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1 Introduction

Fractional differential equations have been applied in various areas of engineering, mathematics,
physics and bio-engineering, and other applied sciences [16, 27]. For some fundamental results
in the theory of fractional calculus and fractional differential equations we refer the reader to the
monographs of Abbas et al. [2, 3], Samko et al. [25], Kilbas et al. [19] and Zhou [30]. Recently,
considerable attention has been given to the existence of solutions of initial and boundary value
problems for fractional differential equations with Hilfer fractional derivative; see [16, 18].

The measure of weak noncompactness was introduced by De Blasi [11]. The strong measure
of noncompactness was developed by Bana$ and Goebel [6] and used in many papers; see, for
example, Abbas et al. [1], Akhmerov et al. [4], Alvarez [5], Benchohra et al. [9], Guo et al. [15],
and the references therein. In [9, 22] the authors considered some existence results by applying the
techniques of the measure of noncompactness. Recently, several researchers have obtained other
results applying the technique of measure of weak noncompactness; see [3, 7, 8] and the references
therein.

Differential equations with maxima arise naturally when solving practical problems. For example,
many problems in the control theory correspond to the maximal deviation of the regulated quantity.
The existence and uniqueness of solutions of differential equations with maxima is considered in
[12,13, 14, 17, 23, 26, 28, 29] (see also the references therein). In this paper, we discuss the existence
of weak solutions for the following coupled system of Hilfer fractional differential equations

(D) (1) = fi (¢ max u(r)ll, max [lo(r)]]),

0<r<t 0<r<t (L
D) (1) = fo ) [:=[0,T '
(Dg>"0)(t) = f t, max [lu(7)ll, max lo(7)]]), te (0,77
with the initial conditions
I () |i—o = o1,
Iy "u)(t)]t=0 = ¢1 1.2)

(157721’)@) li=0 = @2,

where T > 0, o;; € (0,1), 8; € [0,1],vi = a; + i — aifBi, & € E, fi: [ x [0,00) X [0,00) = E,
i = 1,2, are given functions, E is a real (or complex) Banach space with norm || - || and the dual
E* such that F is the dual of a weakly compactly generated Banach space X, Ié ~7 is the left-sided
mixed Riemann-Liouville integral of order 1 — ;, and D P15 the generalized Riemann—Liouville
derivative (Hilfer) operator of order «; and type (;, i = 1, 2.

To the best of our knowledge, no papers are devoted to the existence of weak solutions for
such class of problems. Thus, the present paper initiates the application of the measure of weak
noncompactness to this class of coupled systems.
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2 Preliminaries

Let C be the Banach space of all continuous functions v from [ into £ with the supremum (uniform)
norm

[0][oo := sup [[v(B)]-
tel

As usual, AC(I) denotes the space of absolutely continuous functions from I into E. By C(I) and
C’% (I), we denote the weighted spaces of continuous functions defined by

Cy(I) = {w: (0,T] = E: t'w(t) € C}

with the norm
wllc, = sup [t"Tw(t)]],
tel

and

dw
1 .

with the norm
lwlles = llwlleo + 1wl

Also, by C := C,, x C,, we denote the product weighted space with the norm

1w, v)lle = llulle,, +lvlic,-

Let (E,w) = (F,o(F, E*)) be the Banach space E with its weak topology.

Definition 1 A Banach space X is called weakly compactly generated (WCG, for short) if it contains
a weakly compact set whose linear span is dense in X.

Definition 2 A function h: E — FE is said to be weakly-sequentially continuous if h takes each
weakly convergent sequence in E to a weakly convergent sequence in E (i.e., for any (u,) in E with
Up — win (E,w) we have h(uy,) — h(u) in (E,w)).

Definition 3 ([24]) The function u: I — E is said to be Pettis integrable on I if and only if there is
an element u;y € E corresponding to each measurable J C I such that ¢(uy) = [; ¢(u(s))ds for

all ¢ € E*, where the integral on the right-hand side is assumed to exist in the sense of Lebesgue (by
definition, uj = [ u(s)ds).

Let P(I, E) be the space of all E-valued Pettis integrable functions defined on I and let L' (I, F)
be the Banach space of all measurable functions u: I — E which are Bochner integrable. Define
the class P (I, E) by

Pi(I,E)={u€ P(I,E) : ¢(u) € L'(I,R) for every ¢ € E*}.

The space P (I, E) is normed by
T
e = sup [ fp(u()]dAa),
peE™ 0
llell = <1

where A stands for the Lebesgue measure on [.
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The following result is due to Pettis (see [24, Theorem 3.4 and Corollary 3.41]).

Proposition 1 ([24]) Ifu € Pi(I, E) and h is a measurable and essentially bounded real-valued
function, then uh € Py(I, E).

For all that follows, the symbol “[” denotes the Pettis integral.

Now, we give some results and properties of fractional calculus.

Definition 4 ([2, 19, 25]) The left-sided mixed Riemann—Liouville integral of order r > 0 of a
function w € L*(I, E) is defined by

(LHw)(t) = F(lr)/o (t —s)"lw(s)ds forae tel,

where T'(+) is the (Euler’s) Gamma function defined by

r@y:Amﬁle%m £€>0.

Notice that for all 7, 71,72 > 0 and each w € C, we have [jw € C, and

(I3 I2w) (t) = (152 w)(t) forae. t € 1.

Definition 5 ([2, 19, 25]) The Riemann—Liouville fractional derivative of order r € (0,1] of a
function w € L*(I, E) is defined by

(i) = (1w 0
1 d

t
N T(1—7“)cht/o (t—s)"w(s)ds forae tel.

Letr € (0,1],y € [0,1) and w € Ci—~(I). Then, the following expression leads to the left
inverse operator as follows:

(Dplyw)(t) = w(t) forallt e (0,T].
Moreover, if I} "w € CllfﬂY (I), then the following composition is proved in [25]:

(Ly"w)(0*)

"1 forall t T).
o) orallt € (0,7

(Lo Dow)(t) = w(t) —

Definition 6 ([2, 19, 25]) The Caputo fractional derivative of order r € (0, 1] of a function w €
LY(I, E) is defined by

“Dpwe) = (137 50 ) 0

t
B 11(11—7“)/0 (¢ = S)ﬂd%w(s) ds forae tel.
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In [16], Hilfer studied applications of a generalized fractional operator having the Riemann—
Liouville and the Caputo derivatives as special cases (see also [18]).

Definition 7 (Hilfer derivative) Let v € (0,1), 3 € [0,1), w € LM(I, E), I " Py € AC(1).
The Hilfer fractional derivative of order o and type 5 of w is defined as

(D w)(t) = < ) % [(()I—C*)(l—ﬁ)w) (t) foraetel. 2.1

We will list some properties of the Hilfer derivative. Let o € (0,1), 8 € [0,1], 7y = a+ 8 — af,
andw € LY(I, E).

1. The operator (Dg B w)(t) can be written as

d11_7w> (t) = (Ig(lfa)pgw> (t) forae.tel.

a, -«
o we = (540

Moreover, the parameter ~y satisfies the following estimates: v € (0,1}, v > «, v > £,
l-y<1-8(1-a).

2. The generalization (2.1) for 8 = 0 coincides with the Riemann—Liouville derivative and for
B = 1 with the Caputo derivative, that is,

DY’ =D§ and D' = °Dy.

3. If Dg(lfa)w exists and is in L (I, E), then
(DSPI5w)(t) = (1P DY) (1) forae. t € 1.
Furthermore, if w € C,(I) and Ié_ﬁ(l_a)w e CJ(I), then
(DYPIgw)(t) = w(t) forae. tel.

4. If DJw exists and is in L(I, E), then

I,77(0%)

(I8 DS Pw) (t) = (I) DIw)(t) = w(t) — Or(y) =1 forae. tel.

Corollary 1 Let h € C.,(I). Then, the linear problem

(DYPu)(t) = h(t), tel:=]0,T)
(I "u)() =0 = ¢,

has a unique solution which is given by

u(t) = Fé)ﬂl +(I0R)(®).
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Remark 1 Let g € Py (I, E). For every p € E*, we have

e(Igg)(t) = (I5pg)(t) forae tel.

Definition 8 ([11]) Let E be a Banach space, Q)i the family of bounded subsets of E and B the
unit ball of E. The De Blasi measure of weak noncompactness is the map : Qg — [0, 00) defined
by B(X) = inf{e > 0 : there exists a weakly compact subset ) of E such that X C eB; + Q}.

The De Blasi measure of weak noncompactness has the following properties:

(a) if A C B, then (A) < B(B),

(b) B(A) = 0if and only if A is weakly relatively compact,
(©) B(A = max{f3(A), B(B)},

(d) B(A”) = B(A), where A” denotes the weak closure of A,
(e) B(A+ B) < B(A) + B(B),

() B(AA) = |AIB(A),

(2) B(conv A) = B(A),

() B(Ujaj<n AA) = hB(A).

The next result follows directly from the Hahn—Banach theorem.

Proposition 2 Let E be a normed space and xog € E with xg # 0. Then, there exists ¢ € E* with
lelles =1 and o(xo) = [|xoll-

For a given set V' of functions v: I — E let us put
V(it)={v(t):veV}, tel
and

V(I)={v(t):veV, tel}

Lemma 1 ([15]) Let H be a bounded and equicontinuous subset of C. Then, the function
t — B(H(t)) is continuous on I, and

Po(H) = max B(H(t))

tel

B(/IU(S)d8> < [ s

where H(t) = {u(t) : w e H}, t € I,and 3, Bc are the De Blasi measures of weak noncompactness
defined on the bounded sets of E and C, respectively.

and
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For our purpose we will need the following fixed point theorem.

Theorem 1 ([21]) Let Q) be a nonempty, closed, convex and equicontinuous subset of a metrizable
locally convex vector space C (1, E) such that 0 € Q. Suppose that T : QQ — Q is weakly-sequentially
continuous. If the implication

V=conv({0}UT(V)) ==V isrelatively weakly compact (2.2)

holds for every subset V. C Q, then the operator T' has a fixed point.

3 Existence of weak solutions

Let us start by defining what we mean by a weak solution of the coupled system (1.1)—(1.2).

Definition 9 By a weak solution of the system (1.1)—(1.2) we mean a measurable coupled func-
tions (u,v) € C that satisfy the conditions (Ié_“u)(o*') = ¢y, (Ié_wv)((ﬁ) = ¢9, and
the equations (Dgl’ﬁlu)(t) = fi(t, maxo<r<¢ ||u(7)||, maxo<-<¢ ||v(7)]|) and (D32’52v)(t) =
fo(t, maxo<r < ||lu(r) ||, maxo<r< [[v(7)l]) on I.

The following hypotheses will be used in the sequel.

(H;) Fora.e. t € I, the functions (u,v) — f;(t,u,v), i = 1,2, are weakly-sequentially continuous.
(Hz) For each u,v € [0, 00), the functions ¢ — f;(t, u,v) are Pettis integrable on I.

(Hs) There exist p;,¢q; € C(I,[0,00)), 7 = 1,2, such that for all p € E*, i = 1,2, we have

(o(fit u,v))| < LU+ @ity

< —-——" forae.t € [andeachu,v € [0,00).
el e +u+wv

(Hy) For each bounded and measurable set B C E and for each ¢t € I, we have
BB IBID) < 877 (pilt) + @:(1)B(B), i =1,2,
where || B|| = max;e; maxo<,<¢{||w(7)|| : w(r) € B}.

Set

p; =suppi(t) and g =supg(t), i=12.
tel tel

Theorem 2 Assume that the hypotheses (H1)—(Hy) hold. If

P qi)TH e L + g3)T' e 1 a1
T T(14an) (1 + ag) ’ ‘

then the system (1.1)—(1.2) has at least one weak solution defined on 1.
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Proof. Define the operators Ny: C,, — C,, and Na: C,, — C,, by

(Nyu)(t) = 241 4

L'(71) I'(on) 0<

t
/0 (t—s)" "' (s, mggsIIH(T)II,OI;@;SIIU(T)H) ds (3.2

and

(Naw)(t) = 22 g1 ] /t(t—s)a21f (s max |ju(r)|, max HU(T)H)ds (3.3)
2 " T(y) I'(a2) Jo 2\7 o<r<s T0<7<s B

Consider the continuous operator N : C — C defined by

(N (u,v))(t) = ((N1u)(t), (N2v)(t)). (3.4)

First, notice that the hypotheses imply that for each (u,v) € C,, x C,, the functions ¢ — (¢t —
5)*~Lfi(s,u,v), for a.e. t € I are Pettis integrable. Thus, the operator N is well-defined. For all
p € E* let R > 0be such that R = Ry + Rs with

lp(@))| | (pf 4 g)T' it
INGD) 'l + o) ’

i=1,2,

and consider the set

Q = {(wv) € Cyy x oyt (w,v)le < R, 185 " ulta) — 1 Muty)|
(p} + qf) T 1t a L T+ / - 1
to — 1) + —-2 to — 5|
- I'(1+ o) (t2 1) (1) Jo Ity " (t2 )
— 177ty — )1 7Y ds and ||ty o(te) — £ u(t)]|

* * TlfnyJrag * * t1 _
< (Pz + q2) (ts — 11)°2 + (p5 + q2) / |t% Y2 (ts — S)az—l
I'(1+ as) L(a2) Jo

—th (g — s)o2 Y] ds} .

Clearly, the set (@ is closed, convex end equicontinuous. We shall show that the operator IV satisfies
all the assumptions of Theorem 1. The proof will be given in several steps.

Step 1. N maps Q into itself. Let (u,v) € @, t € I and assume that (N (u,v))(t) # (0,0).
Then, there exists ¢ € E* with ||¢||g+ = 1 such that [|t1=7 (Nyu)(t)| = et} ”/1(N1u)(t))| and
[£1772 (N2v) (t)]] = [io(¢1 =72 (N2v) (1)) |- Thus,

I ) @)

1-7 t
- ]so(Ffjl) “ta <t—s>al1f1(s,0g3§8\|u<¢>\\,ogggsuv<r>u)ds)\.
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Then,

[ ) @)

<o (T2 )|+ s [ =97 o (0 s g Bl g o)) s
wgii |, @i +r f(li)jul /0 t(t —s)* 1ds
(
<

)
)
o) | (pf +g)) T ™
011) F(l +a1)

VAN

T
1%

IN

T +
Ry.

IN

Also, we obtain

(NCEDIO]

<o (525 )|+ s [ (€= 97 (s g, Il g o)) s
_ leo2)l | (s Jrrtgigl‘” /ot(t _ geelgg

(p5 + g3)T' 2t
I'(l+ a2)

A

|N(u,v)|lc < Ri+ Ry = R.
Next, let 1, to € I be such that ¢; < t9 and let (u,v) € @ with
ty " (Niu)(t2) — 17 (Nyuw) (1) # (0,0).
Then, there exists ¢ € E* with ||¢||g+ = 1 such that
[t " (V1) (t2) — 6, " (V) (1) || = |ty ™ (N1w) (t2) — ¢ (N1w)(t))]

and

[t3 72 (N2v) (t2) =t 2 (Naw)(t1)]] = Jio(ty "2 (N2v)(t2) — £ 2 (Naw)(t1))]-
Then,

|63 " (N1w) (t2) — " (Niw) (1) || = [ty ™ (N1u)(t2) — & 7 (Nyu)(t)))]

f2 s, ma U ,ma v

g " . o1 J1 (8, maxo<r < [|u(7)||, maxo<r<s HU(T)H)d
A (t1 —s) e s].
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This gives

|57 (Nyu) (t2) — £, (Nyw) (1)

to
Sté_'“/ (tQ_S)al_l\w(fl(&maXosTsSHU(T)H,maXosTSS HU(T)H)HdS
t1 F(al)
t1
+/ |ty T (ta — ) T — 1Tty — 8)M Y
0
Lol (s maxosr<, Ju() | maxosr<o o))
['(aq)
[ (s) +aq(s)
<t ’ﬂ/ (ty — 5)ca 1P T ALY 4
2 t1 F(Oq)
" (3) + a1(s)
tl_')’l to — a;—1 _tl—’)q t — ar1—1 plild .
+/0|2 (f2 =) e S T R

Thus, we get

[t (Nvu)(82) — 8 (Naw) (1)
(pf + g)TH e
- I'l+a1)

* * t1
(ta —t1)™" + pli(zlq)l / |ty T (ta — 5) 7 — ;7 (4 — s)™ 7 ds.
0

Also, we obtain
5772 (Nov) (t2) — £, (Nov) (1) |

(p§ +q>2k)T1—72+a2
- I'(1+ ag)

* * t1
(ta —t1)** + p13<;q)2 / |ty 2 (ts — 5)°2 7t — ;72 (1 — 5)°2 7 ds.
0

Hence, N(Q) C Q.

Step 2. N is weakly-sequentially continuous. Let (uy,, vy,) be a sequence in ) and let (uy,(t)) — u(t)
and (v, (t)) — v(t) in (F,w) foreach t € I. Fix t € I. Since for any i € {1, 2} the function f; sat-
isfies the assumption (H;), we deduce that f;(t, maxo<r<¢ ||un(7)||, maxo<r<¢ ||vn(7)||) converges
weakly uniformly to f;(¢, maxo<r<¢ ||u(7)||, maxo<r<¢ ||v(7)||). Hence, the Lebesgue dominated
convergence theorem for the Pettis integral implies that (N (u,,, ny,))(t) converges weakly uniformly
to (N(u,v))(t) in (E,w) for each t € I. Thus, N(up,v,) — N(u,v). Hence, N: Q — @ is
weakly-sequentially continuous.

Step 3. The implication (2.2) holds. Let V be a subset of ) such that V = conv(N (V) U {(0,0)}).
Obviously,
V(t) Cc conv(NV)(t) U{(0,0)} foreveryt e I.

Further, as V' is bounded and equicontinuous, by Lemma 3 in [10] the function ¢t — B(V(¢)) is
continuous on /. From (H3), (Hy), Lemma 1 and the properties of the measure 3, for any ¢ € I, we
have

Mty < B(EHNY) () U {(0,0)})
< BETH(NV)(2))

Ti-m
[(a1)

/ 1t — s (pa(s) + a1 ())B(V (s)) ds

[e=]
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Tl_% ! a;—1 _1— d
< t— 1— -7
< Fra | =T )+ (o)) ds

(p{ _|_qi<)T1*’Yl+al
Tiran lulon:

Also, we obtain

{1 0(t) < B(L RNV (1) U{(0,0)})
< BB (NY) (1))

< Fray | 1=l )+ () AV (3) s

IN

F(a2)/0 |t—5|a2—151—’72(p2(5)+q2(s))v(s)ds

(p5 + g3) T2+
T +ag 1w

<

Thus, |[(u,v)|lc < L|[(u,v)||c. From (3.1), we get ||(u,v)||c = 0, that is, 5(V (t)) = 0 for each
t € I. Then, by Theorem 2 in [20], V is weakly relatively compact in C. Applying now Theorem 1,
we conclude that N has a fixed point which is a weak solution of the coupled system (1.1)—(1.2). [J

4 An example

Let
oo
E=1'= {u—(ul,uQ,...,un,...):Z\un <oo}
n=1

be a Banach space with the norm
o

lull = -

n=1

As an application of our results we consider the following coupled system of Hilfer fractional
differential equations

ol

(DF *un) (t) = fu (1, max [u(r)]], max [[o()]),

0<r<t 0<r<t (41)

(D57 0n) () = g (£ mass, ()], gma, o)), ¢ € [0.1]
with the initial conditions
(I}lu)(mtzo — (2122, .
(L10) (D)oo = (0,0,...,0,...),
where
) = — ) )

1 |ul |y et
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and
(L) = —C " @), teo1]
U’U _— s s
gn T+ [ + o] "
with
et 1
:§F 5 ) w= (U1, U2, .« Upy...), U= (V1,02,...,0n,...),
max [lu(7)] = (OrgagtHM( ) gmax, uz()]l-... max, (7). )
and
max [[o(r)| = (max, Jor(7)]]: max, [oa(7)].... masx, foa()]-...).
Set

f:(fl,fg,...,fn,...) and g:(gl,QQ,...,gn,...).

Clearly, the functions f and g are continuous. Moreover, for each u,v € E and t € [0, 1], we have

|ul
Hf<t e lu(r )H’orél?é o€ H) H et+4 1+ |u| + |v|’
and
o (t s (). gmae o)) | < et
0<7<t 0<7<t 14 Ju|+ |v|

Hence, the hypothesis (H3) is satisfied with p} = ce™, p3 = 0, ¢} = 0 and ¢5 = ce~%. We shall
show that condition (3.1) holds with 7" = 1. Indeed,

(Pi+a))T 1 F (s +g3)T 42 dee™ 1
I'(1+a1) (1 + o) rd) 2

Simple computations show that all conditions of Theorem 2 are satisfied. It follows that the coupled
system (4.1)—(4.2) has at least one weak solution defined on [0, 1].

Conclusion We have provided some sufficient conditions guaranteeing the existence of weak
solutions for some coupled systems of Hilfer differential equations with maxima. The achieved
results are obtained using the notion of measure of weak noncompactness. Such notion requires the
use of weak conditions on the right-hand side, like the weak sequential continuity.
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