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Abstract. In this paper, we investigate the existence and uniqueness of doubly weighted pseudo
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1 Introduction

The notion of almost automorphy was introduced by Bochner in [5] in relation to some aspects of
differential geometry, and is known as an important generalization of the classical almost periodicity
in the sense of Bohr. Since then, this concept has undergone various natural and useful generalizations.
For example, Xiao et al. in [25] introduced the concept of pseudo almost automorphy. After
that, the concept of weighted pseudo almost automorphic functions was introduced by Blot et
al. [6]. Further, Chang et al. [10] introduced the notion of Stepanov-like weighted pseudo almost
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automorphic functions and established the existence of weighted pseudo almost automorphic solutions
with Stepanov-like weighted pseudo almost automorphic forcing term. The existence of almost
automorphic, pseudo almost automorphic and weighted pseudo almost automorphic solutions of
fractional differential equations is one of the most attractive topic in qualitative theory of differential
equations due to a lot of applications and significance in mechanical, physics, control theory, and
mathematical biology etc. Therefore, many authors have made important contributions to the theory
of pseudo almost automorphic and weighted pseudo almost automorphic solutions to some fractional
differential equations (see [1, 3, 6, 10, 12, 22, 26]).

Differential equations with iterated deviating arguments have many applications in automatic
control, the problems of long term planning in economics, the theory of self-oscillating systems, and
other areas of science. For an admirable introduction to differential equations involving deviating
arguments and iterated deviating arguments, we refer to [8, 14, 15, 17, 19]. On the other hand, it is
understood that integro-differential equations provide suitable models to many situations arising from
science and engineering such as electrical circuit analysis, the activity of interacting inhibitory and
excitatory neurons. Fractional integro-differential equations can also be used to model the dynamics
system which is slower and faster. The problems considered in this paper may be thought as abstract
formulations of general form of fractional relaxation/oscillation partial differential equations.

The fractional order differential equations provide a subject of increasing interest in different
context and areas of research (see [1, 3, 8, 9, 12, 13, 21, 22]). We are inspired to study double weighted
pseudo almost automorphic mild solutions to the systems (1.1) and (1.2) by recent investigations
on this topic. Indeed, in the paper [3], Pardo and Lizama established the existence of weighted
pseudo almost automorphic solutions in a special case when F (t, y(t)) = F (t, y(t), y(w1(t, y(t)))),
where w1(t, y(t)) = b1(t, y(b2(t, · · · , y(bm0(t, y(t))) · · · )), with a single weight function and in
[19] Kumar et al. obtained the existence results for piecewise continuous mild solutions with iterated
deviating arguments. In [12], Diagana introduced the concept of double weighted pseudo almost
periodic functions.

In this paper, we will use the concept of double weights introduced by Diagana to establish the
existence and uniqueness of weighted pseudo almost automorphic mild solutions for the following
classes of two-term time-fractional differential equations with iterated deviating arguments and
integral forcing terms

Dµ+1
t y(t) + βDν

t y(t) =Ay(t) +Dµ
t F (t, y(t), y(w1(t, y(t)))) (1.1)

and

Dµ+1
t y(t) + βDν

t y(t) =Ay(t) +Dµ
t F1

(
t, y(t),

∫ t

−∞
K(t− s)h(s, y(s)) ds

)
, (1.2)

where 0 < µ ≤ ν ≤ 1, β ≥ 0, t ≥ 0, w1(t, y(t)) = b1(t, y(b2(t, · · · , y(bm0(t, y(t))) · · · ))), and
A : D(A) ⊂ X → X is a sectorial operator of angle νπ/2. The forcing terms F, F1, h and bi, i =
1, 2, 3, . . . ,m0 are suitable functions satisfying some appropriate conditions in their arguments
mentioned later in assumptions. Here, Dη

t represents Weyl fractional derivative of order η and
K ∈ L1(R) with |K(t)| ≤ CKe−bt, where b, CK > 0.

The rest of this paper is organized as follows. In Section 2, we recall some fundamental results
about the notion of weighted pseudo almost automorphic functions. Section 3 is devoted to the
main results ensuring the existence and uniqueness of mild solutions for two-term time-fractional
differential equations. At last, we will provide an example to show the feasibility of the theory
discussed in this paper.
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2 Preliminaries

In this section, we recall some definitions and basic results which are used throughout the paper. Let
X be a Banach space. Suppose that B(R,X), C(R,X) and BC(R,X) symbolize the collections of
bounded functions, continuous and continuous and bounded functions from R to X, respectively.

Define gµ(t) for µ > 0 by

gµ(t) =


1

Γ(µ)
tµ−1, if t > 0,

0, if t < 0,

where Γ denotes the gamma function. The function gµ has the property: gα ∗ gµ = gα+µ; here
∗ denotes the convolution defined by (f ∗ g)(t) =

∫ t
0 f(t − s)g(s) ds for appropriate functions f

and g.

Definition 1 Weyl fractional integral of an appropriate function f : R → X of order µ > 0 is
defined by

Jµt f(t) =

∫ t

−∞
gµ(t− τ)f(τ) dτ, t > 0, t ∈ R,

when the integral is convergent.

Definition 2 Weyl fractional derivative of an appropriate function function f : R → X of order
µ > 0 is defined by

Dµ
t f(t) =

dm

dtm

∫ t

−∞
gm−µ(t− τ)f(τ) dτ, t > 0, t ∈ R,

where m = [µ] + 1. It is known that Dµ
t J

µ
t f(t) = f(t) for any µ > 0. For more details see Miller

and Ross [21].

Definition 3 A densely defined closed linear operator A is said to be sectorial of type ω and angle θ
if there exist θ ∈ [0, π2 ),M > 0, ω ∈ R such that its resolvent exists in the sector

ω + Σθ :=
{
ω + λ : λ ∈ C, | arg(λ)| < π

2
+ θ
}
\ {ω}

and

‖(λ−A)−1‖ ≤ M
|λ− ω|

, λ ∈ ω + Σθ. (2.1)

These operators are generators of analytic semigroups. We can say that A is a sectorial of angle
π
2 + θ in the case of ω = 0. It is not necessary that (2.1) holds in a sector of angle π

2 in the general
theory of sectorial operators. So, we have to make some restrictions that correspond to the class of
operators used in this paper. For more details see [16].
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Definition 4 ([18]) Let β ≥ 0 and 0 ≤ µ, ν ≤ 1. Let A be a closed linear operator on a Banach
space X with the domain D(A). Then, A is said to be the generator of a (µ, ν)β-regularized
family if there exist ω ≥ 0 and a strongly continuous function Sµ,ν : R+ → B(X) such that
{λµ+1 + βλν : Reλ > ω} ⊂ %(A) (the resolvent set of A) and

H(λ)y = λβ(λµ+1 + βλν −A)−1y =

∫ ∞
0

e−λtSµ,ν(t)y dt, Reλ > ω, y ∈ X.

By the uniqueness theorem for the Laplace transform, if β = 0 and µ = 0 this corresponds to the
case of a C0-semigroup, whereas β = 0 and µ = 1 corresponds to the concept of cosine family. We
refer to the monograph [4] for more information about Laplace approach to semigroups and cosine
families.

Lemma 1 ([18]) Let β ≥ 0 and 0 ≤ µ, ν ≤ 1. There exist Laplace transformable functions
aµ,ν ∈ C1(R+) and kµ,ν ∈ C1(R+) such that âµ,ν(λ) = 1

λµ+1+βλν
and k̂µ,ν(λ) = λµ

λµ+1+βλν
.

From the above result we note that aµ,ν = gµ ∗ kµ,ν . Moreover, kµ,ν(0) = 1 and kµ,ν is a
differential function (see [18] for an explicit representation).

Proposition 1 ([18]) Let β ≥ 0 and 0 ≤ µ, ν ≤ 1. Let Sµ,ν(t) be a (µ, ν)β-regularized family
generated by A on X. Then, the following conditions hold true.

(i) Sµ,ν(t) is strongly continuous and Sµ,ν(0) = I .

(ii) Sµ,ν(t)y ∈ D(A) and ASµ,ν(t)y = Sµ,ν(t)Ay for all y ∈ D(A) and t ≥ 0.

(iii) Let y ∈ X and t ≥ 0. Then,
∫ t

0 aµ,ν(t− s)Sµ,ν(s)y ds ∈ D(A) and

Sµ,ν(t)y = kµ,ν(t)y +A

∫ t

0
(gµ ∗ kµ,ν)(t− s)Sµ,ν(s)y ds. (2.2)

(iv) We have Sµ,ν(t)y ∈ C1(R+,X) for some y ∈ D(A).

Theorem 1 ([18]) Let β > 0, ω < 0 and 0 < µ ≤ ν ≤ 1. If A is an ω-sectorial operator of angle
νπ
2 , then A generates a (µ, ν)β-regularized family Sµ,ν(t) satisfying the estimate

‖Sµ,ν(t)‖ ≤ M

1 + |ω|(tµ+1 + βtν)
= Jµ,ν(t), t ≥ 0, (2.3)

where M is a constant depending solely on µ, ν.

Let U be the collection of all positive and locally integrable functions ρ : R → (0,∞). For a
given r and for each ρ ∈ U, we set w(r, ρ) =

∫ r
−r ρ(t) dt. The spaces of weights are given by

U∞ :=
{
ρ ∈ U : lim

r→∞
w(r, ρ) =∞

}
and

UB :=
{
ρ ∈ U∞ : ρ is bounded and inf

t∈R
ρ(t) > 0

}
.

We can observe that UB ⊂ U∞ ⊂ U.
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Definition 5 Let ρ1, ρ2 ∈ U∞. Then, ρ1 and ρ2 are said to be equivalent, i.e. ρ1 ∼ ρ2, if ρ1ρ2 ∈ UB .

It is clear that “∼” is a binary equivalence relation on U∞. For a given weight ρ ∈ U∞
let CL(ρ) be the equivalence class of ρ, that is, CL(ρ) := {ρ∗ ∈ U∞ : ρ ∼ ρ∗}. Moreover,
U∞ =

⋃
ρ∈U∞ CL(ρ). Further, for ρ1 ∈ U∞ we define

PAAρ1(R,X) :=

{
f ∈ BC(R,X) : lim

r→∞

1

w(r, ρ1)

∫ r

−r
‖f(t)‖ρ1(t) dt = 0

}
.

Particularly, for ρ1, ρ2 ∈ U∞, we define

PAAρ1,ρ2(R,X) :=

{
f ∈ BC(R,X) : lim

r→∞

1

w(r, ρ1)

∫ r

−r
‖f(t)‖ρ2(t) dt = 0

}
.

Similarly,

PAAρ1,ρ2(R× X,X)

:=

{
f ∈ BC(R× X,X) : lim

r→∞

1

w(r, ρ1)

∫ r

−r
‖f(t, y)‖ρ2(t) dt = 0 uniformly in y ∈ X

}
.

For given ρ ∈ U∞ and τ ∈ R define ρτ by ρτ (t) = ρ(τ + t) for t ∈ R. Set

V∞ = {ρ ∈ U∞ : ρ ∼ ρτ for each t ∈ R}.

Remark 1 It is trivial to see that PAAρ1,ρ2(R,X) = PAAρ2,ρ1(R,X) = PAAρ1(R,X), when
“ρ1 ∼ ρ2”. The space PAAρ1,ρ2(R,X) is more general and richer than PAAρ1(R,X) and gives rise
to an enlarged space of weighted pseudo almost automorphic functions.

Definition 6 A function f ∈ C(R,X) is almost automorphic (in Bochner’s sense) if for each sequence
of real numbers {τ ′n}, there exists a subsequence {τn} such that g(t) = limn→∞ f(t+ τn) is well-
defined for each t ∈ R, and f(t) = limn→∞ g(t− τn).

The set of all such functions, denoted by AA(R,X), constitutes a Banach space when equipped
with the supremum norm.

Definition 7 A function f ∈ C(R×X,X) is called almost automorphic if f(t, y) is almost automor-
phic for each t ∈ R uniformly in y ∈ K for a bounded subset K of X. The set of all such functions is
denoted by AA(R× X,X).

Definition 8 ([11]) The Bochner transform f b(t, s), s ∈ [0, 1], t ∈ R, of a function f : R → X is
defined by f b(t, s) = f(t+ s).

Definition 9 The space of all Stepanov bounded functions with exponent p ∈ [1,∞), denoted by
BSp(R,X), consists of all measurable functions f : R→ X such that f b ∈ L∞(R, Lp([0, 1],X)). It
constitutes a Banach space with the norm

‖f‖Sp = ‖f b‖L∞(R,Lp) = sup
t∈R

(∫ t+1

t
‖f(ξ)‖p dξ

) 1
p

.
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Definition 10 ([23]) The space of Stepanov-like almost automorphic functions, denoted by
SpAA(R,X), consists of all f ∈ BSp(R,X) such that f b ∈ AA(R, Lp([0, 1],X)). In other
words, a function f ∈ Lploc(R,X) is a Stepanov-like almost automorphic if its Bochner transform
f b : R → Lp([0, 1],X) is almost automorphic in the sense that for every sequence {τ ′n} of real
numbers there exist a subsequence {τn} and a function g ∈ Lploc(R,X) such that

lim
n→∞

[ ∫ t+1

t
‖f(s+ τn)− g(s)‖p ds

] 1
p

= 0

and

lim
n→∞

[ ∫ t+1

t
‖g(s− τn)− f(s)‖p ds

] 1
p

= 0

for all t ∈ R as n→∞.

Definition 11 ([23]) A function f : R × X → X with f(., y) ∈ Lp(R,X) for each y ∈ X is said
to be Stepanov-like almost automorphic function in t ∈ R, uniformly for y ∈ X, if t 7→ f(t, y) is
Stepanov-like almost automorphic for each y ∈ X; in other words, if for every sequence {τ ′n} of real
numbers there exist a subsequence {τn} and g(., y) ∈ Lploc(R,X) such that

lim
n→∞

[ ∫ t+1

t
‖f(s+ τn, y)− g(s, y)‖p ds

] 1
p

= 0

and

lim
n→∞

[ ∫ t+1

t
‖g(s− τn, y)− f(s, y)‖p ds

] 1
p

= 0

for all t ∈ R and y ∈ X as n→∞. The collection of all such functions, denoted by SpAA(R×X,X),
is a Banach space with the norm ‖.‖Sp .

Remark 2 ([7]) It can be observed that if f is almost automorphic, then f is Stepanov-like almost
automorphic, i.e., AA(R,X) ⊂ SpAA(R,X) (see [2]). Moreover, let 1 ≤ p ≤ q < ∞. If
f ∈ SqAA(R,X), then f ∈ SpAA(R,X).

Definition 12 A function f ∈ BC(R,X) (respectively, BC(R×X,X)) is said to be weighted pseudo
almost automorphic if it has a decomposition of the form f = φ+ ψ, where φ ∈ AA(R,X) (respec-
tively, φ ∈ AA(R × X,X)) and ψ ∈ PAAρ1,ρ2(R,X) (respectively, ψ ∈ PAAρ1,ρ2(R × X,X)).
The collection of all such functions, denoted byWPAAρ1,ρ2(R,X) (respectively,WPAAρ1,ρ2(R×
X,X)), is a Banach space.

Definition 13 A function f ∈ BSp(R,X) is called Stepanov-like weighted pseudo almost au-
tomorphic if it has a decomposition of the form f = φ + ψ, where φ ∈ SpAA(R,X) and
ψb ∈ PAAρ1,ρ2(R, Lp([0, 1],X)), i.e.,

lim
r→∞

1

w(r, ρ1)

∫ r

−r

(∫ t+1

t
‖f(s)‖p ds

) 1
p

ρ2(t) dt = 0.

In other words, a function f ∈ Lploc(R,X) is Stepanov-like weighted pseudo almost automorphic if
its Bochner transform f b : R → Lp([0, 1],X) is weighted pseudo almost automorphic. We denote
the collection of all such functions by SpWPAAρ1,ρ2(R,X).
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Definition 14 A function f ∈ BSp(R × X,X) is called Stepanov-like weighted pseudo almost
automorphic if it has a decomposition of the form f = φ + ψ, where φ ∈ SpAA(R × X,X)
and ψb ∈ PAAρ1,ρ2(R × X, Lp([0, 1],X)). We denote the collection of all such functions by
SpWPAAρ1,ρ2(R× X,X).

Lemma 2 ([1]) Let ρ1, ρ2 ∈ V∞. Then, the space PAAρ1,ρ2(R, Lp([0, 1],X)) is translation invari-
ant and the decomposition of a Stepanov-like almost automorphic function is unique. Moreover, the
space SpWPAAρ1,ρ2(X) is a Banach space when endowed with the norm ‖.‖Sp .

Lemma 3 Let ρ1, ρ2 ∈ V∞. Then, we have WPAAρ1,ρ2(R,X) ⊂ SpWPAAρ1,ρ2(R,X) and
SqWPAAρ1,ρ2(R,X) ⊂ SpWPAAρ1,ρ2(R,X) for 1 ≤ p ≤ q <∞.

Proof. The proof is similar to the proofs of Propositions 4.1 and 4.2 in [7]. So, the details are
omitted here. �

Lemma 4 ([9]) Let {S(t)}t≥0 ⊂ B(X) be a strongly continuous family of bounded and linear
operators such that ‖S(t)‖ ≤ σ(t), t ∈ R+, where σ ∈ L1(R+) is non-decreasing. Then, for each
f ∈ SpAA(R,X), we have ∫ t

−∞
S(t− s)f(s)ds ∈ AA(R,X).

Let us make the following assumptions.

(A1) Let f = φ + ψ be in SpWPAAρ1,ρ2(R × X × X,X) with φ ∈ SpAA(R × X × X,X) and
ψb ∈ PAAρ1,ρ2(R × X × X, Lp([0, 1],X)). Moreover, assume that there exist constants
Lf , Lφ > 0 such that for each yi, zi ∈ X, i = 1, 2, t ∈ R we have

‖f(t, y1, z1)− f(t, y2, z2)‖ ≤ Lf (‖y1 − y2‖+ ‖z1 − z2‖)

and

‖φ(t, y1, z1)− φ(t, y2, z2)‖ ≤ Lφ(‖y1 − y2‖+ ‖z1 − z2‖).

(A2) The functions bi = φi + ψi contained in SpWPAAρ1,ρ2(R × X,X) are such that φi ∈
SpAA(R × X,X) are uniformly continuous in a bounded set K ⊂ X for all t ∈ R and
ψbi ∈ PAAρ1,ρ2(R× X, Lp([0, 1],X)). Moreover, there exist positive constants Lbi such that

‖bi(t, y)− bi(t, z)‖ ≤ Lbi‖y − z‖

for all y, z ∈ X, t ∈ R and i = 1, 2, 3, . . . ,m0.

(A3) Let h = φ+ψ in SpWPAAρ1,ρ2(R×X,X) be such that φ ∈ SpAA(R×X,X) is uniformly
continuous in a bounded set K ⊂ X for all t ∈ R and ψb ∈ PAAρ1,ρ2(R× X, Lp([0, 1],X)).
Moreover, assume that there exists a positive constant Lh such that

‖h(t, y)− h(t, z)‖ ≤ Lh‖y − z‖

for all y, z ∈ X, t ∈ R.

Theorem 2 ([26]) Let ρ1, ρ2 ∈ V∞. Assume that f satisfies (A1). Moreover, assume that G1 =
g1+h1 andG2 = g2+h2 are contained in the set SpWPAAρ1,ρ2(R,X) with g1, g2 ∈ SpAA(R,X),
hb1, h

b
2 ∈ PAAρ1,ρ2(R, Lp([0, 1],X)) and {g1(t) : t ∈ R}, {g2(t) : t ∈ R} are compact in X. Then,

f(·, G1(·), G2(·)) ∈ SpWPAAρ1,ρ2(R,X).
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3 Main results

We consider the two term time-fractional order linear differential equation (linear version of (1.1)
or (1.2))

Dµ+1
t y(t) + βDν

t y(t) = Ay(t) +Dµ
t f(t). (3.1)

The following theorem established in [3] guarantees the existence of mild solutions of equa-
tion (3.1).

Theorem 3 Let A be a generator of the (µ, ν)β-regularized family {Sµ,ν(t)}t≥0. Then, equation
(3.1) admits a mild solution given by

y(t) =

∫ t

−∞
Sµ,ν(t− s)f(s) ds, t ∈ R, (3.2)

provided that {Sµ,ν(t)}t≥0 exists and is integrable.

The following definition is inspired by the above representation of mild solutions for the prob-
lem (3.1) established by Alvarez-Pardo and Lizama in [3].

Definition 15 Let A be a generator of the (µ, ν)β-regularized family {Sµ,ν(t)}t≥0. A function
y : R→ X defined by

y(t) =

∫ t

−∞
Sµ,ν(t− s)F (s, y(s), y(w1(s, y(s)))) ds, t ∈ R, (3.3)

is called a mild solution of (1.1).

Definition 16 Let A be a generator of the (µ, ν)β-regularized family {Sµ,ν(t)}t≥0. A function
y : R→ X defined by

y(t) =

∫ t

−∞
Sµ,ν(t− s)F1

(
s, y(s),

∫ s

−∞
K(s− ξ)h(ξ, y(ξ)) dξ

)
ds, t ∈ R, (3.4)

is called a mild solution of (1.2).

3.1 Results for linear systems

The following theorem is the main result for the linear case.

Theorem 4 Let ρ1, ρ2 ∈ V∞. Let f = φ + ψ be in SpWPAAρ1,ρ2(R,X) with φ ∈ SpAA(R,X)
and ψb ∈ PAAρ1,ρ2(R, Lp([0, 1],X)). Then, equation (3.1) admits a weighted pseudo almost
automorphic mild solution.
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Proof. Define a map

Λf(t) :=

∫ t

−∞
Sµ,ν(t− s)f(s) ds. (3.5)

From Theorem 3 we know that Λf(t) is a mild solution of (3.1). Next, we show that Λf(t) ∈
WPAAρ1,ρ2(R,X). Since f = φ+ ψ ∈ SpWPAAρ1,ρ2(R,X), we have

Λf(t) =

∫ t

−∞
Sµ,ν(t− s)f(s) ds =

∫ t

−∞
Sµ,ν(t− s)φ(s) ds+

∫ t

−∞
Sµ,ν(t− s)ψ(s) ds

=Λφ(t) + Λψ(t),

where

Λφ(t) =

∫ t

−∞
Sµ,ν(t− s)φ(s) ds and Λψ(t) =

∫ t

−∞
Sµ,ν(t− s)ψ(s) ds.

By Theorem 1, we have

‖Sµ,ν(t)‖ ≤ M

1 + |ω|(tµ+1 + βtν)
, t ≥ 0. (3.6)

For 0 < µ ≤ ν ≤ 1 we note that σ(t) := M
1+|ω|(tµ+1+βtν)

∈ L1(R+) is non-decreasing. Then, we
conclude by Lemma 4 that Λφ ∈ AA(R,X). Next, we show that Λψ ∈ PAAρ1,ρ2(R,X). We define

Λnψ(t) =

∫ t−n

t−n−1
Sµ,ν(t− s)ψ(s) ds,

where n = 0, 1, 2, . . .. Then,

‖Λnψ(t)‖ ≤
∫ n+1

n
‖Sµ,ν(s)‖‖ψ(t− s)‖ ds

≤
∫ n+1

n

M

1 + |ω|(sµ+1 + βsν)
‖ψ(t− s)‖ ds

≤ M

1 + |ω|(nµ+1 + βnν)

(∫ n+1

n
‖ψ(t− s)‖ ds

) 1
p

.

Therefore, we have

1

w(r, ρ1)

∫ r

−r
‖Λnψ(t)‖ρ2(t) dt

≤ M

1 + |ω|(nµ+1 + βnν)

1

w(r, ρ1)

∫ r

−r

(∫ n+1

n
‖ψ(t− s)‖ ds

) 1
p

ρ2(t) dt.

By the translation invariance property of PAAρ1,ρ2(R,X), it follows that ψb ∈ PAAρ1,ρ2(R,
Lp([0, 1],X)). Moreover, the above inequality leads to the conclusion that Λnψ ∈ PAAρ1,ρ2(R,X)
for n = 0, 1, 2, . . .. Further, the last estimation implies that

‖Λnψ(t)‖ ≤ M

1 + |ω|(nµ+1 + βnν)
‖ψ‖Sp .
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Since 0 < µ, ν ≤ 1, we have 1 < µ+ 1 < 2, and therefore

Iµ,ν :=

∫ ∞
0

1

1 + |ω|(sµ+1 + βsν)
ds <∞. (3.7)

Then,

∞∑
n=0

M

1 + |ω|(nµ+1 + βnν)
≤
(
M +

∞∑
n=1

∫ n

n−1

M

1 + |ω|(sµ+1 + βsν)
ds

)
≤M +

∫ ∞
0

M

1 + |ω|(sµ+1 + βsν)
ds

≤M(1 + Iµ,ν) <∞.

We conclude by the Weierstrass M-test that the series
∑∞

n=0 Λnψ(t) converges uniformly on R.
Moreover,

∞∑
n=0

Λnψ(t) =

∫ t

−∞
Sµ,ν(t− s)ψ(s) ds = Λψ(t).

We note that

‖Λψ(t)‖ ≤
∞∑
n=0

‖Λnψ(t)‖ ≤M(1 + Iµ,ν)‖ψ‖Sp .

Now, for a fixed n0 ∈ N (the set of natural numbers) we have

1

w(r, ρ1)

∫ r

−r
‖Λψ(t)‖ρ2(t) dt

≤ 1

w(r, ρ1)

∫ r

−r

∥∥∥∥Λψ(t)−
n0∑
k=0

Λkψ(t)

∥∥∥∥ρ2(t) dt+

n0∑
k=0

1

w(r, ρ1)

∫ r

−r
‖Λkψ(t)‖ρ2(t) dt.

Since the series
∑∞

k=0 Λkψ(t) converges uniformly to Λψ(t) and Λkψ(t) ∈ PAAρ1,ρ2(R,X), we
conclude that

1

w(r, ρ1)

∫ r

−r
‖Λψ(t)‖ρ2(t) dt = 0.

It implies that Λψ(t) =
∑∞

n=0 Λnψ(t) ∈ PAAρ1,ρ2(R,X). This completes the proof. �

3.2 Results for nonlinear systems

Now, we establish the existence and uniqueness of weighted pseudo almost automorphic mild
solutions for (1.1) and (1.2) when the forcing terms F, F1, h and bi, where i = 1, 2, 3, . . . ,m0,
satisfy Lipschitz type conditions.

Lemma 5 Let ρ1, ρ2 ∈ V∞. Assume that h ∈ SpWPAAρ1,ρ2(R× X,X) satisfies (A3). Then, for
y(t) ∈ SpWPAAρ1,ρ2(R,X), we have

Ψh(t) :=

∫ t

−∞
K(t− s)h(s, y(s)) ds ∈ SpWPAAρ1,ρ2(R,X). (3.8)
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Proof. Since y ∈ SpWPAAρ1,ρ2(R,X), by Theorem 2.18 in [3], we conclude that g(·) =
h(·, y(·)) ∈ SpWPAAρ1,ρ2(R,X). Further,

Ψg(t) =

∫ t

−∞
K(t− s)g(s) ds =

∫ t

−∞
K(t− s)g1(s) ds+

∫ t

−∞
K(t− s)g2(s) ds

=Ψg1(t) + Ψg2(t),

where g1 ∈ SpAA(R,X) and gb2 ∈ PAAρ1,ρ2(R, Lp([0, 1],X)). We show that Ψg1(t) ∈
SpAA(R,X) and Ψg2(t) ∈ PAAρ1,ρ2(R, Lp([0, 1],X)). It easy to check that Ψg is bounded
and continuous.

For a sequence {τ ′n} chose a subsequence {τn} and g′1 ∈ L
p
loc(R,X). Using Fubini’s theorem,

we have∫ r+1

r
‖Ψg1(t+ τn)−Ψg′1

(t)‖p dt

=

∫ r+1

r

∥∥∥∥∫ t+τn

−∞
K(t+ τn − s)g1(s) ds−

∫ t

−∞
K(t− s)g′1(s) ds

∥∥∥∥p dt

=

∫ r+1

r

∥∥∥∥∫ t

−∞
K(t− s)[g1(s+ τn)− g′1(s)] ds

∥∥∥∥p dt

≤
∫ r+1

r

∫ ∞
0
|K(s)|p‖g1(t+ τn − s)− g′1(t− s)‖p ds dt

≤
∫ r+1

r
‖g1(t+ τn − s)− g′1(t− s)‖p dt

(∫ ∞
0
|K(s)|p ds

)
≤
CpK
bp

∫ r+1

r
‖g1(t+ τn − s)− g′1(t− s)‖p dt→ 0.

Similarly, we can verify that
∫ r+1
r ‖Ψg′1

(t − τn) − Ψg1(t)‖p dt → 0. This implies that Ψg1(t) ∈
SpAA(R,X). Next, we show that

lim
r→∞

1

w(r, ρ1)

∫ r

−r

(∫ t+1

t
‖Ψg2(s)‖p ds

) 1
p

ρ2(t) dt = 0.

Note that ∫ t+1

t
‖Ψg2(s)‖p ds ≤

∫ t+1

t

∫ τ

−∞
|K(τ − s)|p‖g2(s)‖p ds dτ

≤
∫ t+1

t

∫ ∞
0
|K(s)|p‖g2(τ − s)‖p ds dτ.

Since K ∈ L1(0,∞) and g2 ∈ PAAρ1,ρ2(R, Lp([0, 1],X)), by Fubini’s theorem, we get

∫ t+1

t
‖Ψg2(s)‖p ds ≤

∫ t+1

t
‖g2(τ − s)‖p dτ

(∫ ∞
0
|K(s)|p ds

)
.
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Now, we conclude that

lim
r→∞

1

w(r, ρ1)

∫ r

−r

(∫ t+1

t
‖Ψg2(s)‖p ds

) 1
p

ρ2(t) dt

≤ lim
r→∞

1

w(r, ρ1)

∫ r

−r

(∫ t+1

t
‖g2(τ − s)‖p

CpK
(bp)

dτ

) 1
p

ρ2(t) dt

=
CK

(bp)
1
p

lim
r→∞

1

w(r, ρ1)

∫ r

−r

(∫ t+1

t
‖g2(τ − s)‖p dτ

) 1
p

ρ2(t) dt→ 0,

as g2 ∈ PAAρ1,ρ2(R, Lp([0, 1],X)). �

Let L > 0 be a constant. We define

WPAALρ1,ρ2(R,X) := {y ∈ WPAAρ1,ρ2(R,X) : ‖y(t)− y(s)‖ ≤ L|t− s| for all t, s ∈ R}.

It is clear thatWPAALρ1,ρ2(R,X) is a non-empty closed subspace ofWPAAρ1,ρ2(R,X).

Lemma 6 Let ρ1, ρ2 ∈ V∞. Suppose F ∈ SpWPAAρ1,ρ2(R × X × X,X) and bi ∈
SpWPAAρ1,ρ2(R × X,X), i = 1, 2, 3, . . . ,m0, satisfy (A1) and (A2), respectively. Then, for
y(t) ∈ SpWPAALρ1,ρ2(R,X), we have

F (t, y(t), y(w1(t, y(t)))) ∈ SpWPAAρ1,ρ2(R,X),

where w1(t, y(t)) = b1(t, y(b2(t, · · · , y(bm0(t, y(t))) · · · ))) for all t ∈ R.

Proof. Using the fact that y(t) ∈ SpWPAALρ1,ρ2(R,X) and applying Theorem 2.18 in [3] and
the condition (A2), we conclude that w1 ∈ SpWPAAρ1,ρ2(R,X). Further, by Theorem 2 and the
condition (A1) imposed on F , we obtain the assertion. �

Theorem 5 Let ρ1, ρ2 ∈ V∞. Let A be a generator of the (µ, ν)β-regularized family {Sµ,ν(t)}t≥0.
Suppose F ∈ SpWPAAρ1,ρ2(R × X × X,X) and bi ∈ SpWPAAρ1,ρ2(R × X,X), i =
1, 2, 3, . . . ,m0, satisfy the conditions (A1) and (A2), respectively. Then, the problem (1.1) admits a
unique weighted pseudo almost automorphic mild solution in the Banach spaceWPAALρ1,ρ2(R,X)
if

LF (2 + LLb)Iµ,νM < 1, (3.9)

where Lb = [Lm0−1Lb1 · · ·Lbm0
+ Lm0−2Lb1 · · ·Lbm0−1 + · · ·+ LLb1Lb2 + Lb1 ] > 0 and Iµ,ν is

defined in (3.7).

Proof. Consider the operator ΛF : WPAALρ1,ρ2(R,X)→WPAAρ1,ρ2(R,X) defined by

ΛF (y)(t) =

∫ t

−∞
Sµ,ν(t− s)F (s, y(s), y(w1(s, y(s)))) ds,

where w1(t, y(t)) = b1(t, y(b2(t, · · · y(bm(y(t), t)) · · · ))). Let y ∈ WPAALρ1,ρ2(R,X). Now,
using Lemma 3 and Lemma 6 we have that F (t, y(t), y(w1(t, y(t)))) ∈ SpWPAAρ1,ρ2(R, X).
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Further, it follows from Theorem 4 that ΛF (WPAALρ1,ρ2(R,X)) ⊂ WPAAρ1,ρ2(R,X). Now, for
t, s ∈ R such that t ≥ s, we have

‖ΛF (y)(t)− ΛF (y)(s)‖ ≤
∫ t

s
‖Sµ,ν(t− ξ)‖‖F (ξ, y(ξ), y(w1(s, y(ξ))))‖ dξ

≤M0

∫ t

s
Jµ,ν(t− ξ) dξ

≤M0M1|t− s|,

where M0 = supξ∈R,y∈X ‖F (ξ, y(ξ), y(w1(s, y(ξ))))‖ and

M1 = sup
t≥ξ≥s

M

1 + |ω|((t− ξ)µ+1 + β(t− ξ)ν)
.

This implies that ΛF (WPAALρ1,ρ2(R,X)) ⊂ WPAALρ1,ρ2(R,X) for L = M0M1.

For y, z ∈ WPAALρ1,ρ2(R,X), we have

‖ΛF (y)(t)− ΛF (z)(t)‖

≤sup
t∈R

∫ t

−∞
‖Sµ,ν(t− ξ)‖‖F (ξ, y(ξ), y(w1(ξ, y(ξ))))−F (ξ, z(ξ), z(w1(ξ, z(ξ))))‖ dξ.

(3.10)

Also, we have

‖F (ξ, y(ξ),y(w1(ξ, y(ξ))))− F (ξ, z(ξ), z(w1(ξ, z(ξ))))‖
≤LF {‖y(ξ)− z(ξ)‖+ ‖y(w1(ξ, y(ξ)))− z(w1(ξ, z(ξ)))‖}
≤LF {‖y(ξ)− z(ξ)‖+ ‖y(w1(ξ, z(ξ)))− z(w1(ξ, z(ξ)))‖

+ ‖y(w1(ξ, y(ξ)))− y(w1(ξ, z(ξ)))‖}
≤LF {2‖y(ξ)− z(ξ)‖+ ‖y(w1(ξ, y(ξ)))− y(w1(ξ, z(ξ)))‖}
≤LF {2‖y − z‖∞ + L|(w1(ξ, y(ξ)))− (w1(ξ, z(ξ)))|}.

Now, let

wj(ξ, y(ξ)) = bj(ξ, y(bj+1(ξ, · · · y(ξ, bm0(ξ, y(ξ))) · · · ))), j = 1, 2, · · · ,m0,

with wm0+1(ξ, u(ξ)) = ξ (for more details we refer the reader to [24, p. 2183]). Thus, we obtain

|w1(ξ, y(ξ))− w1(ξ, z(ξ))| =|b1(ξ, y(w2(ξ, y(ξ))))− b1(ξ, w(w2(ξ, w(ξ))))|
≤Lb1‖y(w2(ξ, y(ξ)))− z(w2(ξ, w(ξ)))‖
≤Lb1 [‖y(w2(ξ, y(ξ)))− y(w2(ξ, z(ξ)))‖

+ ‖y(w2(ξ, z(ξ)))− z(w2(ξ, z(ξ)))‖]
≤Lb1 [L|b2(ξ, y(w3(ξ, y(ξ)))− b2(ξ, z(w3(ξ, z(ξ)))|

+ ‖y − z‖∞]

· · ·
≤[Lm0−1Lb1 · · ·Lbm0

+ Lm0−2Lb1 · · ·Lbm0−1 + · · ·
+ LLb1Lb2 + Lb1 ]‖y − z‖∞.
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Therefore, we get

‖F (ξ, y(ξ), y(w1(ξ, y(ξ))))− F (ξ, z(ξ), z(w1(ξ, z(ξ))))‖∞ ≤LF (2 + LLb)‖y − z‖∞, (3.11)

where Lb = [Lm0−1Lb1 · · ·Lbm0
+ Lm0−2Lb1 · · ·Lbm0−1 + · · · + LLb1Lb2 + Lb1 ] > 0. Now,

from (3.10) and (3.11), we have

‖ΛF (y)− ΛF (z)‖∞ ≤LF (2 + LLb)‖y − w‖∞
∫ ∞

0

M

1 + |ω|(ξµ+1 + βξν)
dξ

≤LF (2 + LLb)Iµ,νM‖y − z‖∞.

This implies that ΛF is a contraction mapping, so by the Banach contraction principle the equation
(1.1) admits a unique weighted pseudo almost automorphic mild solution. �

Theorem 6 Let ρ1, ρ2 ∈ V∞. Let A be a generator of the (µ, ν)β-regularized family {Sµ,ν(t)}t≥0.
Suppose that F1 ∈ SpWPAAρ1,ρ2(R× X× X,X) and h ∈ SpWPAAρ1,ρ2(R× X,X) satisfy the
conditions (A1) and (A3), respectively. Then, the problem (1.2) admits a unique weighted pseudo
almost automorphic mild solution if

MLF1Iµ,ν

[
1 +

CKLh
b

]
< 1. (3.12)

Proof. Consider the operator ΛF1 : WPAAρ1,ρ2(R,X)→WPAAρ1,ρ2(R,X) defined by

ΛF1(y)(t) =

∫ t

−∞
Sµ,ν(t− s)F1(s, y(s),Ψhy(s)) ds,

where Ψhy(s) =
∫ s
−∞K(s − ξ)h(ξ, y(ξ)) dξ. Let y ∈ WPAAρ1,ρ2 (R,X). Then, we get

y ∈ SpWPAAρ1,ρ2(R,X). By Lemma 5 and Theorem 2 we see that F1(t, y(t),
∫ t
−∞K(t −

s)h(s, y(s)) ds) ∈ SpWPAAρ1,ρ2(R,X). Further, it follows from Theorem 4 that
ΛF1(WPAAρ1,ρ2(R,X)) ⊂ WPAAρ1,ρ2(R,X). For y, z ∈ WPAAρ1,ρ2(R,X), we have

‖ΛF1y(t)− ΛF1z(t)‖∞

≤ sup
t∈R

∫ t

−∞
‖Sµ,ν(t− s)‖‖F1(s, y(s),Ψhy(s))− F1(s, z(s),Ψhz(s))‖ ds

≤ sup
t∈R

LF1

∫ t

−∞
‖Sµ,ν(t− s)‖

[
‖y(s)− z(s)‖+ ‖Ψhy(s))−Ψhz(s)‖

]
ds

≤ sup
t∈R

LF1

∫ t

−∞
‖Sµ,ν(t− s)‖

[
‖y(s)− z(s)‖+

CKLh
b
‖y(s)− z(s)‖

]
ds

≤ LF1

[
1 +

CKLh
b

]
‖y − z‖∞

(∫ ∞
0
‖Sµ,ν(s)‖ ds

)
≤MLF1Iµ,ν

[
1 +

CKLh
b

]
‖y − z‖∞.

This implies that ΛF1 is a contraction mapping, so by the Banach contraction principle the equa-
tion (1.2) admits a unique weighted pseudo almost automorphic mild solution. �
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4 Applications

Let Ω ⊂ Rn be a bounded domain with sufficiently smooth boundary ∂Ω. Let the operator

Π :=
n∑

i,j=1

bij(y)
∂2

∂yi∂yj

satisfy the condition
∑n

i,j=1 bij(y)ξiξj ≥ c|ξ|2 for all ξ ∈ Rn, y ∈ Ω, where c > 0 and 0 < µ ≤
ν ≤ 1, b0 > 0. We consider the following problem

Dµ+1
t z(t, y(t)) + βDν

t z(t, y(t))−Γz(t, y(t)) + b0z(t, y(t))

=Dµ
t f(t, y(t), z(t, y(t)), z(w1(t, z(t, y(t))))),

(4.1)

subject to the boundary condition z|∂Ω = 0.

For convenience, we take Ω = [0, π] ⊂ R1, X = L2([0, π]). Let u(t) = z(t, ·). Then, (4.1) can
be represented in the form (1.1) as

Dµ+1
t u(t) + βDν

t u(t)−Au(t) = Dµ
t f(t, u(t), u(w1(t, u(t)))), (4.2)

where A := L − b0 with the domain D(A) = {u ∈ L2[0, π] : u′′ ∈ L2[0, π], u(0) = u(π) = 0}.
It is known that A = L − b0 is a sectorial operator of angle π

2 (and hence for νπ
2 ). Thus, A is

ω = −b0 < 0 sectorial operator of angle νπ
2 .

Case 1: Now, we take

f(t, u(s), v(s)) =[αa(t)(cosu(s) + cos v(s))] + [αe−
|t|
2 sin(cosu(s) + cos v(s))]

=φ(t, u(s), v(s)) + ψ(t, u(s), v(s))

and

v(s) := v(w1(t, u(s))) =
‖u‖
4

cos

(
1

2 + sin t+ sin
√

5t

)
,

where for some ε ∈ (0, 1
2)

a(t) :=

{
cos
(

1
2+sinn+sin

√
5n

)
for t ∈ (n+ ε, n− ε), n ∈ Z,

0, otherwise;

here u(s), v(s) ∈ L2[0, π], t ≥ 0, s ∈ [0, π] and α ∈ R. We note that a(t) ∈ S2AA(R,R)
(see Example 2.3 in [23]). Moreover, if u ∈ WPAALρ (R,X), then by the composition theorem
φ(t, u, v) ∈ S2AA(R,X) and ψb(t, u, v) ∈ PAAρ(R, L2([0, 1],X)) for ρ1 = ρ2 = ρ = eηt, η >
1. Consequently, f ∈ SpWPAAρ(R,X) with ρ = eηt. Then, f and w1 satisfy (A1) and (A2),
respectively, and ‖f(t, u1, v1) − f(t, u2, v2)‖∞ ≤ α(2 + L

2 )‖u1 − u2‖∞. Assume that α <
1

[2+L
2

]Iµ,νM
. Then, by Theorem 5, equation (4.2) has a unique weighted pseudo almost automorphic

mild solution in the Banach spaceWPAALρ (R,X).
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Case 2: Let us consider the nonlinear function

f(t, u(s), v(s)) = [θa(t)(cosu(s) + cos v(s))] + [θe−
|t|
2 sin(cosu(s) + cos v(s))],

where

v(s) =
‖u‖
8

sin

(∫ t

−∞
e−(t−s) cos(s, u(s)) ds

)
;

here u(s), v(s) ∈ L2[0, π], t ≥ 0, s ∈ [0, π] and θ ∈ R. As in Case 1, we can show that
f ∈ SpWPAAρ(R,X) with ρ = eηt. Further, f and v satisfy (A1) and (A2), respectively, and
‖f(t, u1, v1) − f(t, u2, v2)‖∞ ≤ 9θ

4 ‖u1 − u2‖∞. Assume that θ < 4
9Iµ,νM

. Then, by Theorem 6,
equation (4.2) has a unique weighted pseudo almost automorphic mild solution in the Banach space
WPAAρ(R,X).
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