d’évolution semi-linéaires, Ellipses, Paris,
1990.

[11] A. Friedman, Partial differential equations, R.E. Krieger Publishing Company, 1983.

[12] D. Henry, Geometric theory of semilinear parabolic equations, Lecture Notes in Mathematics,
vol. 840, Springer-Verlag, Berlin-Heidelberg-New York, 1981.

[13] G. Karch, K. Suzuki, Blow-up versus global existence of solutions to aggregation equations,
Applicationes Mathematicae 38 (2011) 243-258.

[14] M. Kirane, M. Qafsaoui, On the asymptotic behavior for convection-diffusion equations associ-
ated to higher order elliptic operators under divergence form, Revista Mateméatica Complutense
15 (2002), no. 2, 585-598.

[15] T. Laurent, Local and global existence for an aggregation equation, Communications in Partial
Differential Equations 32 (2007) 1941-1964.



