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Abstract. We prove the existence of a renormalized solution for a class of nonlinear parabolic
equations
ob(z,u)
ot
where the right-hand side is a diffuse measure, b(z, u) is an unbounded function of u, and where
—div(a(z,t, Vu)) is a Leray-Lions type operator with growth |[Vu[P~! in Vu.

- div(a(w,t, Vu)) = u,
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1 Introduction

Let €2 be a bounded open subset of RN, N > 1,T > 0 and let Q = Q x (0,T). We prove the
existence of a renormalized solution for a class of nonlinear parabolic equations of the type:

‘%((;”t’“’) —div(a(z,t,Vu)) = p inQ, (1.1)
b(xz,u)(t =0) = b(x,up) inQ, (1.2)
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u=0 ondQ x (0,7T). (1.3)

In the problem (1.1)—(1.3) the framework is as follows: the data yx is a measure and b(z, ug)
belongs to L!(2). The operator — div(a(z,t, Vu)) is a Leray—Lions operator which is coercive
and which grows like |Vu|p*l with respect to Vu (see the assumptions (3.4), (3.5) and (3.6) in
Section 3).

In this paper we use the framework of renormalized solutions. This notion was introduced by
P.-L. Lions and Di Perna [22] for the study of the Boltzmann equation (see also P.-L. Lions [16] for
a few applications to fluid mechanics models; see also [5, 17] for a nonlinear parabolic equation
with natural growth). A large number of papers was then devoted to the study of the existence of
renormalized solutions of parabolic problems with rough data under various assumptions and in
different contexts (for a review on classical results see [1, 2, 3, 5,6, 7, 10, 11, 17, 18]).

Concerning the datum u, we restrict ourselves to the space of measures with bounded total
variation over () that do not charge the sets of zero p-capacity (see Section 2 for the definition), the
so-called diffuse measures or soft measures, and we will use the symbol . € M (Q) to denote them.
The existence and uniqueness of a renormalized solution of (1.1)—(1.3) was proved in [23] in the
case where b(z,u) = u, ug € L'(£2) and for every measure p which does not charge the sets of zero
p-capacity. In the case where y is of bounded total variation over @, b(x,u) = u and ug € L'(Q),
the existence of a renormalized solution was proved in [19], and in the case where b(z, u) = b(u),
ug € LY(Q) and ;1 € My(Q) the existence and uniqueness of a renormalized solution was proved in

[8].

We organize the paper as follows. In Section 2 we give some preliminaries; in particular, we
provide the definition of a parabolic capacity and some its basic properties. Section 3 is devoted to
specifying the assumptions on b, a, ug and p and to giving the definition of a renormalized solution
of (1.1)—(1.3). In Section 4 we establish the existence of such a solution (Theorem 2). In Section 5
(Appendix), we prove Proposition 2 which states that the formulation of a renormalized solution
does not depend on the decomposition of .

2 Preliminaries on parabolic capacity

We recall the notion of a p-capacity associated to our problem (for further details see [20, 21, 23]).
For any fixed T > 0 let @ = Q x (0,7), and let us recall that V' = Wol’p(Q) N L?(9) is endowed
with its natural norm H‘”Wl'p(Q) + || 22 () and

0

W= {u e LP(0,T:V) : up € L (0, T V’)}

is endowed with its natural norm ||.{|» o7,y + H'HLF'(O 7.y7)- Let us also remark that W is

continuously embedded in C ([0, 7], L?(£2)), and if 1 < p < oo, then C§°(Q) is dense in W. Let
U C @ be an open set. We define the parabolic p-capacity of U as

cap,(U) = inf{HuHW cu € W,u> xyp ae. in Q},
where as usual we set inf{()} = +oo. Then for any Borel set B C @ we set

cap,(B) = inf { cap,(U) : U open subset of Q, B C U}.
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By M, (Q) we will denote the set of all Radon measures with bounded variation on (). Moreover,
as we already mentioned, by M (Q) we will denote the set of all measures with bounded total
variation over () that do not charge the sets of zero p-capacity, that is, if 1 € M (Q), then u(E) = 0
forall E C @ such that cap,,(E) = 0.

In [23] the authors proved the following decomposition theorem.

Theorem 1 Let p be a bounded measure on Q. If 1 € Mo(Q), then there exists (f, g1, 92) such
that f € L(Q), g1 € LP (0, T; W17 (Q)), go € LP(0,T; V) and

T T
/chdu:/QdedH/o <gl,¢>dt+/0 (G g) dt, 6 €CP(Q).

Such a triplet (f, g1, g2) will be called a decomposition of .

Note that the decomposition of j is not uniquely determined.

In the proof of the existence result we will use the density argument, and so we need the following
preliminary result whose prove can be found, for instance, in [23].

Proposition 1 Let n € Mo(Q). Then there exists a decomposition ( f,div(G), g) of i in the sense
of Theorem 1 and an approximation u® of u satisfying the following conditions:

peeCl(@Q) :pling <G,
T

T
/¢M€dxdt:/f6¢d$dt+/ <diV(G€),¢>dt—|—/ (¢r,g5)dt  forall € C°(Q),
Q Q 0 0
and

feec®(Q): ff— finL'(Q)ase — 0,
G5 e (CP(Q)N :G° = Gin (LP(Q)N ase — 0,
g €C(Q) 9" — gin LP(0,T; Wol’p(Q) NL* Q) as e — 0.

Here are some notations we will use throughout this paper. For any non-negative real number &
by T (r) = min(k, max(r, —k)) we denote the truncation function at level k. By (.,.) we mean
the duality between suitable spaces in which functions are involved. In particular, we will consider
both the duality between W, (2) and W~ () and the duality between W, (Q) N L>°() and
WL (Q) + LY(Q).

3 Assumptions on the data and definition of a renormalized solution

Throughout the paper, we assume that the following assumptions hold true.

Suppose that (2 is a bounded open set on R, N > 1, T > 0 is given and we set Q = Q x (0, T").

Furthermore,

b,?:QxR—HR and V,b: QxR —RY (3.1
S
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are Carathéodory functions such that for almost every = € 2, b(z, s) is a strictly increasing C'-
function with b(z,0) = 0. For every s € R, the function b(z, s) is in W1P(Q).
There exist A, A > 0 such that
ob(zx, s)
s

for almost every = € €, for every s € R. There exists a function B in LP(£2) such that

A<

<A (3.2)

’Vzb(x, s)‘ < B(x), (3.3)
for almost every x € (2, for every s € R. We also assume that
a: QxR x RY - RV isa Carathéodory function 34
and
a(z,t,£).€ > al¢|P (3.5)
for almost every (x,t) € Q, for every &€ € RY, where a > 0 is a given real number. Moreover,
ja(z,t, &) < B(L(x,t) + [¢]~) (3.6)

for almost every (z,t) € Q, for every ¢ € RY, where 3 > 0 is a given real number, L is a
non-negative function in L” (Q). We also assume that

la(2,t,€) — a(z,t,£)][€ = €] >0 (3.7)
for any (¢,¢") € R2V and for almost every (z,t) € Q. Finally, we assume that
1€ Mo(Q) (3.8)
and that
ug is a measurable function defined on € such that b(z, ug) € L*(Q). (3.9)

The definition of a renormalized solution for the problem (1.1)—(1.3) is given below.
Definition 1 A measurable function u defined on Q) (let v := b(x,u) — g) is a renormalized solution
of the problem (1.1)—(1.3) if

Ti(v) € LP(0,T; Wol’p(Q))for allk > 0andv € L*(0,T; L' (Q)), (3.10)

/ a(z,t,Vu)Vudz dt — 0 as n — +o0, (3.11)
{(t,z)eQ : n<|v|<n+1}

and if for every function S in W2 (R) which is piecewise C*(R) and such that S’ has a compact
support we have
05 (v)
ot

— div(S'(v)a(z,t, Vu)) + " (v)a(z,t, Vu)Vu
= 5 (v) — div(GS'(v)) + S"(v)GVv in D'(Q),
S(v)(t = 0) = S(b(x,ug)) in L'(Q). (3.13)

(3.12)
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Remark 1 Note that all terms in (3.12) are well-defined. Indeed, let k > 0 be such that supp(S’) C
[—k, k]. We have
VS(v) = 8'(Ti(v))VTi(v) € (LP(Q)N.

, a0S(v
Then S(v) € LP(0,T; Wy P(Q)) and 250 € D/(Q).
The term S’ (v)a(z,t, Vu) can be identified with:

8'(T(v))a(w.t, (abg”s’ S)>71(VT;€(U) + (Vg = Vab(@,u)X(uj<i)) ) @ee. in Q.

Using the assumption (3.6), we obtain

1S Wale, t, V)| < 819 |1 m [L<x,t>+
(3.14)

n ((%(JZ, u))—(P—l) ‘VTk(v) Vg Vab(a, u)‘p

95 } a.e. in Q.

Further, using (3.2), (3.3) and (3.10), we deduce that: S'(v)a(z,t,Vu) € (L” (Q))N. The term
S"(v)a(x,t, Vu)Vu can be identified with

S”(Tk(v))a(x, t, <8b(;;’ u)>_1(VTk(U) + (Vg — Vyb(z, u))x{|v|§k})>VTk(v) a.e. in Q.

In view of (3.2), (3.3), (3.10), (3.14) and the Holder inequality we obtain
5" (v)a(z,t, Vu) Vv € L}(Q).
Finally, f5"(v) and S" (v)GVv € L*(Q) and GS'(v) € (L” (Q))V.

We also have BS(v) e LV (0, T; W=7(Q)) + LY(Q) and S(v) € LP(0,T; W, (Q)), which
implies that S(v) € CO([O T], LY()) (see [17]) and (3.13) makes a weak sense.

It should be observed (see [23]) that since ;1 € My(Q), then p does not charge set att = 0 and
in the weak sense we can suppose that g(x,0) = 0 for a.e. © € .

Note that the formulation of a renormalized solution does not depend on the decomposition of .
The proof of this fact relies on the following result.

Lemma 1 Let i € Mo(Q), and let (f,div(G), g) and (f,di ( ), g) to be two different decomposi-
tions of 1 in the sense of Theorem 1. Then we have (9 —g); = f — f —div (é — G) in distributional
sense, g —g € C([0,T); L*(2)) and (g — )(0) = 0.

Proof. See [23]. ]

Proposition 2 Let u be a renormalized solution of (1.1)—(1.3). Then u satisfies (3.10)—(3.13) for
every decomposition (f,div(GQ),q) of ju.

Proof. See Appendix. g
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4 Existence result
This section is devoted to establishing the following existence theorem.

Theorem 2 Under the assumptions (3.1)—(3.9) there exists at least a renormalized solution u of the
problem (1.1)—(1.3).

Proof.  The proof is divided into 6 steps. In Step 1 we introduce an approximate problem. Step 2 is
devoted to establishing a few a priori estimates. In Step 3 the limit u of the approximate solutions u°
is introduced and v := b(x,u) — g is shown to belong to L>(0, T"; L' (2)) and to satisfy (3.10). In
Step 4 we define a time regularization of the field 7 (u) and we establish Lemma 2, which allows us
to control the parabolic contribution that arises in the monotonicity method when passing to the limit.
Step 5 is devoted to proving an energy estimate (Lemma 3). At last, Step 6 is devoted to proving that
u satisfies (3.11), (3.12) and (3.13) of the Definition 1.

Step 1. For a fixed € > 0 let us introduce the following regularizations of the data:
be(xz,8) =b(x,T1(s)) +es ae.in), forevery s € R, 4.1)
u§ € C(Q) : be(w,u§) — b, ug) in L' (Q) ase — 0. 4.2)

In view of Proposition 1 we can find

ey O9°
WEECE(Q) il SO and pf = f —div(G) + “3)
such that
fEeC®(Q): ff— finL'(Q)ase — 0, (4.4)
GE e Q)N :GF - Gin (LP(Q)N ase — 0, (4.5)
g° €CX(Q): g — gin LP(0,T; WyP(Q) N LA(Q)) as & — 0. (4.6)
Let us now consider the following regularized problem:
u® € LP(0,T; Wy (), 4.7)
/T<8UE <p> dt+/ a(z,t, Vu*)Vedx dt / ffpda dt—l—/ G*Vdx dt
o \ Ot Q Q Q (4.8)
forall o € LP(0,T; WyP(Q)) N L®(Q),
b(xz,u®)(t =0) = b(z,uy) in Q, 4.9)

where v° := b.(z,u°) and (.,.) denotes the duality pairing between L'(Q) + W1 (Q) and
L>(Q)N Wol’p(Q). In view of (4.1), b, satisfies (3.1), and due to (3.2) for € > 0 we have

) < Ob:(z, s)

< =5, < A+ 1land |V,be(z,s)] < B(z) ae. in Q, forall s € R. (4.10)

As a consequence, proving the existence of a weak solution u® € LP(0, T VVO1 P (Q)) of (4.7)—(4.9)
is an easy task (see e.g. [15]).
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Step 2. We use T (v¢) € LP(0,T; Wol’p(Q)) N L*°(Q) as a test function in (4.7). Employing the
integration by parts formula for the evolution term (see [12]), we get

¢
/Tk(va)dm—&—/ /a(x,s,VuE)VTk(va)dxds
Q 0 JQ

4.11)
t t
= / / [T (v°) da ds —I—/ / G°VT(v°)dx ds + / Ty (be(w,uf)) dz
0 JQ Q
for almost every t € (0,T); here Tj,(r) = [, Tx(s)ds.
Using the assumptions (3.5)—(3.6) and the definition of T}, in (4.11), we obtain
£
/ T (be(z,uf) — ¢°) da + a/ M|Vus|p dz ds
0 Ey 65
< kaEHU(Q) +/ G°VTi(v°) dx ds
B (4.12)
+ ﬂ/ L(z,s)|Vg®|dx ds + ,6’/ |Vuf [PV ge| da ds
Ek Ek
+ / la(z,t, Vu©)Vbe(z,u®)| dx ds + k||be (2, u) | L1(g)»
Ey,
where Ey, = {(z,s) : |[v°| < K}. Using (4.10), by means of the Young inequality, we obtain
5/ |Vuf [P | Vg®| d ds
Ey
ab £
< é Mwqu—lwga‘p dz ds
Ey, 0s
e Ob:(x, u) 43
< — _ Pdrd A+1 “Pdxd
_4p//Ek Os |v ’ rds+ — < + ><Oé)\> /;klvg’ x das
and
/|a(:1;,t,Vu€)Vwb5(:c,u€)]dxds
Ey
o Ob: (x,u®) 43
< & el ) P
~ 4 Jg,  Os Vel dzds + -7 (A+ 1) (w\) |5 HL”(Q)’
we also obtain
/ G°VTi(v°)|dz ds
Ey
o Ob.(z,u®) » -
<o o e IVuPdeds +C(IBI o) + 167y g + IV i)
where (' is a constant independent of .
Hence
_ b
/Tk(vg)dx—l— O‘/ 0be(:5) P e s
0 2 Ey 88
< (1) + LI ) + 1967 gy + (e, )l o+ 413

+ IBI () + 11,0 )
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In view of the properties of T}, (T}, > 0, Tj,(s) > |s| — 1 for all s € R), b., g%, G¢, f¢, and since
[6<(2, ug)|| L1 () is bounded, from (4.13) we deduce that

v° is bounded in L>(0, T; L'(12)). (4.14)
By using (4.10) and (4.13) we deduce that
T} (v°) is bounded in LP(0, T Wol’p(Q)), (4.15)

independently of € and for any k£ > 0.

Proceeding as in [2, 3, 7], for any S € W1°°(R) such that S’ has a compact support (supp(S’) C
[—k, k]), we have

S(v%) is bounded in LP(0, T’; Wol’p(Q)), (4.16)

0S(ve
ot

) is bounded in L' (Q) + L¥ (0, T; W~ 17" (Q2)), (4.17)
independently of €.

In fact, as a consequence of (4.15), by Stampacchia’s theorem, we obtain (4.16). To show
that (4.17) holds true, we multiply the equation (4.7) by S’(v°) and obtain
05 (v°)
ot

— div(S'(v%)a(z, t, Vu®)) + 5" (v°)a(z, t, Vu*) Vo©
= f55'(v°) — div(G=S'(v°)) + G°S"(v*)Vo® in D'(Q).

(4.18)

We have

S (v¥)a(z,t, Vu®) ‘VTk )—I—Vga—beE(:E,us)‘p ] (4.19)

< BIIS ooy | L, )+ 1o

As a consequence, each terms on the right-hand side of (4.18) is bounded either in
LY (0, T; W= (€)) or in L'(Q), and we then obtain (4.17).

Now we look of an energy estimate of the approximating solutions. For any integer n > 1,
consider the Lipschitz continuous function 6,, defined by 0,,(r) = T,,+1(r) — T,,(r). Note that
10| oo (r) < 1 for any n > 1 and that 6,,(r) — 0 as n — oo for every r € R. Using 0,,(v°) as a
test function in (4.7), we get

/Qen(vs)dwr/ a(z,t, Vu©)Vo,(v7) dz di

(4.20)
/ £50,(v%) d dt +/ GEV 0, (v°) dz dt + / On (be (2, ug)) da,
Q
where 0,,(r) = [ 0n(s)ds > 0. Hence
3
/ Ma(z, t, Vu®)Vu® dx dt
{n<|ve|<n+1} ds
< / a(z,t, Vu®)Vg© dx dt

{n<|ve|<n+1} (4.21)

— / a(x,t, Vu®) Vb (z,u®) do dt
{n<|ve|<n+1}

/f€ dxdt+/QG5V9n( )dxdt+/«9 (be(, u5)) da.

Q
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By (3.6), (4.10) and the Young inequality, we obtain
be(z, u®
/ Ma(:c,t,Vus)Vus dz dt
{n<oel<nty 08

<C (IL(z, )P + |V [P + |GE[P" + |BIP) dz dt (4.22)
{lv®)|>n}

—i—/ ]fﬂda:dt%—/ |be (2, ug)| d.
{lv|2n} {1be (ug)|Zn}

Step 3. Again, we argue as in [2, 3, 4, 5, 7, 17]. Estimates (4.16) and (4.17) imply that for a
subsequence still indexed by € we have

v© = v:=b(x,u) —gae. inQ, (4.23)

u® — wae. inQ, (4.24)

Ty (1) = Tj(v) weakly in LP(0, T; WP(Q)), (4.25)
a(x,t, Vu) X {jve|<k} — ok weakly in (L” (Q)N. (4.26)

By (3.1), (4.10), (4.24) and the Lebesgue convergence theorem we obtain

Vabe(x,uf) — Vib(x,u) strongly in (LP(Q))V, (4.27)

as ¢ tends to zero for any k > 0 and where for any k > 0, o, belongs to (L¥ (Q))™.
Now, we establish that b(z,u) — g belongs to L°(0,T; L*(£2)). Indeed, using (4.13) and the
fact that Ti.(s) > |s| — 1, we obtain

@1 < (1 @ + 121 ) + 198 gy + (i) s .

+IBI, g + IC7]

p .
@ T meaS(Q)) a.e.in (0,7,

where C'is a constant independent of €. Using (4.1)—(4.6) and (4.23), we deduce that v := b(z,u) —g
belongs to L>(0,T; L*()).

We are now in a position to exploit (4.22). Since v¢ is bounded in L>°(0, T’; L*(£2)), we have

lim <sup meas{|v°] > n}) = 0. (4.29)
g

n—oo
Using the equi-integrability of the sequences | £, |b-(x, ug)|, [Vg°|P and |GZ|P" in L'(Q) we deduce
that
b
lim (sup/ Ma(az, s, Vu©)Vu® dz dt> =0. (4.30)
"N e J{n<e|<n+1} s

Step 4. In this step (in order to perform the monotonicity method which will be developed in Step 5
and Step 6) for a fixed k£ > 0 we introduce a time regularization of the function 7} (u). This kind
of a regularization was first introduced by R. Landes (see Lemma 6 and Proposition 3, p. 230 and

Proposition 4, p. 231 in [14]). More recently, it has been exploited in [9, 13] to solve a few nonlinear
evolution problems with L! or measure data. This specific time regularization of T}, (u) (for fixed
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k > 0) is defined as follows. Let (vg)” in L*°(Q) N Wol’p(Q) be such that HUSHLOO(Q) < k for all
¢ >0, and vg — Ty (up) a.e. in Q with %HU%HLP(Q) — 0as ( — +o0. For fixed k > 0 and ¢ > 0 let
us consider the unique solution 7} (u)¢ € L*(Q) N LP(0,T, VVO1 P(Q)) of the monotone problem:

9T (u)¢
ot

+ ((Ti(u)¢ — Ti(u)) = 0in D'(Q), (4.31)
Ti(u)(t = 0) = v§ in Q. (4.32)

The behaviour of Tj,(u)¢ as ( — 400 was investigated in [14] (see also [13]) and we just recall
here that (4.31) and (4.32) imply that:

Ty (u)e — Ty (u) strongly in LP(0, T, W&’p(Q)) a.e.in @ as ( = 400 (4.33)

with || Ty (u)c|| Loeqy < k for any ¢, and 20 ¢ 1p(0, T, WP (02)).

Let h € W1°(IR) be a non-negative function with a compact support. The main estimate is the
following

Lemma 2 Let v° = b.(x,u®) — g°. Then we have

ov®

T
lim I —_—
ﬂlmo <at’

£ ey >
ety h(v®)(Tk (v%) Tk(v)g)> dt > 0.
Proof. See Lemma 1 in [4]. -

Step 5. In this step we identify the weak limit o}, and we prove the weak L' convergence of the
truncated energy a(z, t, Vu®) VT (v°) as € tends to zero.

Lemma 3 The subsequence of u® in Step 3 for any k > 0 satisfies:

lim [ a(x,t, Vu®) VT (v°) dz dt < / / 0, VT (v)dz dt, (4.34)
e—0 Q QJQ
. Obe(x, u®
hH(l) €(6> [a(:):,t, VUl xgoe|<ky) — a(z, t, Vux{|v|§k})} X
hQ 5 (4.35)
X |:VUEX{|’U€|S]€} — VUX{MSIC}} dx dt = 0.
Moreover, for a fixed k > 0, we have
o = a(x,t, Vu)Xx{ju|<k} a-e inQ, (4.36)
a(x,t, Vuf) VT (v°) — a(x,t, Vu) VT, (v) weakly in L' (Q) (4.37)

as € tends to 0.

Proof. First, we prove that (4.34) holds true. For a fixed k > 0 let W¢ = (T}, (v®) — Tjs(v)¢). Let
us introduce a sequence of increasing C*°(IR)-functions .S, such that

Sp(r) = rfor |r| < n, supp(Sy;,) C [-(n+1),n+ 1], ||S)||peem®) < 1, forany n > 1.
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We choose Sy, (v°)W¢ as test function in (4.7) and obtain

/ <88Ut Sn(v)WE dt+/sl Ja(z,t, Vus)VWE dz dt
0

+ / Sy (v )Wea(z, t, Vu®) Vo de dt = / fES, (0P )WE da dt (4.38)
Q Q
+ / G=S), (v ) VWE da dt + / Sp (v )WEGEVY da dt.
Q Q
In the following we pass to the limit in (4.38) as ¢ tends to 0, then ¢ tends to oo and then n tends

to oo, the real number £ > 0 being kept fixed. In order to perform this task we prove bellow the
following results for fixed k& > O:

. . ov® e
> .
<1g§og% ; < T , Sy (v )W<>dt >0, (4.39)
forany n > k

lim lim lim [ S}(v%)a(z,t, VuT)WEVe® dz dt = 0, (4.40)

n—o0(—o0e—0 /g
im i °S!, (V) WE da dt = 4.41
Clg&il_r}r(l)/@f Sy (v )W dz dt = 0, (4.41)

lim lim [ G°S; (v°)VW§ dz dt = 0, (4.42)

C*)OO e—0 Q

lim lim [ S;(v*)WEGE Vo da dt = 0. (4.43)

CHOO e—0 Q

Let us prove (4.39). In view of the definition of W¢, Lemma 3 applies with h = S/, for fixed n > k.
As a consequence, (4.39) holds true.

Now, we pass to the proof of (4.40). For any n > 1 and any ¢ > 0, we have supp(S))) C
[~(n+1),—n]U[n,n+ 1], WL (@) < 2k and [|Sy]| o) < 1. As a consequence,

‘/ Sp(w)a(z, t, Vus)WEVY© da dt
< Qk/ la(x,t, Vu®) Vb (z,u®)| dz dt
{n<|ve|<n+1}

+ Qk/ la(x,t, Vu®)Vg¢®| dx dt

{n<|ve|<n+1}
&€

+ Qk/ Obe(w, ) a(z,t, Vu®)Vu® dz dt.

{n<|ve|<n+1} ds
By the assumptions (3.5), (3.6), (4.10) and Young’s inequality we obtain

/ la(x,t, Vu®)V b (z,u®)| dz dt
{n<|ve|<n+1}

<5 [ (17 P 1V b, + L, 0] Vb)) dr
{n<|ve|<n+1}
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< 3 Ob.(z,u®)
T Aap Jin<ps|<nt1y O

a(x,t, Vu®)Vu dx dt

+C (IBIP + |L|P") da dt,
{lv=|=n}
and
/ la(x,t, Vu®)Vg®| dz dt
{n<|vs|<n+1}
be (x, u*
<C M a(z,t, Vu®)Vu® dz dt
{n<lelntty 05
+C (IVgeP + |L|P") d dt.
{lvs|>n}
Hence

‘/ Sp(v)a(z,t, Vu)WEVY® da dt
Q

€
<C Ma(m, t, Vu®)Vu© dx dt (4.44)
{n<lof|<nt1y 05
+C (IBIP + |LP" 4 |Vg|P) dz dt

{lv|2n}

for any n > 1, where C'is a constant independent of n. Using the assumptions (4.29)—(4.30) and the
equi-integrability of the sequence |Vg°|P in L(Q), we are able to pass to the limits in (4.44) as n
tends to oo and to establish (4.40).

Now, we prove (4.41). For a fixed n > 1, in view (4.4) and (4.23), the Lebesgue convergence
theorem implies that for any ¢ > 0 and n > 1 we have

lim/ fES;(vg)Wfdxdt:/fS;L(v)Wdedt.
Q Q

e—0

Using (4.33) we are able to pass to the limit in the above equality as ¢ tends to co to obtain (4.41).

Let us now prove (4.42). Using (4.5) and (4.23) we see that to S/, (v°)G® tends to S}, (v)G
strongly in (L*' (Q))" as e tends to 0. For a fixed ¢ > 0, we have that W¢ tends to Tj,(v) — Ti(v)¢

weakly in LP(0,T'; Wol’p(Q)), and a.e. in () as ¢ tends to 0. So we deduce that

lim [ G5S,(u%)VWE da dt = / G, (0)V(Ti(v) — Te(v)c) dar dt (4.45)
e—0 Q Q

for any ( > 0. Appealing now to (4.33) and passing to the limit in (4.45) as ¢ — oo allows to
conclude that (4.42) holds true.

Finally, we prove (4.43). From (4.5) and (4.25) it follows that

lim lim [ VS, (v9)WEGSdzdt = lim [ VS, (v)WGdzdt=0

(—o0e—0 Q (—o0 Q

forany n > 1.
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Now, we turn back to the proof of Lemma 3. Due to (4.39)—(4.43), we are in a position to pass in
(4.38) to the limit superior when ¢ tends to zero, then to the limit superior when ( tends to co and
then to the limit as n tends to co. Thus, for any £ > 0, we obtain

lim lim lim [ S} (v%)a(z,t, Vu©)V (T (v%) — Tg(v)¢) dz dt < 0.

n—00 (—o0 e—0 Q
Since S), (v¥)a(z,t, Vu®) VT (v°) = a(z, t, Vu®) VT (v°) for k < n, the above inequality implies
that for k£ < n we get

lim | a(x,t, Vu®)VTi(v°) dz dt

0
e (4.46)

< lim lim lim [ S} (v%)a(x,t, Vu®) VT (v)e dz dt.

T n—00 (—o0e—0 Q

Due to (4.23) and (4.26), we see that S, (v°)a(z,t, Vu®) converges to S/ (v)o,+1 weakly in
(L (Q))N as ¢ tends to zero. The strong convergence of T (v) to Ty, (v) in LP(0, T} Wol’p(Q)) as ¢
tends to oo allows then to conclude that for all ¥ < n we have

lim lim [ S} (v%)a(z,t, Vu®) VT (v)e dz di

C*)OO e—0 Q

(4.47)
—/ S (V)0 +1V Ty (v) dx dt—/ On+1VTE(v) do dt.
Q Q

Now for k < n, we have

Sy (v%)a(x, t, Vus) xqjue|<ny = a(z, t, Vus)X{joe|<k} ae. in Q.

Letting ¢ tend to 0, we obtain oy, 11X {|s|<k} = TkX{jv|<k} a-€. in Q\{|v| = k} for & < n. Then for
k < n we have 0,,11VTj(v) = 0, VT (v) a.e. in Q. Recalling (4.46) and (4.47) allows to conclude
that (4.34) holds true.

Now, we are going to prove (4.35). Let £ > 0 be fixed. We use (4.11) and the monotone character
(3.7) of a(z, t, &) with respect to & to obtain

Obe (1, u®)
A = / o St R a(z,t, VU‘EX{‘UEKIC}) —al(x,t, VUX{\UKk}) X
Q 08 ( - <) (4.48)
X <VU€X{|1}5|§I€} — VUX{|U|§I€}) dx dt > 0.

The left-hand side of the inequality (4.48) can be split as follows: A° = A] + A5 + A§, where:

€
AS = /Q W@(m,t, Vus)Vu x o)<k dz dt,

. Ob:(x, u® e

Ay = /Q (as)a(l‘v t, VuT) Vux o<k X{jo| <k} 42 dt,
Obe(x, u®

A= — /Q g(as)a(w,t,vu)(VUEX{vwk}) — Vux{je|<k})) dz dt.

We pass in A7, A5 and A5 to the limit superior as € tends to 0. Let us remark that we have
€ = b(z,u®) — ¢ and abe( )Vu X{|ve|<k} = VTi(v ) (Vmbg(:c,us) + ng)X{|UE|§k} a.e.
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in (), and we also have that x|, |<x} almost everywhere converges to x{|,|<x} for almost every k
(see [9]). Using (4.34), we obtain

lim A = lim [ a(x,t, Vu®)VTE(v°)dx dt

e—0 e—0 Q

+lim [ a(z,t, Vu©)x{eej<ky Vg© dz dt
e—0 Q -

(4.49)

—lim [ a(z,t,Vu®)Vb(x,u®) dx dt
e—0 Q

< / 0 VT (v)de dt — / 0, Vb(x,u)de dt + / o Vgdz dt.
Q Q Q
As a consequence of (4.6) and (4.25)-(4.27) we obtain

lim A5 = —/ 0, (VT (v) — Vib(z,u) + Vg) dz dt. (4.50)
Q

e—0

In view of (4.6), (4.25) and (4.27) we have

lim A5 = — lim [ a(z,t, Vu) (VTk(va) — (Vabe(z,u%) + V) X{oe <k}
e—0 e—0 Q 4.51)

_ abg((;cs, W) <ab(§s, u))J (ka(v) — (Vab(z,u) + vg)x{‘v‘gk})) de di — 0.

Taking the limit superior in (4.48) as ¢ tends to 0 and using (4.49), (4.50) and (4.51), we conclude
that (4.35) holds true.

Finally, we sketch the idea of the proof of (4.36)—(4.37). Using (4.35) and the usual Minty
argument we see that (4.36)—(4.37) holds true. ]

Step 6. In this step we prove that u satisfies (3.10) and (3.11). To this end, for any fixed n > 1, we
have

/ Ma(m, t, Vu®)Vu© dx dt
fngps|<nr1} 05

:/ a(x,t, Vu®)VT,41(v°)de dt—/ a(z,t, Vu®)VT,(v°) dx dt
Q Q

+/ a(:n,t,Vug)x“UaSnH}Vgdedt—/ a(x,t, VU)X {jve|<ny Vg© dr di
Q Q

S—

a(x,t,Vua)xﬂva§n+1}Vmb€(x,ua)dxdt+/ a(w,t, Vu)x{jve|<n} Vabe (z,u") dr dt.
Q

According to (4.26), (4.27), (4.36) and (4.37) for a fixed n > 0 we can pass to the limit in the above
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equality as ¢ tends to 0 and obtain
lim Obe (z,u®)
e—0 {n<|ve|<n+1} Os

—/a(x,t,Vu)VTnH(v)dx dt—/ a(z,t, Vu)VT,(v)dz dt
Q Q

—i—/ a(x,t, Vu) X {jo|<n+1} Vg dz dt—/ a(w,t, Vu)x{joj<ny Vg dr dt (4.52)
Q Q

a(x,t, Vu®)Vu dx dt

—/ a(x,t, Vu)X{jo|<n+1} Vab(z, u) da:dt—i—/ a(z,t, Vu)x{j|<n} Vab(z, u) dz dt
Q Q

:/ ab(w’u)a(x,t,Vu)Vudxdt.
{n<lol<n+1) 08

Taking the limit in (4.52) as n tends to oo and using the estimate (4.30), in view of (3.2), we deduce
that u satisfies (3.11).

Let S € W2>(R) be such that S’ has a compact support and let k be a positive real number
such that supp(S’) C [—k, k]. By multiplying the approximate equation (4.7) by S’(v°), we easily
see that

8S(v°)
ot

— div (9’ (v%)a(z, t, Vuo)) + 5" (v°)a(z, t, Vu) Vo
= f°5'(v°) — div(G®S'(v°)) + G*S"(v)Vo® in D'(Q).

(4.53)

In what follows, we pass with € tending to 0 in each term of (4.53). Since S is bounded and S(v°)
converges to S(v) a.e. in @ and in L>(Q) *-weak, asg;;f) converges to 8%&”) in D'(Q) as ¢ tends
to 0. Since supp(S’) C [k, k], we have ' (v%)a(x,t, Vu®) = ' (v¥)a(x, t, Vu®)X{jve|<k) a.e. in
Q. The pointwise convergence of u° to u as ¢ tends to 0, the bounded character of S and (4.36) of
Lemma 3 imply that S'(v°)a(z, t, Vu®) converges to S (v)a(z, t, Vu) weakly in (L' (Q))N as e
tends to 0. The pointwise convergence of v° to v, the bounded character of S” and (4.37) of Lemma 3
allow us to conclude that S” (v®)a(x, t, Vu®) VT (v°) converges to S” (v)a(x, t, Vu) VT (v) weakly
in L'(Q) as ¢ tends to 0. We use (4.4), (4.5), (4.6), (4.23) and (4.25) to deduce that f5’(v) con-
verges to fS'(v) strongly in L'(Q), the term G¢S’(v°) converges to G:S’(v) strongly in (L” (Q))V
and G*S" (v°)Vv® converges to G'S” (v) Vv weakly in L(Q).

As a consequence of the above convergence result, we are in a position to pass to the limit in the
equation (4.53) as ¢ tends to 0 and to conclude that w satisfies (3.12).

It remains to show that S(v) satisfies the initial condition (3.13). To this end, firstly note that S(v°)
is bounded in L>°(Q). Secondly, (4.53) and the above considerations on the behaviour of the terms
of this equation show that 85&’5) is bounded in L1(Q) + L¥ (0, T; W1 (Q)). As a consequence,
an Aubin’s type lemma (see e.g. Corollary 4 in [25]) implies that S(v®) lies in a compact set of
C([0,T]; W—15(€)) for any s < inf(p/, 525 ). It follows that, on one hand, S(v)(t = 0) converges
to S(v)(t = 0) strongly in W~1%(Q), and on the other hand, the smoothness of S implies that
S(v%)(t = 0) converges to S(b(x,u))(t = 0) strongly in L4(2) for all ¢ < co. Due to (4.2), we
conclude that S(v°)(t = 0) = S(b-(x, uf)) converges to S(b(z, u)(t = 0) strongly in L?(£2). Then
we conclude that S(v)(t = 0) = S(b(x, up)) in €.

As a conclusion of Step 3 and Step 6, the proof of Theorem 2 is complete. g
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S Appendix
We prove Proposition 2.

Proof. (Sketch) Assume that u satisfies Definition 1 for (£, div(G), g) and let (f,div(G),g) be
a decomposition of z. Note that by Lemma 1, since g — g € C([0,T]; LY(2)), we infer that
v = b(z,u) — g € L>(0,T;L'(Q)) and 7 is also almost everywhere finite. We prove that
Tk(v) € LP(0,T; T/VO1 P(Q)) for every K > 0. We can reason as in the proof of Proposition 3.10
in [23]. We use the definition of S), (see the proof of Lemma 3) and we choose as a test function
Tk (Sn(v) + g —g) in (3.11). Using Lemma 1 we obtain

Lh+L=13+ 14+ I5+ I, 5.1

where

[T/ 0(Su(v) +9—7) _
11—/0 < 5t ,TK(Sn(v)+g—g)>dt,

L= /Q S! (v)a(@,t, Vi)V Tk (Su(v) + g — §) da d,

Is = —/ Sh(v)a(x, t, Vu)VoTk (Sn(v) + g — g) dz dt,
Q

L= /Q ((S(0) = 1)f + P)Tic(Sulv) + g — 7) da dt,

I = /Q ((S4(v) — 1)G + C)V Tk (Sul(v) + g — 7) da dt,

Iy = /Q (S/(0)GV () Tk (Sn(v) + g — 7) da dt.

We use the integration by parts formula (see for example [12]), the initial condition (3.12) and
Lemma 1 to obtain

h= [ T(Su(0) + 9~ 900 do — [ Tae($,000,10)) .

where ﬁ(’r) = fg Tk (s)ds is a positive Lipschitz continuous function. Using (5.2) and the
definition of S,,, we obtain

L > —K/ |b(z,up)|dz  foralln > 1. (5.3)
Q

Let Ex = {(z,t) : |Sn(v) + g — g| < K'}. Then we have

L= [ I5u0)Patet, 909t + P00 az a
Ex 0s

— / 1S/ (v)Pa(z, t, Vu)Vg da dt + S (v)a(x,t, Vu)V (g — g) dx dt 54
EK EK

= Iog + Ioo + Ios.
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Using (3.1) and the properties of Sy: (S/,(5))" < S,(s), (S,(s))" < S}(s), S1(s) < $1(5) +
X{n<|s|<n+1}> W€ obtain

bz o [ 1Su@)PIup de
AP Ex

(5.5)

—/ ab(x’u)a(av,t, Vu)Vudz dt.
{n<lol<n+1}y 05

Using (3.1), (3.4), (3.5) and Young’s inequality, we deduce that

(Lol + |Tas] < C(ILIE,, + 99115, + 1909 =9I},

+C b (w)a(x, t, Vu)Vu de dt (5.6)
{n<fv|<n+1} ’
a

T w1

/ 1S ()P [VulP dz dt
Ex
and

L] + 15| < C(IILIZ,, +IVglG, + IGI, )

6.7
+C a(z,t, Vu)Vudzr dt.

{n<Jvl<n+1}

Using (3.4) and Young’s inequality, we obtain

141+ 115) < (17 + 1T + IGIE, + IGIZ, + 96l + 199115, )

+C a(z,t, Vu)Vudz dt
{n<|v|<n+1} (5.8)

e
—i—/ S; (v)[P|VulP dz dt
o, ISP

Using (5.1) to (5.8), we deduce that

@ ! () |P P
D /EK 1S, (0)|PIVb(x,u)P dz dt

Cu

Ca
< —— S;Uqupdxdt—F/ Sy (v)[P|BIP dz dt
T [, ISP T [, 10018 .

<C a(z,t,Vu)Vudz dt
{n<fv[<n+1}

+C(Ifller@) + I1f @) + b, wo)ll iy + G, +IGIY,, + 1VallL. +11Vall).-

Using the properties of S, and the fact that g belongs to LP(0,T’; WO1 ?(Q)), we deduce that
fQ XE, |VS,(v)|Pdx dt < C forallm > 1. And then, since ¢, g in LP(0, T’; Wol’p(Q)), we have
fQ VT, (Sp(v) + g —gPdedt < C forall n > 1. It follows that T (S, (v) + g — g) is bounded
in LP(0,T; W, ?(€2)) and converges to T (7) a.e. in  and weakly in LP(0, T; Wy ”()). Then
Ty (D) € LP(0,T; W, P(2)).
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Now, we prove that (3.11) holds true for . Using the admissible test function 6, (S,,(v) + g —g)
in (3.12) with S = Sy, Oy (s) = Tp+1(s) — Th(s), the coercive character (3.5), the properties (3.2)
of b and the Young inequality, we are able to deduce that

)\/ 1S (v)Pa(z, u, Vu)Vudz dt
Fn

<c / (] + [7D18k(Su(v) + g — 7)| de dt + / B (S (b, uo))) da
@ @ (5.10)

+ c/ (GI” + [GF + [Vgl? + |VGP + |L(z, ) ) dz dt
Fﬂ/

+CA a(x,t, Vu)Vudz dt + w(n),
{n<|v|<n+1}

where F,, = {h < [S,(v) + g — g| < h + 1}. Taking the limit in (5.10) as n tends to +oco, using
(3.11) and the convergence of X, t0 X {n<|v|<h+1}> WE can show that for any i > 0.

/ a(z,t,Vu)Vudz dt
{h<[o]<h+1}

<C (|f| + [fD) dt dz 4+ C |b(x, ug)| (5.11)
{lv[>h} {Ib(x,u0)|>h}

+C A1+ 171+ G + G + |V gl? + Vgl + | LI | do dt.
{h<|v|<h+1}
Note that v is almost everywhere finite, and so passing to the limit in (5.11) as h tends to +oo yields
lim a(xz,t, Vu)Vudz dt = 0. (5.12)
h—=+o0 J{n<|p|<h+1}
In the following we prove that the renormalized equation (3.12) and the initial condition (3.13) hold

with g as well.

Let S be a function in W?2°°(RR) such that S’ has a compact support. Let ¢ be a function in
C(Q). We choose S'(Sy,(v) + g + )¢ as a test function in (3.12) and we have

/0T<8(Sn(v)a-ti- 9-9) S(Sn(0) + g —|—g)g0> My

+ /Q S! (v)a(z,t, Vu)VS' (Sn(v) + g + g)pdx dt
+ /Q S (v)a(z,t, Vu)VeS' (S, (v) + g +7g) dx dt
+ [ Sl(w)a(z,t, Vu)V(v)S'(Sp(v) + g + g)pdzr dt
@ (5.13)
= [ (510 = 0F + D) (Su(0) 49+ D)o
+ /Q((S;L(v) —1)G + G)VpS'(Sp(v) + g +g) dz dt

+ /Q((S,g(v) -G+ G)VS'(Sp(v) + g+ g)pdx dt

+/ S!"(v)GV (0)S'(Sp(v) + g+ g)¢ dz dt.
Q
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In what follows we pass to the limit in each term of (5.13) as n tends to 0. For the parabolic
contribution in (5.13), we write

/OT<8(Sn(v)8;rg _g),S'(Sn(v) Ty +g)<p> »

_ [T/ 95((Su(v) +9 - 9)) - )
_/0 < ot "P> d¢ = —/QS((Sn(v) +9-9)¢ (5.14)

= /OT<8‘ZS:’),@> dt +w(n).

Recall that, since supp(S’) C [— K, K] and

supp(Sy,(v)S'(Sp(v) +9—7)) C{|lv|<n+1: o] < K +1},

Ob(z,s) \
s

1
Vu may be replaced by w = < [V(TKH(@) +7— Vib(z, u)} in all the terms of (5.13).

Using the definition of \S,,, we obtain

lim Sr (v)a(x, t, Vu)VS'(Sp(v) + g — g)pdx dt

n—-+o00 Q

= lim S (v)a(x, t,w)VS'(Sp(v) + g — g)pde dt (5.15)

n—-+00 Q
:/a(:v,t,w)VS'(v)gpdm dt:/ a(z,t, Vu)VS' (v)pdz dt
Q Q
and

lim S; (v)a(x, t, Vu)VpS' (Sp(v) + g — g) dz dt

n—-+0o0 Q
= lim S (v)a(x, t,w)VeS' (S, (v) + g —g)dx dt (5.16)
n——+oo Q
:/ a(z,t,w)VeS' (v)dz dt = / a(z,t, Vu)VpS' (v) dz dt.
Q Q

The definition of SJ,, (S)) — 0) allows us to deduce that

lim S'(v)a(z,t, Vu)VuS' (S, (v) + g — §)pdx dt
Q

n—-+oo
(5.17)
= Jdim [ Sj(v)a(z,t, w)V(Tk41(0) +9 = 9)5'(Sn(v) + g — g)pda dt = 0.
n o0 Q
Repeating the arguments that lead to (5.15), (5.16) and (5.17), we obtain
lim [ ((Sp(v) = 1)f + [)S'(Su(v) + g+ g)pdw di = / [8'(@)pdz dt, (5.18)

ll}I_iI_I ((Sh(v) = 1)G + G)VpS' (Sp(v) + g +g)dz dt = / GVeS'(v)dzdt, (5.19)

lim ((Sh(v) = 1)G + G)VS'(Sp(v) + g+ 9)pdz dt = / GVS' (D)pdxdt, (5.20)
Q

n—-+00 Q
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lim S (v)GVTS'(Sy(v) + g+ g)pdz dt = 0. (5.21)

n—-+00 Q

As a consequence of the above convergence results, we are in a position to pass to the limit in (5.13)
as n tends to +oo and to conclude that « satisfies (3.12) (with g instead of g).

It remains to show that S(7) satisfies the initial condition (3.13). To this end, for ¢» € C§°(£2)
we take ¢ = (T — t)v in (5.13); it possible to obtain

T<8(Sn(v) +9-79)
ot

lim
n—-+00

S (,(0) + g+ )
/S’ a(z,t,Vu)Vepdz dt+/ a(z,t, Vu)VS' (v)p dx dt (5.22)
Q
:/ fS/(v)god:rdt—i—/GV(pS/(v)dxdt—i—/ GVS'(v)pdz dt.
Q Q Q

Employing the integration-by-parts formula for the evolution term, using S,(v)(t = 0) =
Sp(b(z,up)) and (g — g)(0) = 0, we get

/oT< é’(sn(v)at+ 929) §(Su(w) + 9+ g)@> “

B /T< dS(Sn(v ;;r 9—79) ’ 90> dt .

/S d:z:—/S v)+g—9)prde

/S x,up)) dx—/S Yo dz + w(n).

Secondly, we use ¢ as a test function in (3.12) (with g). This leads to
- / S(©)(0)dz — / S(0)pyda dt
/ S'(®)a(x,t, Vu)Vedr dt—l—/Q a(z,t,Vu)VS' (v)pdz dt (5.24)
= /QfS'(v)gp dz dt + /QGVQOS,(U) dz dt + /Q GVS' (v)pdz dt.

From (5.22), (5.23) and (5.24) we conclude that [, S(7)(0)y dz = [, S(b(x,ug))t dz for all
P € C§°(2), and so S(U)(t = 0) = S(b(z,up)) in Q. The proof of Proposition 2 is complete. [

Remark 2 Let us mention that the question of the uniqueness of a renormalized solution for (1.1)—
(1.3) still remains open. Note that some recent results in this directions which may be useful to show
the uniqueness of a renormalized solution for (1.1)—(1.3) are contained in [8] and [24].

Acknowledgements

The authors would like to thank the anonymous referees for their interesting remarks.



NONLINEAR PARABOLIC EQUATIONS WITH DIFFUSE MEASURE DATA 47

References

[1] D. Blanchard, Truncation and monotonicity methods for parabolic equations equations, Non-
linear Analysis. Theory, Methods & Applications 21 (1993), no. 10, 725-743.

[2] D. Blanchard, F. Murat, Renormalized solutions of nonlinear parabolic problems with L
data: existence and uniqueness, Proceedings of the Royal Society of Edinburgh. Section A.
Mathematics 127 (1997), no. 6, 1137-1152.

[3] D. Blanchard, F. Murat, H. Redwane, Existence et unicité de la solution reormalisée d’un
probléeme parabolique assez général, Comptes Rendus de I’ Académie des Sciences. Série L.
Mathématique 329 (1999), no. 7, 575-580.

[4] D. Blanchard, F. Murat, H. Redwane, Existence and uniqueness of a renormalized solution for
a fairly general class of nonlinear parabolic problems, Journal of Differential Equations 177
(2001), no. 2, 331-374.

[5] D. Blanchard, A. Porretta, Nonlinear parabolic equations with natural growth terms and mea-
sure initial data, Annali della Scuola Normale Superiore di Pisa. Classe di Scienze. Serie IV 30
(2001), no. 4, 583-622.

[6] D. Blanchard, A. Porretta, Stefan problems with nonlinear diffusion and convection, Journal of
Differential Equations 210 (2005), no. 2, 383-428.

[7] D. Blanchard, H. Redwane, Renormalized solutions for a class of nonlinear evolution problems,
Journal de Mathématiques Pures et Appliquées. Neuvieme Série 77 (1998), no. 2, 117-151.

[8] D. Blanchard, H. Redwane, F. Petitta, Renormalized solutions of nonlinear parabolic equations
with diffuse measure data, Manuscripta Mathematica 141 (2013), no. 3-4, 601-635.

[9] L. Boccardo, A. Dall’ Aglio, T. Gallouét, L. Orsina, Nonlinear parabolic equations with measure
data, Journal of Functional Analysis 147 (1997), no. 1, 237-258.

[10] Y. Akdim, J. Bennouna, M. Mekkour, H. Redwane, Strongly nonlinear parabolic inequality in
Orlicz spaces via a sequence of penalized equations, Afrika Matematika 26 (2015), no. 7-8,
1669-1695.

[11] Y. Akdim, J. Bennouna, M. Mekkour, H. Redwane, Parabolic equations with measure data and
three unbounded nonlinearities in weighted Sobolev spaces, Nonlinear Dynamics and Systems
Theory. An International Journal of Research and Surveys 15 (2015), no. 2, 107-126.

[12] J. Carrillo, P. Wittbold, Uniqueness of renormalized solutions of degenerate elliptic-parabolic
problems, Journal of Differential Equations 156 (1999), no. 1, 93-121.

[13] A. Dall’Aglio, L. Orsina, Nonlinear parabolic equations with natural growth conditions and
L' data, Nonlinear Analysis. Theory, Methods & Applications 27 (1996), no. 1, 59-73.

[14] R. Landes, On the existence of weak solutions for quasilinear parabolic initial-boundary
value problems, Proceedings of the Royal Society of Edinburgh. Section A. Mathematical and
Physical Sciences 89 (1981), no. 3-4, pp. 217-237.

[15] J.-L. Lions, Quelques méthodes de résolution des problémes aux limites non linéaires, Dunod;
Gauthier-Villars, Paris, 1969.



48 Amine Marah and Hicham Redwane, J. Nonl. Evol. Equ. Appl. 2017 (2017) 27-48

[16] P.-L. Lions, Mathematical Topics in Fluid Mechanics, Vol. 1: Incompressible models, The
Clarendon Press, Oxford University Press, New York, 1996.

[17] A. Porretta, Existence results for nonlinear parabolic equations via strong convergence of
truncations, Annali di Matematica Pura ed Applicata. Serie IV 177 (1999), 143-172.

[18] FE. Petitta, Asymptotic behavior of solutions for linear parabolic equations with general measure
data, Comptes Rendus Mathématique. Académie des Sciences. Paris 344 (2007), no. 9, 571—
576.

[19] F Petitta, Renormalized solutions of nonlinear parabolic equations with general measure data,
Annali di Matematica Pura ed Applicata. Series IV 187 (2008), no. 4, 563—604.

[20] M. Pierre, Parabolic capacity and Sobolev spaces, SIAM Journal on Mathematical Analysis 14
(1983), no. 3, 522-533.

[21] F Petitta, A.-C. Ponce, A. Porretta, Approximation of diffuse measures for parabolic capacities,
Comptes Rendus Mathématique. Académie des Sciences. Paris 346 (2008), no. 3-4, 161-166.

[22] R.-J. DiPerna, P.-L. Lions, On the Cauchy problem for Boltzmann equations: global existence
and weak stability, Annals of Mathematics. Second Series 130 (1989), no. 2, 321-366.

[23] J. Droniou, A. Porretta, A. Prignet, Parabolic capacity and soft measure for nonlinear equations,
Potential Analysis. An International Journal Devoted to the Interactions between Potential
Theory, Probability Theory, Geometry and Functional Analysis 19 (2003), no. 2, 99-161.

[24] H. Redwane, Uniqueness of renormalized solutions for a class of parabolic equations with
unbounded nonlinearities. Rendiconti di Matematica e delle sue Applicazioni. Serie VII 28
(2008), no. 2, 189-200.

[25] J. Simon, Compact sets in LP(0,T; B), Annali di Matematica Pura ed Applicata. Serie IV 146
(1987), no. 4, 65-96.



