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1 Introduction

In 1938, A. Ostrowski proved the following inequality [11]:

Theorem 1 Let f : [a,b] — R be continuous on |a, b] and differentiable on (a,b) whose derivative
f": (a,b) = R is bounded on (a,b), i.e. ||f|, == sup |f'(t)| < co. Then

te(a,b)
b
T RCLACIE

1 n (w(' ) ] b—a) || (1.1)

for any z € [a,b]. The constant L is the best possible.

Since then there has been a lot of activity around these inequalities with important applications
to Numerical Analysis and Probability.
This article is also greatly motivated by the following result:
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Theorem 2 (see [1]). Let f € C! (Hle [ai,bZD, where a; < b;;a;,b; € R, i =1,....k, and let
T4 = (o1, .., o) € Hle [a;i, bj] be fixed. Then

1 b by, .
S — 21y, 2K)dzr ..o dz — f(o
Hf:l (bl_az> /CL1 ak f( ! k) ) k f( 0)

of

B2 (1.2)

(zoi — a:)? + (b — w0:)
2 (bl — (IZ')

oo

k

=1

Inequality (1.2) is sharp, here the optimal function is

k
(21,0 28) = Z |2i — w0i| ™, a; > 1.
i=1

Clearly inequality (1.2) generalizes inequality (1.1) to multidimension.

In this article we establish multivariate Ostrowski inequalities for smooth functions from a real
box to a Banach space. These involve the norms |-, 1 < p < co. Some of these inequalities are
sharp.

2 Background

We follow [13, pp. 83-94]. Let f(t) be a function defined on [a,b] C R taking values in a real or
complex normed linear space (X, ||-||). Then f(¢) is said to be differentiable at a point ¢y € [a, b] if

the limit i B — f(to)
. to +h) — flto
(o) :==1 2.1
f'(to) = lim N 2.1
exists in X, the convergence is in ||-||. This is called the derivative of f(t) at t = to.
We call f(t) differentiable on [a, b], iff there exists f/(t) € X for all ¢ € [a,b]. Similarly and
inductively are defined higher order derivatives of f, denoted f”, f @) fR keN, just as for

numerical functions. For all the properties of derivatives see [13, pp. 83-86].

Let now (X, ||-]|) be a Banach space, and f : [a,b] — X.

We define the vector valued Riemann integral ff f(t)dt € X as the limit of the vector valued
Riemann sums in X, convergence is in ||-||. The definition is as for the numerical valued functions.
If f;’f(t) dt € X we call f integrable on [a,b]. If f € C ([a,b], X), then f is integrable [13, p.
87]. For all the properties of vector valued Riemann integrals see [13, pp. 86-91].

We define the space C" ([a,b], X), n € N, of n-times continuously differentiable functions
from [a, b] into X ; here continuity is with respect to ||-|| and defined in the usual way as for numerical
functions.

Let (X, ||-||) be a Banach space and f € C™ ([a, b] , X ), then we have the vector valued Taylor’s
formula, see [13, pp. 93-94], and also [12, IV, 9; 47]. It holds

1
(n—1)!

fly) = fl@) = f@) (y —2) - %f”(w) (y—a) =~ FO0 () (y — 2)"

1

= (n_l);/y (y—t)" " Mty dt, Va,y € [a,b]. 2.2)
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In particular (2.2) is true when X = R™, C™, m € N, etc.

A function f(¢) with values in a normed linear space X is said to be piecewise continuous (see
[13, p. 85]) on the interval a < t < b if there exists a partition a =ty < t] < to < --- < t, = b
such that f(t) is continuous on every open interval ¢, < ¢ < tj; and has finite limits f(to + 0),
f(t1=0), f(t1 +0), f(t2—0), f(t2+0),..., f(tn — 0).

Here f(tr — 0) = Limf(t), f(tx +0) = Lmf(¢).

t1t), tlty

The values of f(t) at the points ¢; can be arbitrary or even undefined.

A function f(¢) with values in normed linear space X is said to be piecewise smooth on [a, b],
if it is continuous on [a, b] and has a derivative f/(¢) at all but a finite number of points of [a, b], and
if f/(t) is piecewise continuous on [a, b] (see [13, p. 85]).

Let u(t) and v(t) be two piecewise smooth functions on [a, b], one a numerical function and the
other a vector function with values in Banach space X. Then we have the following integration by
parts formula [13, p. 93]

b b
/ u(t) do(t) = u(t)v(t)® — / v(t) du(t). (2.3)
a a
We mention also the mean value theorem for Banach space valued functions:

Theorem 3 (see [10, p. 3]). Let f € C([a,b],X), where X is a Banach space. Assume [’ exists
on [a,bland || f'(t)|| < K, a <t < b, then

1£(b) = f(a)|| < K(b—a). (2.4)
Here the multiple Riemann integral of a function from a real box to a Banach space is defined
similarly to numerical one, however convergence is with respect to ||-||. Similarly are defined the

vector valued partial derivatives as in the numerical case.
We mention the equality of vector valued mixed partial derivatives.

Proposition 4 (see [9, p. 90, Proposition 4.11]). Let Q = (a,b) x (c,d) CR? and f € C (Q, X),
where (X, ||]|) is a Banach space. Assume that %f(s, t), %f(s, t) and %;Sf(s, t) exist and are
continuous for (s,t) € Q, then 8‘2—;]‘(5, t) exists for (s,t) € Q and

2 2
s 8tf(s’t) =5 asf(s,t), for (s,t) € Q.
Notice also that
1 (e—=) -+ (-2’
(4-1- &) (b—a)= 20—a) , Vaela,b. (2.5)

3 Main Results

Here we present the first vector multivariate Ostrowski type inequality, see also the real analog,
Theorem 23.1 of [2, p. 507] and [1].

Theorem 5 Let (X, ||-||) be a Banach space and f € C! (Hi?:l [a;, b;] ,X), a; < bj; a;,b; € R,

i=1,...,k and let T4 = (xo1,...,Tok) € Hle [a;, b;] be fixed. Denote
‘ oy ’ _ of(@)
0Zillloc sertfaib Il 9%
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Then
b1 by, s
/ fzl,...,zk)dzl...dzk—f(acg)
Hz 1 a1
k 2
Z -7)01 az (b 1‘02) ﬁ 3.1)
pot 2 (b; — a;) 0z;
Inequality (3.1) is sharp, the optimal function is
k
[z, z) = (Z |2 — inai> 10, oy > 1,
i=1

where 1 is a fixed unit vector in X.

Proof.  Set 7 = (21,...,2). Consider g (t) := f(g?o+t(7fa?>0))’ t > 0. Note that
g2 (0) = f(%), g»(1) = f(7). Hence

1F(Z) = F@E)I = llg2(1) = 92Ol < [[l9% ©)ll] .0,y @ = 0) = [l9% Ol .01 -

Since

0
02 (6) = (21 = 00) - (a + € (= = 20)) -+ + (21— 0) o (a0 + € = — a0)
we get

k

\W?%ﬁ@wm§]%—m|@9%+a7_memn
i=1 v 00,(0,
<Y l2i — o ‘gf (3.2)
i=1 v 1lloo

Next we see that

1 b1 by, .
I-M/ f(Zl,---,zk)dzl...dzk_f(xo)
7 1 z

by

bk

£(x0)) d7”

< /le /%Hf @) a2
(3_2) T —a /bl /bk (Zm 03] ’8f ) dz ... dz
1= 1 'L e%]

:Hfl [ </bl /bk — woi| dza.. dzk>H

Here notice that

] =: ().

b; 2 2
' i — bi —woi)” .
/ |Zi_130i|dzi:(xo ai)” + (bi = Zoi) i=1,..., k. (3.3)

0z

2 B

i
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Therefore, by (3.3) we obtain
k
SP—— |1/ CETAE VRSN P
1Tk ) J
Hj:l(bj —a;) i 0zilloo Jj=1
J#i
k
:Z (z0i — a;)? (b'_in)Q 87]0 ’
— 2(b; — a;) 2zl
so that we establish inequality (3.1).
In the following we prove the sharpness of (3.1): Notice that f* (976 ) =0 and
of* S .
8{, (Z) = oy |z — o|™ 1 - sgn (2 — x0i) - g, 0 > 1.
(2
In particular we find
8]0*(7) I ei—1
92 = Oy |Zz — Z0q )
and (ai < Z < bz)
af* -
H‘ 8£. = o (max (b; — woi, 0 — ;)™
? oo
Consequently, we observe
k
(x()i — ai)Q + (bi — xol) ‘8}”* ‘
R.H.5.(3.1) =
; 2 (b — a;) 0% |||
5 (w0; — ai)? + (bi — 701) i1
= 5 (b — ) o (max (bz — T, Xoi — al)) v
im1 i — Q4
and
lim R.H.S.(3.1) = Zk: (woi = )? + (b — aor)” (3.4)
im = . .
O‘ﬂi . 1 2 (bl — ai)
l AR

Moreover, we get that

by bi
LHS(31)_H o (/ / (Zm—xol )dzl
b1 bk
= Hk ' / / i — 20| dzy ... dzg

o k
. 1 Z (l’Oz - az) i+l + (b — ZEO’L) i+l H (b B
- J
Hf:1 (b — ai) = @+1 j=1
J#i

Zk) llol|

a;)
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and .
. (woi — a:)* + (bi — x0:)°
1 L.H.5.3.1) = . 3.5
ailgl ( ) Z 2 (bz — ai) ( )
i=1,...k i=1
At the end from (3.4) and (3.5) we obtain that
lim L.H.S.(3.1)= lim R.H.S.(3.1),
a;—1 a;—1
i=1,...k i=1,....k
proving the inequality (3.1) is sharp. U

Regarding vector higher order derivatives we give the following results:

Theorem 6 Let (X, |-||) be a Banach space and f € C™*! (Hle [a;, b;] ,X), n € N and
fixed i) € Hle [a;,bi], k > 1, such that all vector partial derivatives f, = gzz, where o =

(a1,...,00), s € ZV,i=1,... .k |a| =% oy =4, j = 1,...,nfulfill fo(Z5) = 0. Then

1
< N
|| H§:1 (bi — a;) /l_lle[ai,bi] f(Z)d f(zg)

Dn+1 (f) 7 B x_) 1 7
: ((n + 1)! H,’le (bi - ai)) /]'[le[ai,bi} (H 0“41) d7, (3.6)

where
Dpia(f) == max ||[f]]l (3.7)
a:la|l=n+1
and
k
IZ Ty, = |2 — ol (3.8)
i=1

Proof. Take g=(t) := f (zh +t(Z — Z3)), 0 < t < 1. Notice that g=(0) = f(z4) and g= (1) =
f(Z). The jth derivative of g—(t), based on Proposition 4, is given by

N j
g(yj)(t) = <Z (zi — 20s) 82) f| (@or +t(z21 —z01),.. . xok +t (2 — wor))  (3.9)

i=1

and

)

92(0) = (

k J
0
(2 _in)E)) f| @), (3.10)
=1 Zi
forj=1,...,n+ 1.
Let f, be a partial derivative of f € C"H! (Hle [a;, bz]) Because by assumption of the

theorem we have f,(z4) = O forall a: || = j, j = 1,...,n, we find that

Qo)=0, j=1,...,n
Hence by vector Taylor’s theorem (2.2) we see that
n (j)( )

f(7)_f(a?0>) :Zgyjﬂo +Rn(770) :Rn(7a0)v (3.11)

J=1



MULTIDIMENSIONAL OSTROWSKI INEQUALITIES IN BANACH SPACE 29

Ru(7,0) = /01 </Ot1 o (/Otn_l (g(_;)(tn) —g(;;)(o)) dtn> ...dt2> dt1. (3.12)

Therefore,

HRn(7,0)Hg/01 (/Otl...</0t“

by the vector mean value Theorem 3 applied on g

where

’g%Hl) (g(tn))wmtn dtn> . ..dt2> dt;,  (3.13)

™) over (0,t,). Moreover, we get

(n+1) Lot tn—1 _H‘ggﬂ)mm,[m}
\|Rn(7,o)||gmg7 (Hmm]/o/o /0 to iy dip dty = =SS Gl

However, there exists a tg € [0, 1] such that H Q%LH)‘H o] = Hg(g“)(to)H. That is,
0,|0,1

n+1
o, [(z ) f] Ttz -3

B k n+1 ]
< (Z\Zi—wm\ 882 ) fl @+t (Z —3)).
i=1 v
le., ) , .
(n+1) o . o
= [(Smlll]) ]

Hence by (3.15) we get

9
azi

1 k
I1£(2) = @) = 17 00 € [(Z 21 — 2o

n+1
) f]. (3.16)

In the following we observe

f(Z)d7 — f(@0)

-y
H 1—[?21 (bi — a;) JTI [a:.bi]

‘ [, u@- @) d7H
[1i=1lai bi]

[ @) - @) a?
Hi:l[aivbi}
and by (3.16),

) k n+1
i — Toi d7
= (e DI (= a0 /n;;l[ai,bi] ((Z i oo> ! )

Dy (f) 7 = n+1 7
- <<n+ DI (6 - ai>> Ty 07 =700 7. 17

This establishes inequality (3.6). ([l

1
Hf:1 (bi — ai)
1

< - -
Iy (b~ ap)

9
BZZ‘
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Corollary 7 (to Theorem 6) Under the assumptions of Theorem 6 we find that

F(Z)dZ — f(x)

|
H Hf=1 (bi — ai) JITE, [ai.bi]

o b
< |z; — wo;]
(n + 1)‘ H?:l (bl - (Ii) Hz 1[a‘l7b1} <Z

=1

0
8zi

n+1
’) fl d7Z. @3.18)

Furthermore, (3.18) is sharp: when n is odd it is attained by

k
f* (Z17"'7 (Z Zi — T0i n+1) 'iO (319)

=1

while when n is even the optimal function is

e, 2) = (Z |2 — xm"ﬂi) “ig, g > 1, (3.20)

i=1
where ig € X : ||ig]| = 1.

Proof.  Inequality (3.18) comes directly from (3.17). Next we prove the sharpness of (3.18).
i) When n is odd: Notice that f*(z3) = 0 and

n+1 pgx*
[EAaT "

n+1
0z;

’ [e.9]

furthermore any mixed partial of f* equals zero. Thus by plugging f* into (3.18) we observe that

k
1
R.H.S.(3.18) = / zi — 2o (n+ 1) d7
(n+ ! TTE, (b — i) JTTE fas.b) [Z‘ ™ 5
k
1 n+1
1= 1 (3 i—11a4,04 i=1
1

=Tt g *(Z)d7Z = L.H.5.(3.18
Hle (bz - ai) /HZ 1[% b-] f ( ) ( 1 ),

proving the sharpness of (3.18) when n is odd.
ii) When n is even: Notice that ?(376) = 0 and any mixed partial of f equals zero. Especially
we observe that

() a -
‘ 827{:1“ H (n4+aoi —37) | |z — xoi i 1, a; > 1, (3.22)
and
an—i—li n B
H 7n+{ [+ ai—5) ) Iz — zoill & (3.23)
0z ~ 0
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(here ||2; — xo;]| o, < +00),alli =1,..., k. Hence by plugging f into (3.18) we obtain

1
lim R.H.S.(3.18) = . lim / zi — xoi["T x
all o1 (3.18) (n+ DITE, (b —a;) allea1 e 1[«wllZI o

X <H (n+a —j)> |2 —inH‘jg_l] 4z
=0

k
1 j[ n+1
=T F |2i — 204 )d?. (3.24)
H?:l (bl - CLi) H?:l[ai:bi} (ZZI
Furthermore,
1
1 L.H.5.(3.1 —— n e e I g 2

1 +1
. R zi — zo;|" 7.
H?Zl (bi — a;) /H?l[%bd <; | o )

So we found that

lim R H.5.(3.18) = hm L H.5.(3.18), (3.26)
all o;— all a;—
proving the sharpness of (3.18) when 7 is even. g

Corollary 8 (to Corollary 7) Let f € C™" ! ([ay,b1] X [ag,b2], X), n € N where a; < by, ag <
bo; a1, a2,b1,by € R, and let T4 = (:z()l,a:og) € [a1,b1] x [ag, ba] be fixed. We suppose here that
all vector partial derivatives f, = Sz where o = (a1, 2), aq, g € =o1+ ag =7,
ji=1,....nfulfill fa(xo) = 0. Then

1 bl b2 .
H (b1 — a1) (b2 — a2) / f(z1,22) dzy dze — f(x0)

ntl {(3301 —a)"? (b — 5801)””71 [(%2 —ag)™ 4 (by — $02)l+1}

(n +2— l)' (l + 1)! (bl — (11) (bg — ag)

<

anJrl f
n+l1-Ilq_l
027 0z

(3.27)

Corollary 9 Let f € C? ([a1,b1] X [ag, ba], X), where a1 < by, as < by; al,ag, b1,bo € R and
let T4 = (01, x02) € [a1, b1] X [ag, ba] be fixed. We suppose that (‘%fl(ﬁ))) = gf (z4) = 0. Then

=0

Inequality (3.27) is sharp, exactly the same manner as inequality (3.18).

1
H (by — a1) (b — as)

< (xo1 — 611) + (b1 — 1B01
- 6 (b1 —ar)

<

b1 pbo
/ f(z1,22) dzidzo — f(0)

’ (02 — a2)® + (by — x2)°
(b2 — az)

821 8,22
((9301 —a1)* + (b — z01) ) ((9002 —a2)? + (by — x02)? 108
* 4 (b1 — a1) (ba — as) H 0210z ‘ e
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Inequality (3.28) is sharp, in fact it is attained by
[ (21, 22) = <(21 — z01)” + (22 — 1’02)2) ~ 10, (3.29)
where ig € X : |[ig]| = 1.

Proof.  Application of Corollary 8 when n = 1. ([l

3
Corollary 10 Let f € C? <H [a;, b;] ,X), where a; < b, i = 1,2,3; a;,b; € R and let T4 =
i=1

3
(z01, 02, x03) € [] [as, bi] fixed. We suppose here that %(JT(])) =0:i=1,2,3. Then
i=1 !

1 b1 ba b3 N
T (b — a:) 21,22, % dz1 dzodzsy — T
H?:l (bi — a;) /al /<12 as f (21,22, 23) dz1 dzp dzy — f(20)

- 23: woi — i) + (b — 20i)” ||| 9°f
— 6 (b; — ai) 022
i ( x0; — a;)® + (bi — $0i)2) ((370,1'+1 —aip1)? + (b1 — 160,7;+1)2) H 2 f
+
P 4 (b; — a;) (b1 — aiy1) 02;0zi41
( z03 — az)® + (b3 — x03) ) <($C0,1 —a1)? + (b1 — z01)? H &2 f ‘ (3:30)
4 (bg —a3) (b1 —ax) 02307 :
Inequality (3.30) is sharp and it is attained by
3
f* (21,22, 23) (Z — 2oi) ) i, (3.31)
=1
where ig € X : ||ig]| = 1.
Proof. Use of Corollary 7 for k = 3and n = 1. g

We further need

Theorem 11 Here (X, ||-||) is a Banach space. Let f : [a, A] x [b, B] X [¢,C] — X be a mapping
three times continuously differentiable. Let also (x,y,z) € |a, A] X [b, B] X [¢,C] be fixed. We
define the kernels p : [a, A]*> = R, ¢: [b, B> = R, and 0 : [¢,C]* — R:

and

0(z,r):
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Then

A rB pC
o _/ /b / p(x,8)q(y,) 0 (2,1) fh, (s,t,7) dsdtdr

A
={(A=a)(B=b)(C=0) f(x,y,2 )}—[(B—b)(C—C)/ f(s,y,2)ds

B C
+(A—a)(C’—c)/b f(ac,t,z)dt—!—(A—a)(B—b)/ f(x,y,r)dr]

+ [(C—c)/aA/be(s,t,z) dsdt—ir(B—b)/aA/ccf(s,y,r) dsdr
A= a) /bB/CCf(x,t,r)dtdr] —/aA/bB/ch(s,t,r)dsdtdr 0y (332)

Proof.  Similar to [4], see also [7, p. 82], using integration by parts several times. g
In general we state

Theorem 12 Here (X, ||-||) is a Banach space. Let f : [[;_, [a;,bi] — X be a mapping n times
continuously differentiable, n > 1. Let also (1, ...,2,) € [[i [ai, b;] be fixed. We define the
kernels p; : [a;, bi]2 — R:

S; — Ay, S; € i, Tj| .
pi (@i, si) =14 ’ i € las, @) foralli=1,...,n
S; — bi, S; € (:Ul,bz] R

Then
8"f S1y..-58n)
O1n = / pi(i, si) dsy ...ds,
zl[a“b]zl_‘! 61...88n
n (?) n b;
(H > X1, 7:1:17,) - (H (b] a]) f(xh » Siy ,.’En) dSl)
i=1 i=1 \j=1 @i
i
(2) n b; bj
+Z<H (bk_ak) ( f(xla sy Sty 73j7 ) dS’LdS])) -+
i=1 \ k=1 4 A )
k#1,j
(nﬁl)
+ (-1t (b; — aj)/ fls1,. .z, )dsy...dsj...d
=1 :L l[ahbl}
i#£]
+ (—1)"/ f(s1,...,8p)ds1...dsy, =: Ogp. (3.33)
Hz 1[aisbi]
The above | counts all the (i,7)’s, i < j, andi,j = 1,...,n. Also c?s\j means ds; is missing.
Proof.  Similar to Theorem 11, see also [4]. O

We present the following Ostrowski type inequalities:
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Theorem 13 Under the notations and assumptions of Theorem 11, we obtain
\H o rH\ 2 2 2 2
1623 A(@-a?+ -2 (-0 + (B -p?)
~ ((z — P+ (C =)} forall (r,y,2) € [0, Al x [0, B]  [¢,C]. (3.34)
Proof. Notice that

162,3]] =

ol (/A (o) s ) (/bB|q<y,t>| ) (/ccre<z,r>| ).

/aArpu,s)r as= 5 {(—aP + (4 -7},

etc. O

Also see that

The counterpart of the last theorem is

Theorem 14 Under the notations and assumptions of Theorem 12, we derive

H {ﬁ[ (b, —xﬂ } (3.35)

=1

anf(sh an)
asl .0Sn,

102.n]l < H

forall (z1,...,2,) € [Ti- [a:, bi).

Proof.  As in Theorem 13. O
It follows
Theorem 15 Letp,q > 1: % + % = 1. Under the notations and assumptions of Theorem 11 we get

ol < D[t ) (- 4 )

: <(z — o) 4 (- z)q“)]é} , forall (x,y,z) € [a, A] x [b, B] x [¢,C]. (3.36)

lszelly = ([ [Vt ol asarar)”

Proof. Notice that

Here

162,3]1 = [161.3]] = p(x,5)q(y,1)0(z,7) i, (s,t,7) dsdtdr

s,t,r

/ / / (z,8)| g (y,t)]10 (2,7 |H ;’;T (s t,r)H dsdtdr
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(by Holder’s inequality)

</ / / I S”desdtdr>’l’
(/ / / (Ip (2, s)lg (y, )] 10 (2, 7)])* detdr)
=111, {(/ (z,8)|* d3> </b 1 (5, )] dt) </Cc|0(z’r)|q dr)};
= I[ /24 {( x_a)qH-I-(A_JU)qH).
o q+1

) <(y—b)q+1+(B_y)q+l> ((Z—C){Hl—l—(C—z)ﬁ'l)}i
qg+1 g+ 1

The corresponding general L,-case follows.

Theorem 16 Let p,g > 1 : % + % = 1. Under the notations and assumptions of Theorem 12 we
find
H O f (21,0t H N 1
0x1...0Tn
1625 < e {H |:<1'z — ai)q+1 + (b; — wi)qﬂ} } , (3.37)

(g+1)a i=1
forany (z1,...,x,) € [T [ai, bil.
Proof.  Similar to Theorem 15. O

Remark 17 Equalities (3.32) and (3.33) can simplify alot, if for instance we assume in Theorem 11
that theere exists an (xo, Yo, 20) € [a, A] x [b, B] x [¢, C] such that

f(ﬂjo,',') :f('vy()") :f('v')ZO) =0. (338)
Also in Theorem 12 we may assume that there exists an (1‘(1), o ) € [T lai, bi] such that
fa,z0,.. . xp) = f(xl,acg,xg,...,xn) =..=f (:1:1,.. S Tp_1,T n) =0, (3.39)

forany (x1,...,x,) € [[i [ai, bi]. So in these particular cases we obtain that
62,3 (x0, Y0, 20) = / / / f(s,t,r)dsdtdr, (3.40)

and
Oon (29, 29,...,20) = (—1)”/ f(s1,.. . 8n)dsy ... dspy. (3.41)
[Ti [as,bi]

Hence in these cases we obtain

02,3 (z0, Yo, 20)|| = (3.42)

B C
/ f(s,t,r)dsdtdr|,
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and

0

102, (29,29, ....20)| = (3.43)

/ f(s1,...y8n)dsy...dsy
H?:l [a’irbi]
So (3.34)-(3.37) simplify alot and they become very interesting inequalities.

Theorem 18 Inequalities (3.34) and (3.35) are sharp.

Proof. Ttis enough to prove that (3.35) is sharp. Let ig € X : ||ig|| = 1. Here the optimal function
will be

n

f*(s1,...,8,) = H |si — 29| (b — a;) io, > 1, (3.44)
i=1
where (29,29, ... ,29) is fixed in [T}, [as, bi], 70 € X, ||io]| = 1. Notice here that

fr (31,...,:c9,...,3n) =0, forall j =1,...,n, and any (s1,...,Sn) EH[ai,bi].

Therefore by Remark 17 we have (3.43). We observe that

O (51,0 80) _ (T - ol '
J;S(lsl —a (H (b —az> <g\8i—x?l ' sign (Si—fc?)> io, (345

|

Consequently we find

H 8”f*(31, ey Sn)

0s1...0sy,
First we calculate the left-hand side of corresponding inequality (3.35). We have

‘/ f (s1y...y8n)dsy...dsy
Hz 1a’17b1}

/Z las,bi) <ﬁ bi_ai)) (ﬁ!sz—x? a) dsy ... dsp,

and
O"f*(S15---8n)
0s1...0sp

=1

([T 0-w) (ﬁ\& T ) 346

Hoo:an<ﬁ (b - > (E{ max (b — ] f’f‘o—az))“‘1>- (3.47)

=1

i=1 i=1
= bi — a; i—ap|" ) d dsy,
<i:1( ’ )> /H?—Jawbi} <£[1 e ) " i
n b;
(o)
i=1 i=1 W
n n 0 _ a+1 .0 a+1
= <H (bi —ai)> <($Z ) o+ ibz =) ) : (3.48)
i=1 i=1
That is, (.H (bi—ai)> 0 1 1
L.H.S.(3.35) = W IT (20 = @)™+ (b = )™, (3.49)
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And next we see that

a 'V, ﬁ (max (bl- — a:?, m? — ai))a n

R.H.S.(3.35) = = > I (@ = a)* + (b = 20)?) 350)

n

where V,, = <H (b; — ai)>. Now let o« — 1. We find

i=1
lim L.H.5.(3.35) = 2% f[ (@9 = a)”+ (b —2D)?) (3.51)
a—1 2n 1 ! ! ’ ! ’
and
. Vn - 0 2 0\ 2
lim R.H.8.335) = 2 H1 ((mi — )’ + (b — 2?) ) . (3.52)
That is,
lim L.H.5.(3.35) = lim R.H.5.(3.35), (3.53)
a—1 a—1
hence proving the sharpness of (3.35). g

Remark 19 Another interesting case for (3.32) and (3.33) is to assume that for specific (x,y, z)
((z1,...,xy), respectively) all the marginal integrals of f are equal to zero. Then we get

O3 =(A—a)(B—0)(C—c)f(x,y,2) —/A/bB/Cf(s,t,r)dsdtdr, (3.54)

and

O = <ﬁ (bi—ai)>f(x1,...,:cn)+(—1)n/ f(siy .o 8p)dsy...ds,.  (3.55)
i=1 I1

i1 las,bi

Hence inequalities (3.34)-(3.37) become again alot simpler.
Next we mention a vector Montgomery identity derived by applying twice integration by parts.

Theorem 20 (/8]) Let (X, ||-||) be a Banach space and f € C' ([a,b],X). Let x € [a, b] be fixed

and define
i—a <t<z
P(z,t):={ba @=P=5 3.56
(1) {t_g, x <t<b. (3.56)
Then
1 b b
fla) = / fydt+ [ Pt £ dt. 3.57)

We present a vector multivariate Montgomery identity, see also the real analog in [3]. We have
the representation
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Theorem 21 Let (X, ||-||) be a Banach space and f € C? (Hz 1 lai, by ,X). Let (x1,x2,73) €
H?:1 [a;, bi]. Define the kernels p; : [a;, b;]* — R:

S;i — a;, S; € [aiax’i]7
i (i, 8;) := (3.58)
z( i z) {Si_bi7 siE(xivbi]v

fori=1,2,3. Then

bi pbs pbs
f(x1,20,23) = 37 // f(s1,52,53)dszdsa ds;

H a;)
=1 b1 bo b3 B
+ Z </ / / pj(ZL‘j,Sj)JW dsz dss d51>
b1 b2 bs 0%f(s1, 59,5
+ Z </ / / pj x]asj Pr(Zk, Sk) fég;a; 2 dsgz dsg d51>
J

1<j<k<3
b1 b bs 63f(31 S92 83)
ir8i) | —s——m—=——dsgdsads .
/ / / ( $ )) 683882881 o3 052451

(3.59)

Proof. Multiple use of (3.57), see also [3] and [6, p. 16]. ]

A generalization of Theorem 21 to any n € N follows.

Theorem 22 Let (X, ||-||) be a Banach space andf € C"(Dy, X), where D,, =[]} [ai, b;]. Let
(z1,...,2n) € Dy. Define the kernels p; - [a;, bi]> — R:

si—ai, S € lai,xi],

pi (2i,8i) = {Si b, s € (b, (3.60)

fori=1,2,....n. Then

1 o
f(x17x27"'7wn)_n{ f(817827"'787’b)dn8
[T (bi —a;) 7 Pn
=1 - 0 s,s,...,
+Z</ pj(x5,55) flo1,
j=1 D,

1<j<k<n \’/Dn
an(Sl, e, S

+ Y (/ P; (%5, 85) Pr(@ry 88) Pr (X5 87) =5 =5 == 85k65 L
r J

1<j<k<r<n Dn

)
+ ) (/ Pj(xj»sj)pk(ﬂfk’Sk)82f(8(19’.;287£;]"’ >
)

— gn—1 R I
+Z </ p1(z1,81) - o1, 81) - - - P (Tn, $n) f(sl\ 5n) 4 S)

0sy ...08;...0s1

/ (sz i, 8i > f(Sla-..,Sn) dng} (3.61)
D, i1 8sn...831

In the above, p;(xy, s;) and Os; mean that p;(x;, s;) and Os; are missing, respectively.
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Proof.  Similar to Theorem 21, see also [3]. t
Next we obtain the following Ostrowski type inequalities:

Theorem 23 Let f : [[>_, [ai, bi] — X as in Theorem 21. Then

b1 ba b3 M o Iy
/ / f(s1,52,53) dsgdsads; 1,3 + Mao3 + 3,3

[T (bi —ai)
(3.62)

Hf(wl,wz,fl’:%)

37
I1 (b —a:)

Here we have

3 3
> o I —a) (z; — aj)” + (b; — x)°
: Js; , v 2 ’
Jj=1 o0 3:]1-
1
3 3 . . I
> of I - a) () — a)"™ ! 4 (b —ay) @ | W
M5 :=min{ & |||0s;]| \ L1 " qj + 1 (3.63)
| =T T A
\Mmpﬁ%>1ﬁ%+%:ljﬂj:LZ&
3
af bj — aj ' 7] + bj
2 ds; ( > T[T T )
\ j=1
Also we have
( O’f ((wj—a;)*+(b;—2,)°) (e —ar)’+(br—2x)*)
bz’ —a; %Y J :
Z ‘&Sk 0s; <H (bi—a )) 4
1<j<k<3 0o \irjk 1
O*f LN [ (@j—a) it (b —z;) i T | i
Z ‘6Sk 95 ||, (H (b _ai)qk]> [ e '
1<j<k<3 Prj \i#j,k

M2’3 = min

1
(zp—ar) ®3 4 (b _xk)ij+1] ;.
1 1 B ’
when pyj, qr; > 1: oot ao = 1, for j, k € {1,2,3};

2

8 f (bj—aj + ‘x _ aj+bj ) <bk—ak, + ‘ﬂUk _ ak-‘rbk
2 : 8Sk 88]' 2 J 2 2 2

1<5j<k<3

(3.64)
And finally

3

H ( + (b — $3)2> )

7j=1

- 1
(25 = aj)™ + (b — 2™\
qg+1 ’ (3.65)

1_q

q

bi —

(] a]+ )

Inequality (3.62) is true for any (x1, 2, 23) € [[o [as, bi], where [, (1 < p < 00) are the usual

agf(sla 52, 53)
883 682 681

9 f(s1, 52, 53)
M373 = min 883 882 881

w OO\H

P 4

+1

when p,q > 1:

an(sla 52, 53)
683 882 851

1

p

aj+b
2

:jw

Lj—

1

]

L,-norms on H?:l [a;, b;].
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Proof. 'We have by (3.59) that

1 b pby b
/ / f(s1, 52, 83) dsg dsa dsy
(bz _ ai) ai a2 as

Hf(xl,xz,ﬂﬁza) —

e

1

(2

3 b1 pbo  rbs of (s
1,52 33
< —4——— Z(/ / / pj(j, 85 |H =

(bi
S ([ e aton o | L)
Xi, S5 Lk, S
y p] s S5 pk k> k askasj
]<k<3

/bl /b2 /bg ’ ) [| £ L sz 59)
Ti, S _—
pz v 883 882 881
We notice the following (7 = 1,2, 3)

/bl/bz/b3| ,Hﬁf s1, 52, 53)
pj (x4, 85
0s;

c’%fj f f f Ipj (z;, 85)| dsg dsa dsy,

‘ d83 d82 d81>

:w

=1

’ d83 d82 d81>

d83 dSQ d81 } .

dsgdsyds; <

1
o R
< min anj (f f f pj(j,55)Y dssdss dSl) i
B pjan>1 ij+?j:1;
)
gLl sup Jpj ()]
\ Lsjelay,bs

Furthermore we see that

b1 ba b3 T:— aQ 2+ b._x,Q
/ / / Ipj(z;,s5)| dsgdsads; = (bl—al)(b )(bg—ag)( J 2) 5 (b; j) ,

where b — a; means (b; — a;) is missing, for j = 1,2, 3. Also we find

by ba b3 1.
(/ / / |p] xjjs] d33 dSQ d81>

1
L 1 )BT Y AT
= (b= )" (85— )" (bs — ax) (‘” S )

1 1

where (bj/—\aj>  means that (b; — a;)% is missing, for j = 1,2, 3. Also

aj+bj

bj—aj
. J Tj—
2

sup |pj(zj, 85)| = max{z; —a;,b; — x;} = 5
sj€la;,b;

)

forj = 1,2, 3.
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Putting things together we get

’ buorb2 rbs 0f(s1,s2,53)
|p'(x"8‘)|HH
S0 [ [l

dS3 d82 d$1> S

a;)® + (b

833

1

— a;)

2

)}

(Ij+1 + (b] _

Hb—aZ‘T

. .
— —

{1 ) (=
{1 i)

when p;,q; > 1: —i-qij:l,forj

{2

By similar work, next we find that

b1 ba b3
</ / / ’p] Tj,Sj Hpk Tk, Sk "

min s i

Ij—

INE

88] 2

1<5j<k<3

o0 f

(Ij+bj

82

((wj—a;)>+(b;—2;)?) ((xr—ar)>+(br—zx)?)

l,j)q]‘Jrl %
’ (3.66)

qj +1

=1,2,3;

)}

81, 52, 83
0s), 0s;

‘ d83 d82 d81> S

> {' \M(Ha)@-—an)

1<j<k<3 i,k
1
> Mlaz ], (-
Prj \i#jk

1<j<k<3
(21 —ag) *3 o (b —ay) 3 Ty

ask OS]'
O%f
Gsk aSj

bj — aj CL]‘

)|

4

!

1 ~ )
; +@—1,f0r],k€{1,2,3},

(z;—a;)?* i +(b;
qu+1

1
ari+1 | qn
—xj) kj :| kj )

+bj bk—ak ak+bk

2 i

[ eS| }qkj , when py;,
% el
1< Thes Osi, 0sj |||y
Finally we get that
b1 b2 pbs
///( i >|)'

D3 f(s1,52,53)
883 632 881

883

(

8
I

e ool —

[y

<.

=
<.

a3f(81> 52, 83)

D3 f(s1, s2, 83)

T —

2 2 2

dkj > 1: ﬁ
(3.67)

dsgdsgdsy <
089 051 ‘ 53 052451 =

() — a;)* + (b — %‘)2) ;

— ;)" 4 (b -

min

853 882 881
when p, ¢ >

agf(sb 52, 83)
353 882 681

.. "5
"S\»—A?-
—

|

—_

Q= N

+

H
.

—
I

Taking into account (3.66), (3.67), (3.68) we have completed the proof of (3.62).

A generalization of Theorem 23 follows.

bj—aj
(z”

xj)qul);
)

g+1 (3.68)

aj—l—bj

J 2




42

George A.

Anastassiou, J. Nonl. Evol. Equ. Appl. 2011 (2011) 23-56

Theorem 24 Let f : []1

1 lai, b;) = X asin Theorem 22, n € N, and (z1,. .., xy,) € [[;-; [a:, bs)-

Here ||-||,, (1 < p < o0) is the usual Ly-norm on [ [}, [a;, b;]. Then

Hf(xlax% cee 7xn) -

1

Here we have

M,

:= min

]<k{H‘
]<k’{H‘

{112

and for 3, k,r € {1,...,

Moy, = min

;

2.

j<k<r

2.

J<k<r

2.

j<k<r

M3, := min

—

sl (1

whenp,q > 1:
¥
= 0s;

and, with j, k € {1,2, ...

j{:ﬂiln

< ni-
I1 (b; — a;)
= (3.69)

1
(bi — ai)

/ f(s1,82,...,8n)dsy ...ds;
rﬂl1hh@]

1

(]:1{”‘883 <]_j " —al) (( —aj)2‘2|'(bj—l‘j)2>};
%

T (b~
g+1

cw

l,j)q-i-l %
" (3.70)

) [(%‘ — aj)

=1 forj=1,2,...,n
aj+bj )
2 )

<'_aj+1: -

J

;nj,
(@j=a5)*+(bj=2))*) (wr—ar)*+(br—ax)*)
(b — az‘)) ( ;
8Sk883 ‘ (Hl;[k )
< (bi _a<)<11> (5 — a)) ™ + (b) — 2)™"
88k833 17,k ’L z “ !
1
_ q+1 _ g+l ] a
g+ 1 P q
b._a- a;j+b; |\ ( be—a b
D5k 0s; 2J+‘fﬂ'_]2j>(k2k+’$k_w>};
(3.71)
3 ’ i
% [ M - ai)] 1 (Zm — am) ; (b — Tm) :
rUSkEUS) |||l ik, me{j,k,r}
3f [ H : (@m—=am) " 4 (b —zm) o
— (b; — a)q H SRS S ) ’
aswaskasj P Litjk,r me{j,k,r} 1 1
whenp,q>1:5+5=1
83]0 bm — am am +b
|, JL (™ o)

(3.72)
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andforl=1,...,n,

an—l n _ 2 b _ 2
> ‘ ! ’ (bl—az)H(xm )"+ (b = Z) ;
1= 1108y ...05;...0s1 m=l 2
m
y ‘ i - et 1 [(emmam)® o)t .
M, 15 = min ¢ =1 Osp...0s;...081 m;%
m
whenp,q > 1: %4—%:1;
Zn: ‘ o1y lﬁ[(bm—am+x _+b'>
— m )
=1 1105y ... 0s;...0s Lt 2 2
\ m
(3.73)
Finally we have
(||| __o"r ﬁ () — a;)* + (b — ;)
0sp ... 051 ||| o et 2 ’
i () e U
Mn,n := min aSn .. 681 p i1 q + 1 ) (374)
whenp,q>1'%+%:1;
(e e, - b
0sy...0s1|||; i 2 J 2 )
Proof.  Similar to Theorem 23. O

We need from [8]

Lemma 25 Ler f € C" ([a,b],X), n € N, (X, ||-||) a Banach space, x € [a,b]. Then

nfabf()d ok f(kfl)b(x—bk—f(kfl)(a (x—a)k
fa) = w5 - ( (b) ) ) >

b—a b—a
k=1

HCE )] / </y Fo ) dt) dy. (3.75)

We present the representation result

m
Theorem 26 Let (X, ||-||) be a Banach space and f € C”(H [aj, bj], ), m,n € N. Let also
m

=1
(x1,...,2m) € [] laj, b;] be fixed. Then ’
7=1

F(@1, .. ay) = m”/m Fls1,oo sm)dst. . dsm + > . Ti,  (376)
H (bj — a;) 7 11 1ai bl i=1

]:
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where fori=1,...,m we put
E = E(xu?xm)

i—1 n—1 k—1

n n—=k 0

= /{:' /1 <f(sl,SQ,...,Si_l,bi,xi+1,...,JIm) (xl —bi)k
_Hl[aj,bj]

i k—1
[T (b —ay) »=t " "% O
j=1
8k71
— T_J;(Sb 82y o3 Si—1yQ45 L1y - - ,:L'm) (:EZ — al)k) d51 dSQ e dsl-,l
Ox;
i—1 T
(n - 1)' H (b] — CL]) j1;11[aj7bj] 5
j=1
an
X w(Sl, 89,83, ..., 8i—1,1i, Tiglye -, J,‘m) dti> dSi dSi_l - dSl.
%
3.77)
n—1
When n = 1, the Z in (3.77) is zero. (For the real analog see [5] and [7, p. 367].)
k=1

3

Proof. Here (X, ||-||) is a Banach space and f € C’”(H laj, bj] ,X), m,n € N. Hence by
7=1

Lemma 25 we have

b1

n
flxy,. .. xm) = 5 f(s1,z2,...,xy) ds1 + Th (21,..., Zm), (3.78)
1 —ax ay
where
Tl(xl,...,xm):
n—1
1 n—k [OFLf(by,za, ... Tm) e OFUf(ay,ma, .. 2) k
b1—a1z k! ( dxk1 (1 =b)" = dxk1 (@1 =)
k=1 1 1
1 b1 x1 1 8nf
— ) (¢ e X)) dtr ) dsy. 3.79
+(n—1)!(bl—a1) /a1 </31 (z1 —t1) 8x?(1’$2’ s Tm) 1) s1 (3.79)
But it holds
bo n—1
n 1 n—=k
e T) = , 89,23 ..., Tm)d
f(s1,22,..., ) bs—as /., f(s1,82,23...,%m) 82+b2—a2 2
8k_1f(51,b2,a:3...,xm) k 8’“_1f(51,a2,x3,...,33m) k
X ( 81-]5_1 (afg—bg) — axg_l (xg—ag)

(=Dl (bs—a2) Jo, \Jyy 22 Gy U B Im) G O :
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Combining (3.78) and (3.80) we obtain

b1 bo
m) = y 92 s dm dsad
f(z1, s Tm) (b — a1 b2 — ) / f S1,89, 13 x ) sodsy

—f—Tg(xQ,azg,...,xm)—l—Tl(:cl,...,xm), (3.81)
where
n -k
T ) = .
2 (.732,3:‘37 , L ) (bl — al) (b2 — CLQ) ; < k! )

b 9k F(s1, by, 5. .., Tm O 1f(s1,a9,23,...,Tm
/ ( f(s1,b2, 23 )(xQ_bQ)k_ f(s1, a2, 23 )(xz—az)k dsy
a1

k—1 k—1
O0xy Oy

b1 b 8f
— 1) t .., Tm) dto dsg ds.
e G o [, [, @ gt ) dndsadsy

Next we see that

n b 1 i —k
f(s1,82,23,...,2m) = f(s1,892,83,24...,2m)dss + Z( >
as

bs — a3

. (a’“‘lf(&, 52,0345y Tm)

1
OF 1 f(s1,50,a3, T4, .., Tm) k
b k—1 (563 o a3)
T3

-1
Oz

+ ! /b3 /m( —t)"lanf( t ) dts ) dss. (3.82)
(n_l)l(bs_ag) as ':E3 3 a 817827 37334a---7xm 3 83' .

S3

Combining (3.81) and (3.82) we get

TLS b1 b2 b3
f(ml,...,:cm):3/ / f(s1,892,83,Z4...,%y)dsgdsyds;
Hi:1( i —ai) Jay Jaz Jas

+ T3 (xg, T4,y .. ,l’m) + 11 +Ts, (3.83)
where
2 n—1 b1 pbal gk—1
n n—Fk [ (%[0 S1,82,b3,T4,...,T
) = g S [ [O ) g
[1(bi —a;) b=t~ Jor Ja Oz
=1
k-1
_ f(817'9;7 6;;3_71:1:47 )xm) (1'3 o ag)k dSQ dSl
T3
n2 b1 by bs T3 B
+ 3 / / / / (.173 — t3)n 1 X
(n — 1)! H (bz — ai) @ a2 a3 53
=1
13
8 (81,82,t3,ﬂ}4,...,$m) dt3d83d82 dSl.

(3.84)
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We also observe that

b
n
f(51,52,83,%4,...,2Tm) = 5 f(51,82,53,84,25,. .., Tm)dsg
4 — Q4
71 _
S n—k ak 1f(81,32,53,b4,l'5,...,I’m) k
a5 () [P e bt
k=1 Ly
6k*1f(31,32,53,a4,x5,...,xm) k
- (x4 — aq)

k—1
Ox,

by 8 f
(TL— 1 b4—a4 / / .%'4—t 8 (51,82,83,t4,$5,...,xm) dt4 d84. (385)

Combining (3.83) and (3.85) we get

4 4

n
flxr, e, ... xm) = S /4 f(s1y ey Sa, @5, ..oy Ty) dsy...dsg + ZT],
IT (b —ay) " L] i=1
j=1
(3.86)
where
T4(I'4,I’5, 7xm) -
TLS nln—]{?/ |:(9k_1f(81,82,83,b4,l’5,...,IEm) ($4—b4)k
3 k—1
ﬁ (b; — aj) k=1 k! ]zl[agyb ] Oy
j=1
ok—1 ey Tm
_ f(81,82783];i0411,3357 s Tm) (x4 _a4)k ds; dsy dss
Ox,

n3 T4 ne
+ / 4 / (24 —tg)" "
_Hl[aj,bj] 54

8"f( t )dtgd d (3.87)
- —-(51, 52,5 Thy. .., T Sq...dsy. .
8.172 1,92,953,04,45, sy bm 4 Us4 1
Etc. doing the same procedure m times, so proving the claim. U
Remark 27 We call fori=1,...,m,
ni—l k-1
== / <6 % {(81,---,81—17bi79€z‘+17-~7$m) (i — bi)F +
[T (b5 —ay) k 1 I1 lag.b; i
7=1
akfl
— ak—{(sh e 3 Si—1, Q5 Ljt1y - - - ,{L‘m) (IL‘z — al)k> d81 e dSifl.
Ly
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Whenn =1,then A; =0alli=1,...,m. Fori=1,...,m, we call
nifl t; 1l
B; = Bz(l‘z,,iﬁm) = : /, / (xi_ti) :
(n—)! TT (b5 — a;) jl;[l[aj,bj} Si
j=1
o f
. %(81, ey Si—1, ti, Li+41y.-- ,.CUm) dti dSi dSi_l e dSl, (389)
(]
so that we have, foralli =1,...,m,
T, = A; + B;. (3.90)
We set, fori =1,...,m,
o ti—ai, ap <t <y,
Kt @) = {ti —bi, T <t; < by, 391
Call, fori =1,...,m,
an
g™ ) = Txi (51,852,583, -+, 851, by Tig 1y -y ) - (3.92)
(]
Then as in [8] one can prove that, fori=1,...,m,
bi t; 1 bl 1
‘ / / (2 — )" g™ (1) dt; dsi|| < / s — 4" | K (4, 23)] ng )| dti. (3.93)
Qg S a;
The last gives, fori =1,...,m,
ni—1 )
1Bl < : [oo sl K )
(n = 1)1 TT (b = a) " L)
j=1
872
. ’ 87.%"74];(517 ey Si—19Sis Li41y - - - ,iL'm)H dSi e dSl,
1
(3.94)
Thus by (3.76) we get
m

Ef(l‘l,...,.f[,‘m) ::f(xlr"uxm)_

IT (b — aj) 7 H [ 03] =1
j=1
=) B (3.95)
i=1
Hence
1B (1, wn)ll <D 1Bl (3.96)
i=1

Next we estimate F; via some Ostrowski type inequalities.
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m
Theorem 28 Assume all as in Theorem 26. Then, ¥ (1, ...,xm) € ] [a;,b)] :
=1

|Ef (@1, )| <

—|[|o"f (ZiC 't (b (b — )" — ai (m — ai)"
o 2[5 ( e

;. — Aj n

K N S A £V i
= A+2)(n—X+1) n—A+1 A+2 )

3.97)
Proof. 'We observe by (3.94) that
ni—1 -
1Bill < ; ﬁ[ “m—&\ |K (s, )| -
(n—1)! H (b — ay) * Ll
Jj=1 n
‘ g {(81782,83, ey Sy Ti41y e - ,l‘m)H d81 ce dsi
nifl 6nf —i—

S |
)

|1: — 5| K (s, 25)| dsi =: (%), (3.98)

aj

S =) (o —a)

‘We find that

b;
/ |2 — 5| " K (4, 27)| ds
a;

xT; bi
= / (.Tz — Sz‘)n_l (Si — ai) dSZ‘ +/ (SZ‘ — l’i)n_l (bZ — Si) dSi

bi (bi — )" — a; (x; — a;)"

n
+ nil n—1 (_l)nf)\fl (7’L + 3) xzn+1 _ x?a?_)\—’_l + :L,ZTL—)\—le?\-FQ =7
A A+2)(n—X+1) n—A+1 A+2 S
(3.99)
Therefore we obtain
(+) < (n—l H 0 f( x+1xm>‘H %. (3.100)
Finally we get
m i—l anf —i—
||Ef (xla"'a Z n—l b —CL') Ox™ ’T’.S,I’F}l,...,fl?m Yis (3101)

proving the claim. (|
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We continue with

m
Theorem 29 Assume all as in Theorem 26. Then, ¥ (x1,...,zm) € [] [aj,b;] :
j=1

m

1 OfI| T (b — )" — ai (zi — ai)"
E e xm)]] <
|Ef(z1,22...,2m)] < (n—1)! < H dx? ’OO bz‘_ai{ n
n—1 - T
1 n+1 A, n—A+1 n—AX\ 1b/»\+2
s <n ) (_1)n-! [ (n+3)x; _ <l’ a; 4L i )] } (3.102)
2\ A A+2)(n—A+1) \n—-A+1 A2
Proof. From Theorem 28. O

Next we give

Theorem 30 Assume all as in Theorem 26, and let p, ¢ > 1 such that % + é = 1. Then

V(ZEl,...,ZEm) S H [aj,bj] :
j=1

1 L i—1
AT
=1

n
n—1)!

B =

(b — @) <iH1 (bj — %’))

Jj=1

1 n i
A @i = @)+ 0= 2" B - g+ 1a+ 1)} \ g;:m, Tittseresm)
d p
(3.103)
Proof.  'We notice that
nifl anf —i—
HBZH < i H o™ (AvxiJrl?"'axm) X
(n =1L (bj —a;) P
j=1 )
b; 2 [i-1 a
X </ |x, — Si’q(n—l) ’K(SZ‘, xz)\q d$i> H (bj — aj)
a; j=1
(by [14, p. 256])
ni—1
1= P
=110~ ) (TL 05 - a))
]:
1 n ——
A @ = )+ 0= 2" B =g+ 1,g+ D)} ‘ g;j(”\- N Tigts )|
@ P
proving the claim. g

We also present
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m
Theorem 31 Assume all as in Theorem 26. Then, ¥ (x1,...,Ty) € Hl laj,bj]
]:
m ni—1
n
1Ef (215 s 2m)|| < n—l'z ; (max (z; — a;, bi — x;))" -
=1 H (bj —aj)
‘7:
onf —i-
T i1, o) (3.104)
H O’ ' " 1
Proof. We see that
ni—l _ on —i—
EE : s (= s K (sl || T i)
(n— ! IT (b — aj) “€lsb !
j=1
ni—l 871 —7—
< - (max (x; — a;, by — x;))" a—x‘z <,/\7 Tit1,-- - ,wm> , (3.105)
(n =!I (b5 — ay) ' !
j=1
proving the claim. U
We give
Corollary 32 Assume all as in Theorem 26. Then, for p,q > 1: % + % =1,
m
v ($1,...,$m) S H [aj,bj] :
j=1
IEf (21, .., 2m)|| < min {R.H.S.(3.97), R.H.S.(3.103), R.H.S.(3.104)} . (3.106)
Proof. By (3.97), (3.103) and (3.104). O

We further give

Corollary 33 Let (X, ||-||) be a Banach space and f € C* ([a1,b1] x [az,ba], X). Let (z1,72) €
[al,bl] X [az,bg]. Then

1
f(xh x2) B (bl - CLI) (b2 - a2) /[al,bl]x[az,bz] f(Sh 82) d81 d82 " TI " T2’ (3'107)
where
1 b1 of
T1 = Tl(l'l,xQ) = m K(sl,xl)axl (81,82) d81 Bl(:nl,mg) (3.108)
1 b] b2 8f
TQ = TQ(LUQ) = (bl — al) (bg — a2) / K(827x2)87332(81’ Sg) d81 dSQ = BQ(CEQ). (3.109)
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Proof. By Theorem 26. l
We need

Remark 34 Denote here

b1 bo
E¢(x1,22) = f(x1,22) — / f(s1,s2)dsy dsa. (3.110)

(b1 *01) by — ag)

Hence
|Ef (z1,z2)|| < ||B1 + | B2l - (3.111)

We give the following special Ostrowski type inequalities.

Corollary 35 Assume all as in Corollary 33. Then, ¥ (x1,x2) € [a1,b1] X [ag, ba] :

by bo
VEj (2, e2) | = Hf(azl,xa) = / F(51,52) st s

b1 — al) (b2 — a2)
H [al—l—b%—xl (al—l—bl)]
00,[a1,b1] (bl - al)

xg)

6951
2 b2 _ b
+ H 7‘}0(’ ‘H [a2+ 2 — T2 (ag + 2)] (3.112)
Do 00, [a1,b1] % [az,b2] (by — a2)
Proof. By Theorem 28. O]

We continue with

Corollary 36 Assume all as in Corollary 33. ¥ (x1,x2) € [a1,b1] X [ag,ba] :

=L

< m
|E¢ (21, 22)] aX{H o o1s
y {(al + b — 21 (1 -i-bl)) (a% + b3 — 22 (a2 b2)>} . (3.113)

b1 — a1 by — as

Proof. By (3.112). ([l
Next we have

Corollary 37 Assume all as in Corollary 33. Then, ¥ (x1,z2) € [a1,b1] X [ag, ba] :

b1 bo
Hf(l“l,%z) Tl = a1) (b2 — a3) / f(s1,52)ds1dsy
1 (:L“l — al) + (bl - 561) 8f
< 4 {.
~ (b — al)\/ 3 gl or2) 2,[a1,b1]
1 To — a2)3 + (bQ — ZL’Q) af
+ \/ . (3.114)
(b2 - a’2) \% bl —ai 3 8$2 2,[&1,b1]><[a2,b2}
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Proof. By (3.103). (]
We present

Corollary 38 Assume all as in Corollary 33. Then, ¥ (z1,x2) € [a1,b1] X [az, ba] :

1 b1 b2
— dsid
Hf(flfmrz) o —ar) (b —a2) /a1 . f(s1,82) dsydsz
1 of
< ———max (z1 — a1, b — 21) ||| 5 (+ 22)
(b1 —a1) di 1,[a1,b1]
1
+ max (zy — ag, by — x2) ‘ ﬁ(, (3.115)
(bl - al) (b2 - aQ) aﬂfg 1,[a1,b1}><[a2,b2]
Proof. By (3.104). (Il
We end Ostrowski type inequality applications for n = 1, m = 2 with
Corollary 39 Assume all as in Corollary 33. Then, ¥ (x1,x2) € [a1,b1] X [az, b2] :
1 b1 ba
— ds;d
Hﬂxl’:@) (b1 — ay) (ba — a2) /a1 as fls1,52) dsydsy
< min{R.H.5.(3.112), R.H.5.(3.114), R.H.5.(3.115)} . (3.116)
3
Corollary 40 Let (X, ||-||) be a Banach space and f € C? ( 1 [a;,b)] ,X).
3 j=1
Let also (x1,x2,x3) € [] [aj,b;]. Then
j=1
3 3
f(z1,29,23) = 3/3 f(s1,82,s3)dsy d32d33+ZTi. (3.117)
[T (b — ay) " Ll =l
j=1
Here for v = 1,2,3 we have
1
Ty = Ti (21,22, 23) = (bl—al){f(bl’m’x?’) (x1 —b1) — f(a1, 22, 23) (21 — a1)
b1 82f
+/ (1 Sl)K(Slaxl)82(51al‘2a$3)d51}’ (3.118)
al 1
Ty = Ta(x2, 73)
2 b
— bo. - b)) — . _ d
T L (b (2 =) = flor0m.) (22— )
0*f
+ [, (CEQ — 52) K(SQ,IEQ) W(Sl,SQ,u’Cg) dsidss p, (3.119)
I1 [a;,b;] L2

j=1
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and
T3 = T3(x3)
4
= 3{/2 (f(s1,82,b3) (x5 — b3) — f(s1,52,a3) (v3 — az)) ds1ds2
(bj — aj) jgl[aj’bj]
j=1
0% f
+ /. (w3 — 53) K(s3,23) -—5(51,52,53) ds1 dsads3 ¢.
[a,b;] O3
j=1
(3.120)
Remark 41 Here we have
Ay = Ay (21,29, 03) = [ (b1, x2,23) (x1 — b1) — f (a1, 2, x3) (1 — a1)7 3.121)
b1 — ai
1 b *f
|Bil| = || B1 (z1, x2, 23)|| < @1—%)/@ |z1 — s1| |[K(s1,21)] ' @(81,962,903) dsi,
(3.122)

also

Ay = As(x9,23)

b1
= (bl - a1)2(b2 - a2) / [f(sl, b2,x3) (LEQ — bg) — f(Sl, ag, .Tg) (SCQ — ag)] dsy, (3.123)

| Ba|| = || Ba(w2, x3)||

2 / ’ 0% f
< T9 — So| | K (s9,x —= (81,89, dsidsy, (3.124)
(br —ar) (bs — aa) _ﬁl[aj,bj]‘ 2 — 52| [ K (52, 2)] o2 (s1,82,73)|| dsidsy
e
and
Az = As(x3)
4
= /2 [f(s1,82,b3) (3 — b3) — f(s1,82,a3) (z3 — a3)] ds1 dsa,
IT (b — ay) " L1t
j=1
(3.125)
B3| = [|Bs (x3)]

dsydsodss.  (3.126)

62
_ / (s — s3] | K (53, 73)] ‘ 5){(51,52,‘93)
[aj,bj] T3

ﬁ (bj — a;) jl;ll

Notice here

T,=A;+B;, i=1,23. (3.127)
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We also denote

3

8
Ep(z1, 22, 3) := f(21,22,03) — 54— /3 f(s1,82,53) ds1dsadsg — > Ay
(b; — a;) jl;[l[aj’bj] i=1
j=1
(3.128)
Hence
3
1B (21, 22, 23) <> |Bill - (3.129)
i=1
We give
3
Corollary 42 Assume all as in Corollary 40. Then, ¥ (x1,22,23) € [] [aj,b;] :
j=1
82f v 2 1 bi (bl - x,) — a; (:IZZ — ai)
HEf(xlv«T%x?))H S ; 7?( .. 7x3) HOO bl —a; 2 +
! 3 Agd—A 1=ApAt2
Yy 2t (T AT
- A+2)(3=N) 3—A A+2
(3.130)
Proof. By (3.97). ([l
We continue with
3
Corollary 43 Assume all as in Corollary 40. Then, ¥ (x1,22,23) € [] [aj,b;] :
j=1
3 - 2 2
82f 2Z 1 bl (bl — xl) — Q4 (SUZ — ai)
E <
|Ef(x1, 2, 23)]| < ; Py ‘OO b — a; 5
1 3 _
53 wrad™N gl A2
—1)t= : — | == it . (3131
+§( ) {()\+2)(3—)\) <3—)\ T2 (3.131)
Proof. By (3.102). 0
Next we give
3
Corollary 44 Assume all as in Corollary 40. Then, ¥ (x1,22,23) € [] [aj,b;] :
j=1
5 gi-1 \/(»’Ei —a;)’ + (b — x;)° g2 [
30 _
|Ef(z1, 22, 23)| < Z : ; H 0i2 < ,x3> 2 (3.132)

i=1 (b — a;) <Zﬁ1 (b; - aj)> 7

Jj=1
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Proof. By (3.103). (]

We also present

3
Corollary 45 Assume all as in Corollary 40. Then, ¥ (x1,x2,23) € [] [a;,b;] :

j=1
3 i 2 i
2= (max (z; — aj, b; — ; 0? L
1B (1, w2, 23) < ( i( = a0, bi — 21)) 87’; (f’\ a:3> (3.133)
=1 I1 (bj — a) ' '
j=1
Proof. By (3.104). O
We finish with
3
Corollary 46 Assume all as in Corollary 40. Then, ¥ (z1,x2,23) € [] [aj, bj],
j=1
1E (21, 22, 23)|| < min {R.H.S.(3.130), R.H.S.(3.132), R.H.S.(3.133)} . (3.134)
Proof. By Corollary 32. U
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