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Abstract. We consider the problem of insensitizing control when the control is subject to a finite
number of linear constraints with a non-standard cost. We prove the existence of such control by
solving a problem of null controllability with constraints on the control. The key of our result is an
observability inequality adapted to the constraints.
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1 Introduction

The problem of insensitizing control was originally addressed by J. L. Lions in 1989 (see [9]),
and since then many papers have been devoted to this topic. In [5] the authors introduced and
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studied the notion of approximate controllability for a semilinear heat equation. This lead to an
approximate controllability problem for a cascade system. In [1] a semilinear case with a globally
Lipschitz-continuous nonlinearity is studied. Using the notion of approximate insensitizing control
and the boundedness of the control, the authors proved the existence of insensitizing control by using
the Schauder fixed point theorem.

The insensitizing control problem for the heat equation with many types of nonlinearities was
studied by O. Bodart et al. (see [2] and [3]). In [10] the authors studied the insensitizing control
problem with constraints on the control for a nonlinear heat equation by means of the Kakutani
fixed point theorem and an adapted Carleman’s inequality. In a recent paper, E. Zuazua and L. de
Teresa [12] analysed the class of initial data for the heat equation that can be insensitized. This
completes in some sense the work of [11] where it was shown that when the initial datum is non null,
one cannot expect to find an insensitizing control in a usual space. Let us mention that in all the
cases cited above, the problem is reduced to a controllability problem for a cascade system of heat
equations.

Exact controllability problem for a linear system via Carleman inequalities was studied by
G. Lebeau and L. Robbiano in [8] and by A. V. Fursikov and O. Yu. Imanuvilov in [6]. In [1] a non-
linear convective heat equation with Dirichlet boundary condition was studied, and a controllability
result was proved by means of Kakutatani’s fixed point theorem.

In this paper we examine an insensitizing control problem with constraints on the control for
the semilinear heat equation with a more general cost function. We reduce our problem to a null
controllability of a non-linear cascade system with constraints on the control. This generalizes the
work of [10] where the cost function insensitized is the square of the norm of the state function on
the observation set.

The rest of this paper is organized as follows. We state the problem and give the main result in
Section 2. In Section 3 we study the existence of the approximate insensitizing control for the linear
system and finally we prove the main result in the last section.

2 Statement of the problem and the main result

Let 2 be an open and bounded set of class C? of R, N > 1. Let f be a globally Lipschitz function
of class C! defined on R. Let 7' > 0 and let w and © be two non-empty open subsets of 2. We set
Q=(0,T)xQand X = (0,7) x 09, where 012 is the boundary of 2. Moreover, let x,, and yeo be
the characteristic functions of w and ©, respectively.

In this paper we consider the following system:

0 :

5 M) =Eth inQ.

Y= on X, 2.1)
y(0,.) =y"+77° in Q,

where ¢ and 3° are given in L? (Q) and L? (Q2), respectively. The function A is a control term which
belongs to the orthogonal of K,,, where K, is the subspace of L? (Q) spanned by x,€1, - - -, XwEM-
Here, by ey, €9, . .., ey, we have denoted functions in L? () which admit a trace at T'in L? (Q2).
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The data of the state equation (2.1) are incomplete in the following sense: 7 is unknown, but very
small and HQOHLQ(Q) =1

Assume that f € C'! (R) is globally Lipschitz continuous. Then we have:
Proposition 1 ([4]) Under the assumptions on f, T and 7°, the problem (2.1) admits a unique

solution in C ([0, T], L*(Q2)) N L? (0,T; H'(Q)). Moreover, there exists a neighbourhood I of 0
such that the function T — y(7) is in C* (I; L*(0, T; L*())).

The problem of insensitizing controls can be roughly stated as follows. Let ® be a differentiable
functional defined on the set of solutions of (2.1). We say that the control & insensitizes ® (y) if

0P
57 W)le=0 =0, 2.2)

When (2.2) holds, the functional ® is locally insensitive to the perturbation 7¢°.

In this paper we consider a more general functional, namely, a functional of the form:

T
 (y) :/0 /@F(y) dzdt. (2.3)

To the best of our knowledge, only two types of such functionals have been studied in the literature.
In [7] the author studied the problem of insensitizing control with F (y) = 3 |Vy|?, and in [2, 11]
and [10] the case F (y) = %yQ was examined. Here, we study the general case with the following
assumptions on F: F' € C? (R) and F” is globally Lipschitz continuous.

The insensitivity condition is then given by

P T
6(3/,7)|r=0=/ /F'(y)y’dmdtzo,
or 0 Jeo

—y(0
where ¢/ = lim,_, M is the solution of the system:
T
oy .
E—Ay/‘f‘f/(y)y/:() in @,
=0 on’s, (2.4)
y' (0,.) = 9° in Q.
Proposition 2 Let us consider the following cascade system of heat equations:
oy .
o Ayt ) =E+hxe nQ,
y=20 on, 2.5
dq / / :
g " BetfWe=F(y)xe inQ,
q= onyl, (2.6)
q(T,.)=0 in Q).

Then the insensitivity condition (2.2) is equivalent to q (0,.) = 0 a.e. on €.
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Proof. Multiplying the first equation of (2.6) by 3’ and integrating by parts, we obtain:

T
/ / F' (y)y dadt = / 9% (0) dz  forall §° € L* () with [|5°|,, @=L
0o Je Q
Then g—f (y,7T) |r=0 = 0 is equivalent to
/ngq (0)dz =0  forallg’ e L? (Q), ||9° \LQ(Q) =1. .7
Relation (2.7) is also equivalent to ¢ (0,.) = 0 a.e. on 2. O

We now state the main result of this paper.  For this purpose, we set K, =
span (e1Xw, - - - » €mrXw) and we denote by II the orthogonal projection of L? ((0,T) x w) on K,,.
As mentioned above, we assume that:

e ' ¢ C?(R), F' is a globally Lipschitz function such that F’ (x) # 0 for all z # 0 and
F"(0) # 0,
e fisa globally Lipschitz function defined on R;

e the family {e1 (T,.) Xw,---,em (T, .) Xw} is linearly independent.

Theorem 1 Let ¢ € L? (Q) and suppose that © N w # (). Under the assumptions on the functions
F and f and the family {e1 (T, .) Xw,---,enm (T,.) Xw}, there exists a control h, in the orthogonal
set of K, that insensitizes the functional given by (2.3).

Since the insensitizing control problem is equivalent to a null controllability problem, first we
prove a null controllability result for the cascade linear system and by a fixed point argument we
conclude the proof of Theorem 1.

In the sequel, in order to simplify the proof of the main result, we assume without loss of the
generality that f (0) = 0 and F’ (0) = 0.

One of the main steps of the proof of Theorem 1 is to show that there exists C' > 0 such that the
following observability inequality holds for any solution z of (3.2) given below:

T T
/ / 22 dadt < C/ / |z — IIz|* dzdt.
0 JQ 0 Jw

3 An approximate insensitizing control result for a linear system

Keeping in mind Proposition 2, the main result of Theorem 1 is then reduced to the following
proposition which will be proved later.

Proposition 3 Assume that the above hypotheses on F, [ and the family
{e1 (T, ) Xws - --rem (T,.) Xw} are satisfied. Then there exists h € K. such that (y,q),
i.e. the corresponding solution to (2.5)—(2.6), satisfies ¢ (0,.) = 0 a.e. in 2.
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Let H, a and b be three functions in L (Q)). We consider the following systems:

(?;:—Aw—i—awzo in Q,
w=0 on X, @D
w (0,.) = w’ in €2,
_%—Az+bz:wa@ in Q,
o ons. (3.2)
2(T,)=0 in Q.

Proposition 4 We suppose that there exists a ball B, C © N w such that |H| > 0 a.e. in
(0,T) x By. For any solution (w, z) of the cascade system (3.1)—(3.2), if zx., € K. and the
Sfamily {e1 (T,.) Xw, - --,en (T,.) Xw} is linearly independent, then (w, z) = (0,0).

Proof. 1If z is a solution of (3.2) and if zx,, € K, then there exists (a1,...,ay) € RM gsuch that
M
ZXw = Z ORerXw-
k=0
Then

M
2x(Ty )xa =Y axex (T,.) xw = 0.
k=0

As the family {e; (T,.) xw,---,enm (T,.) Xw} is linearly independent, we infer that o, = 0 for
1 < k < M. Consequently, zx,, = 0in (0,7) X w.

Since —% — Az + bz = Hwye on @, we see that w = 0 on (0,7") x B,, and this in turn gives
via the property of unique continuation that w = 0 in (). Therefore, z = 0 in ). U

Proposition 5 Assume that there exists a ball B, C © Nw such that |H| > 0 a.e. in (0,T) x B,.
If the family {e1 (T,.) Xw, - --,em (T,.) xw} is linearly independent, then there exists a positive
constant C' > 0 such that for any solution (w, z) of (3.1)~(3.2) with initial datum w° € L? (Q) the
following inequality holds true:

T T
/ / 22 dadt < C/ / |z — HZ|2 dzdt.
0 JQ 0 Jw

In the sequel, we shall use the following notation:
e H™(Q) = L*((0,7);H" () N H? ((0,?);L2 (Q)) endowed with the norm
-l = (H'H%%(QT);HT(Q)) + ||-||12HS((0,T);L2(Q)))§;
o W(0,T) = {y € L2((0,T); H' (Q)): % € L2((0,T); H™! (Q))} endowed with the

1
norm |||y, = (H'H%Q((O,T);Hl(ﬁ)) + {1122 0.rym-10)) )
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Proof. We argue by contradiction. Let (w,, 2, ) be a sequence of solutions to the system (3.1)—(3.2)
with w( instead of wy in (3.1) such that

lwg 2y = 1,

1T, T )
- zy dxdt > |z, — 2, |” dadt.
nJo Ja 0 Jw

(3.3)

The proof is now broken into three steps.

Step 1.

Step 2.

Step 3.

From the classical estimates on the energy of the heat equation we have:
[wnlly,y < Cllwgllp2 @) = C-

So, the sequence (w,,) is bounded in H*! (Q), and therefore it converges weakly (up to
extracting a subsequence) to an element w in H?! (Q). Since the canonical injection of
H?'(Q)in W(0,T) is compact, we infer that w,, — w strongly in W (0, T"). Similarly, z,
converges strongly to z in W (0,T").

Using (3.3) we obtain

(20 — T2p) X — 0in L2 ((0,T) x ). (3.4)
Noticing that
11z, = (—Zn + Hzn) + Zn,
we obtain
z|? < 2 (|20 — Hzp)? + |20]?) -
Then

T T T
/ / z,|?* dadt < 2 (/ / 22 dzdt +/ / |2n — Iz, dmdt> ,
0 Jw 0 Jw 0 Jw

and since (z,, — Izy,) X. is bounded in L? ((0,T)) ; L* (2)), we see that ITz, is also bounded
in L2 ((0,7T) x ). So, we can extract a subsequence which converges weakly to an element
gXw € K. Since K|, is a finite dimensional subspace, we have:

2y Xw — gXw in L2 ((0,T) x Q) strongly. (3.5)
From (3.4) and (3.5) we obtain

ZnXw — 9Xw in L2 ((0,T) x Q) strongly.

Now, as (wy, z,) converges strongly to (w, z), classical arguments give that (w, z) is a
solution of (3.1)—(3.2). But as z,Xw — gXw = 2ZXw € K., Proposition 4 yields that
(w,z) = (0,0)in (0,7) x Q.

Since W (0,T) is continuously embedded in C (0,77 L*(f2)) and using the fact that
H*!(Q) is compactly embedded in W (0, T), it follows that the sequence (wy, (0,.)), =
(wg),, is compact. Therefore, one can extract a subsequence, still denoted by (w),,, which
converges strongly to w (0) = 0. This contradicts the fact that ||wg || , (@) = Lforalln € N*.

0
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Let ¢ € L?(Q), e > 0and H € L™ (Q) such that |H| > 0 a.e. in (0,T) x B, be given. For
w® € L? (Q) we define the following functional:

T T
Je (wo,a,b,H) —1/ / |z — Iz dxdt—i—/ /{zdmdt—l—eHwOHLQ(Q)
2 0 Jw 0 JQ

Proposition 6 The functional J (., a,b, H) is continuous, strictly convex and

. . JE (w07a/7 b? H)
liminf ————~

o > €.
1Ol 20) =00 1wl 20
Therefore, J. reaches its minimum at a point ° € L? (Q).

WY #£ 0, J. satisfies the optimality condition:

// —I1%,) zda:dt—i—/ /fzdxdt—i—oe/wowodx:()
[[w HL2(Q) 9)

for every w® € L% (Q) and (w, z) the corresponding solution to (3.1)~(3.2). Furthermore, there
exists C' > 0 independent of € such that

12 = T2el| L2 (0.7 xw) < C 1€l L2 - (3.6)

Proof. The strict convexity and continuity are obvious. Let us prove the coercitivity.

Let w) € L?(Q) be such that HwQLHLQ(Q) — +o0 and let (wy, z,,) be the solution to the
following systems

ag;n — Aw, +a(np)w, =0 inQ,
wy, =0 on X, 3.7
wy, (0,.) = wd in £,
0z, )
—5p A% +0(m) 2 = H () wnxe in@Q,
Zn =0 on X, (3.8)
zn (T,.) =0 in ,

where (b (17,))n, (a (1,))n and (H (n5,))n are sequences in L> (Q) with (n,,),, a sequence in L% (Q).

Let 00 = Tl 2 and let (w,,, Z,,) be the solution of the systems
nllL4(Q2
0w N . .
8tn — Ay +a(nn) Wy =0 inQ,
Wy =0 onY, (3.9)
Wy, (0,.) = @2 in ),
0Zn,

—Ta, — Agn + b (nn) én =H (77”) UNJ”X@ in Q’
5 =0 on3, (3.10)
%, (T,.) =0 in Q.
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We have

O H wd T T
lwpll 20 2 0 Ja 0 Jo

From the conditions on b (7),,), a (1,) and H (1) we have ||a (n,)]|,, < K ae., [|a ()], < Rae.

and || H (1)

We have HU”JELHLQ(Q) =
¥, w0 — @%in L? (Q) and (W, Z,) — (w, z) strongly in L? (Q). Letting

loo

< C a.e., where C, R and K do not depend on 7,,.

oo

1. So, we can extract a subsequence which converges weakly to

0
HwnHL2(Q) — +09,
two cases are possible.
Case 1. If liminf,,_, 4 fOwa |Zn — H%n]2 dadt > 0, then we have

0
lim imf—J€ (wn, H (Un))

0 = +o00.
n—too w2

Case 2. If liminf, 4o [ [ |50 — 11Z,|* dadt = 0, then

T
//yz—nsﬁ dzdt = 0.
0 Jw

Zxw = Zx, € K.

Consequently,

Thus, (w, Z) = (0,0). Arguing as above, one gets that
~0
HwnHL2(Q) — 0.

This contradicts the fact that

~0 _
H“’nHLZ(Q) =1 .
4 Proof of the main result
Now, we are in position to prove Theorem 1.
Let us define
F/
10 ity 20, Wity 20,
gy =< " Hm)=¢ "
£(0), ifn=0, F"(0), ifn=0.

The assumptions on F' and f guarantee that H and g are both continuous and bounded. Let
n € L?(Q), w° denote the minimizer of J. (w°, f'(n),g(n), H (n)) and L (2.) = 2. — 112, where
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2 is the corresponding solution of (3.2) with b = f/(n). When @° # 0 the optimality condition
allows to prove that (ye, ¢¢) is a solution of

%‘qf —Aye+g(Mye =&+ L(2)xw inQ,
Ye =20 on X, “.D
Y (0,.) =0 in Q,
(0. )
— gy~ Aget f(n)ge=H(n)yxe inQ,
q =0 on Y, (4.2)
q (T,.)=0 in £,
satisfying
e (0, ) 2(q) < € (4.3)
Indeed, let us consider the following systems
%—Z)—Aw—i—g(n)wzo in Q,
w=20 on X, (4.4)
w (0,.) = wd in Q,
0z .
—gp Azt f(n)z=Hmwxe inQ,
z=0 on X, (4.5)
z(T,.)=0 in €.
Multiplying the first equation of (4.1) by z and the first equation of (4.2) by w and integrating over
@, one gets:
T T T
/ / H (n) wy, dedt = / / &z dadt —I—/ / L (Z¢) z dadt (4.6)
0Je 0 JQ 0 Jw
and

T
/ / H (n) wye dedt = / e (0, 2) w° dz. 4.7)
0 Je Q

Combining (4.6) and (4.7) we obtain

T T
/q6 (0, ) woda::/ /ﬁz d:L‘dt—l—/ /2Ezd:17dt. 4.8)
Q 0 JQ 0 Jw

The optimality condition and equality (4.8) give:

€

/qe (0, z)w’de = —
0 \

/ Ouw® dz for all w® € L? ().
(w0 2y Jo
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Therefore,

< e[| 2y »

’/ e (0,2) w” da
Q

6H“’()Hm(m _

'/ e (0,2) w da
lge (0, 2)[| 2y = sup 1=

wOEL2(R) [[w]] 120y = w2

Je (two ,H(n))

; > 0 for every w” € L?(£2). This means that

Observe that if w? = 0, lim;_,(

EHwOHLQ(Q) > —/Qq6 (0, z) w° dz

for every w® € L? (Q). In particular, for w® = ¢, (0, z) we obtain (4.3) for h = 0.

Let us define the function:

Ac: L2 (Q) = L* (Q) — L*(Q),
n = Ze(n) = ye (n) -

Lemma 1 The function A is bounded, continuous and compact in L? (Q).

Proof. The classical estimate of the heat equation, gives

1Yell L2 () < 1€ + L (2e) Xwoll L2 -

From the estimate (3.6) we obtain

1Yellz2(q) < I€llL2(en) -

So, A, is bounded.

Let us prove the continuity of A.. Let 7, — 7 strongly in L? (Q). Let us show that the
sequence Y (1,,) converges to y. (n) strongly. For all n, € L?(Q) we have |lg (n.)| < K,
If (m)llo < Rand ||H (n,)]|,, < C, where C, R and K do not depend on n. As well, J. is
uniformly coercive in 7,, while @? (),,) remains bounded in L? (2). One has that L (2¢ (1)), ye (1)
and g, (7,) are bounded in L? (Q) . Indeed, v, (1,) and g (1,,) are bounded in H*! (Q). So we
can extract a subsequence (ye (1) , g (n,)) which converges weakly to (y. (1) , gc (7)) in H>! (Q).

Since H?! (Q) is compact in L? (Q), we see that (ye (), ¢ (12)) — (ye () , ge (n)) strongly and
(ye () , g (1)) is the solution of (4.1)—(4.2).

Let us prove the compactness of A.. The functions ¢ (n), H (n) and f’(n) are uniformly
bounded. So, Huﬁ? (n) H 12(9) is uniformly bounded with respect to 7. Then, w, (1) and L (2. (n))

are also bounded in L? (Q). Therefore, y. () and 8y57§77) are bounded in L? ((0,7); H' (2)) and
L?((0,T); H* ()), respectively. Therefore, (y. (1)) is compact in L? ((0,T) ; L* (). O
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The Schauder fixed point theorem implies that the operator A, admits a fixed point y.. Then
9 We) Ye = f (Ye), H (ye) ye = F’ (ye). The cascade system (4.1)—(4.2) becomes

W Ayt flp) =€+ L) xe @
Ye =20 on X, (4.9)
Y (0,.) =0 in Q,
 Oqe A , L .

5 ge + ' (ye) ge = F' (ye) xo in@Q,
=0 ony, (4.10)
qe (T,.) =0 in Q.

From this, one has:

e (Ye,qc) solves (4.1)—(4.2) with h = L (Z¢);
o e = IL2c|l 20,1y xw) < C' 1€l 2(p)» Where C'is a constant independent of €;

® [lgc (0)ll o) < e

From the boundedness of L(Z), one deduces that there exists a subsequence, still denoted by
(Ye, ge, L (2¢)), such that y. — yin L2 (Q), g¢c — ¢ in L? (Q) and L (2.) — hin L% (Q) as € goes
to zero. Moreover, (y, ) solves (2.5)~(2.6). In addition, as [|ge (0)([ 2(q) < € as e — 0, we get that
q(0,.) = 0 a.e. in Q. This ends the proof of Theorem 1.
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